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Preface

Model Validation and Uncertainty Quantification represents one of ten volumes of technical papers presented at the 35th
IMAC, A Conference and Exposition on Structural Dynamics, organized by the Society for Experimental Mechanics
and held in Garden Grove, California, on January 30–February 2, 2017. The full proceedings also include the following
volumes: Nonlinear Dynamics; Dynamics of Civil Structures; Dynamics of Coupled Structures; Sensors and Instrumentation;
Special Topics in Structural Dynamics; Structural Health Monitoring & Damage Detection; Rotating Machinery, Hybrid
Test Methods, Vibro-Acoustics and Laser Vibrometry; Shock & Vibration, Aircraft/Aerospace, and Energy Harvesting; and
Topics in Modal Analysis & Testing.

Each collection presents early findings from experimental and computational investigations on an important area within
structural dynamics. Model Validation and Uncertainty Quantification (MVUQ) is one of these areas.

Modeling and simulation are routinely implemented to predict the behavior of complex dynamical systems. These tools
powerfully unite theoretical foundations, numerical models, and experimental data which include associated uncertainties
and errors. The field of MVUQ research entails the development of methods and metrics to test model prediction accuracy
and robustness while considering all relevant sources of uncertainties and errors through systematic comparisons against
experimental observations.

The organizers would like to thank the authors, presenters, session organizers, and session chairs for their participation in
this track.

Sheffield, UK Robert Barthorpe
Darmstadt, Germany Roland Platz
Livermore, CA, USA Israel Lopez
Medford, MA, USA Babak Moaveni
Thessaly, Greece Costas Papadimitriou
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Chapter 1
Lateral Vibration Attenuation of a Beam with Piezo-Elastic Supports
Subject to Varying Axial Tensile and Compressive Loads

Benedict Götz, Roland Platz, and Tobias Melz

Abstract In this paper, vibration attenuation of a beam with circular cross-section by resonantly shunted piezo-elastic
supports is experimentally investigated for varying axial tensile and compressive beam loads. Varying axial beam loads
manipulate the effective lateral bending stiffness and, thus, lead to a detuning of the beams resonance frequencies.
Furthermore, varying axial loads affect the general electromechanical coupling coefficient of transducer and beam, an
important modal quantity for shunt-damping. The beam’s first mode resonance frequency and coupling coefficient are
analyzed for varying axial loads. The values of the resonance frequency and the coupling coefficient are obtained from a
transducer impedance measurement. Finally, frequency transfer functions of the beam with one piezo-elastic support either
shunted to a RL-shunt or to a RL-shunt with negative capacitance, the RLC-shunt, are compared for varying axial loads. It is
shown that the beam vibration attenuation with the RLC-shunt is less influenced by varying axial beam loads.

Keywords Piezo-elastic support • Resonant shunt • Vibration attenuation • Beam • Axial load

1.1 Introduction

Structural vibration may occur in mechanical systems leading to fatigue, reduced durability or undesirable noise.
In this context, resonant shunting of piezoelectric transducers can be an appropriate measure for attenuating vibrations.
Shunt-damping in general has been subject to research for several decades [1] and resulted in many diverse shunt concepts
such as mono- or multi-modal resonant shunts [2], shunts with negative capacitances [3] or switched shunts [4]. Shunting
a piezoelectric transducer with resistor and inductance, the RL-shunt, a tuned electrical oscillation circuit with the inherent
capacitance of the transducer is created. This electromechanical system acts similar to a mechanical vibration absorber.
RL-shunts are easy to implement and no stability limits or switching laws have to be taken into account. However, the
achieved vibration attenuation significantly depends on the tuning of the shunt parameters and the amount of the general
electromechanical coupling coefficient of transducer and structure [5]. By adding a negative capacitance, the RLC-shunt
achieves higher vibration attenuation but stability issues have to be considered.

In mechanical and civil engineering, truss structures bear and withstand constant and variable loads that may lead to
vibrations. Truss structures comprise truss members such as beams that are connected to each other via the relatively
stiff truss supports. On the one hand, truss structures show global vibration modes with lateral moving or rotating truss
supports. On the other hand, local modes exist that are dominated by the lateral vibration behavior of each beam. Additional
varying quasi static loading may result in axial tensile and compressive loads of the beams. This affects the resulting lateral
bending stiffness of the beams leading to a permanent change in the resonance frequencies. For vibration attenuation with
resonant shunt-damping, the detuning of the resonance frequencies affects the achievable vibration attenuation capability.
In truss structures, piezoelectric shunt-damping has been investigated in [6–8]. Axial piezoelectric stack transducers are
integrated within one strut of the truss, resulting in compression and elongation of the transducer in normal axial direction
of the strut [6, 8]. In [7], a beam support with integrated piezoelectric washers alongside the beam that are strained in
shear under dynamic loading has been investigated and vibration attenuation of bending modes in a truss substructure was
achieved. Due to a planar washer design, only one bending direction of the beams could be influenced. Nevertheless, research
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investigating the effect of varying quasi static axial beam loads on the vibration attenuation of beams with resonant shunt-
damping are not known to the authors.

In this paper, a new concept of a piezo-elastic support [9] for vibration attenuation of truss structures comprising beams
with circular cross-section by shunted transducers is investigated for varying axial tensile and compressive beam loads.
Within the piezo-elastic support, deflections in both lateral directions of a beam are transferred into an axial deformation of
the transducers that are arranged perpendicular to one free end of the beam. By that design, local and global truss modes
can attenuated without manipulating the beam’s surface. In the following only one beam with two piezo-elastic supports
is investigated for varying axial tensile and compressive loads. One piezo-elastic support mechanically excites the beam
laterally using white noise excitation while the second support is either shunted to a RL- or to a RLC-shunt. First, the
experimental beam’s first mode resonance frequency and its general electromechanical coupling coefficient are calculated
from impedance measurements for different axial tensile and compressive loads. Changes in both, the resonance frequency
and the coupling coefficient may influence the vibration attenuation. Considering the electrical transducer impedance in
the frequency domain is a known method for identifying the transducer capacitance, structural resonance frequencies or
the coupling coefficient and has several advantages. E.g., all important quantities are obtained from one measurement at
one time, no structural transfer function has to be measured and the estimation of the resonance frequency as well as the
coupling coefficient is less influenced by the used frequency resolution [10]. Second, the experimental frequency transfer
functions in lateral direction of the excited beam in case one transducer is shunted to a RL-shunt and in case one transducer
is shunted to a RLC-shunt are compared for uncertain axial tensile and compressive beam loads.

1.2 System Description

The investigated system is a beam under axial load made of aluminum alloy EN AW-7075 with length lb D 400mm and
circular solid cross-section of radius rb D 5mm, Fig. 1.1. The circumferential lateral stiffness is homogeneous and has
no preferred direction of lateral deflection, so the beam may vibrate in any plane lateral to the longitudinal x-axis. The
beam is supported by two piezo-elastic supports A and B at location x D 0 and location x D lb. Elastic membrane-like
spring elements made of spring steel 1.1248 in both supports A and B at location x D 0 and x D lb bear axial and lateral
forces at the beam’s ends in x-, y- and z-direction, and allow rotation 'y and 'z in any plane perpendicular to the x-axis,
see Fig. 1.2. In Fig. 1.1, the membrane-like spring elements for both supports A and B are represented by axial stiffness
kx;A D kx;B D 1:53� 104 N=mm, not shown in the figure, lateral stiffness ky;A D kz;A D ky;B D kz;B D kl D 9:98�104 N=mm
in y- and z-direction and rotational stiffness k'y;A D k'z;A D k'y;B D k'z;B D kr D 2:69� 105 N mm=rad around the y- and z-
axes. All spring element stiffness values are obtained from a finite element simulation and they are not experimentally verified
yet. In each piezo-elastic support A and B at x D �lext and x D lb C lext, two piezoelectric stack transducers P1 and P2 as well
as P3 and P4 are arranged in the support housing at an angle of 90ı to each other orthogonal to the beam’s x-axis, Fig. 1.1b.
All transducers are mechanically prestressed by a stack of disc springs with stiffness kpre D 2:6�103 N=mm. The transducers
are connected to the beam via a relatively stiff axial extension made of hardened steel 1.2312 with length lext D 6:75mm and
edge length text D 12mm. With that, lateral beam deflections in y- and z-direction due to vibration excitation are transformed
into the stack transducer’s axial deformation. Each piezoelectric transducer P1 to P4 is a PI P-885.51 stack transducers with
the capacitance Cp D 1:65�F at constant mechanical stress, internal series resistance Rp D 7� and the mechanical stiffness
kp D 50�103 N=mm with short circuited electrodes, defined as the ratio of the transducer’s block force and the maximum free
stroke. The input current to the transducer is I.t/ and the potential difference at the transducer electrodes is the voltage U.t/.

For vibration attenuation, a RL- and a RL-shunt with negative capacitance C, the RLC-shunt, are taken into account,
Fig. 1.1c. In Fig. 1.1c, the RL-shunt is obtained by neglecting the negative capacitance. By adjusting the inductance L and
the damping resistance R, the transducer shunted to a RL-shunt attenuates vibrations similar to a mechanical vibration
absorber [1]. For vibration attenuation with shunt-damping, the generalized electromechanical coupling coefficient K33 is
an important modal quantity indicating the vibration attenuation capability. The higher the value of K33 is, the higher the
achievable vibration attenuation with a RL-shunt becomes. By adding a negative capacitance C � �1:02 � Cp in series to R
and L, the coupling coefficient K33 increases effectively and, hence, the vibration attenuation capability is significantly higher
compared to the simple RL-shunt [5]. Apart from that, RLC-shunts may destabilize the beam vibration, therefore, stability
limits for the value of C have to be considered. Basically, the achievable vibration attenuation capability with a RLC-shunt
is almost independent of the coupling coefficient K33. However, the smaller the coupling coefficient is, the close the value of
the negative capacitance has to be chosen to the stability limit [5]. In the experiment, the inductance L is implemented by the
use of a gyrator circuit and the negative capacitance by the use of negative admittance converter [2]. Both circuit designs are
not discussed in detail in this paper.
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For all experimental vibration attenuation investigations, the piezoelectric transducer P1 excites the beam in y-direction
via a controlled voltage signal U1.t/. The transducer P3, either shunted to the RL-shunt or the RLC-shunt, attenuates the
vibration acceleration a.t/ at the sensor location xs while the transducers P2 and P4 are operated with short circuited (sc)
electrodes. Varying axial tensile and compressive loads �1000N � Fx � 1500N, with compressive loads in positive x-
direction, are applied to the beam at x D 0 via a spindle-type lifting gear and measured by a force sensor.

1.3 The Beam’s First Mode Eigenfrequency and Coupling Coefficient
for Varying Axial Loads

The vibration attenuation capability bears on the piezoelectric transducers P3 that is either shunted to a tuned RL- or a
tuned RLC-shunt. Varying axial beam loads may change the beam’s first mode resonance angular frequency !sc with short
circuited (sc) transducer electrodes and the beam’s first mode general coupling coefficient K33 of transducer P3 in y-direction.
Changes in both, !sc and K33 may influence the vibration attenuation with shunted transducers. To investigate the influence
of varying loads Fx on !sc and K33, the mathematical receptance model of the transducer P3 is derived in frequency domain.
The values of !sc and K33 for axial loads Fx D Œ�1000; �500; 0; 500; 1000; 1500�N are extracted from a least squares fit
of the receptance model to the experimental data in frequency domain. As already shown by Kozlowski et al. [10], obtaining
!sc and K33 from a curve fitting of the transducer receptance model results in a smaller error since the calculation of both
parameters is less influenced by the used frequency resolution in the measurement.

1.3.1 Transducer Receptance Model

Figure 1.3 shows the electrical network representation of the piezoelectric transducer P3 connected to the beam. The
transducer P3 is described by a gyrator-like two-port transducer network with its electrical capacitance Cp, a internal series
resistance Rp and its transducer constant Y [12]. The vibration behavior of the beam’s first mode with short circuited
transducer electrodes is modelled by the modal mass m, the modal stiffness k and the assumed hysteretic damping with
loss factor � resulting in the complex stiffness k0 D k .1 � i �/.

The complex network receptance seen from the terminals 1 and 2 in Fig. 1.3 is obtained by

˛.!/ D
1

i! Z.!/
(1.1)

with excitation frequency !. The impedance

Z.!/ D
U3.!/

I3.!/
D

Zp.!/Z1.!/

Zp.!/C Z1.!/
(1.2)

results from the parallel connection of the structural impedance Z1.!/ of the first mode seen from the terminals 3 and 4 the
transducer impedance

Zp.!/ D Rp �
i

! Cp
: (1.3)

Fig. 1.3 Electrical network
model of the piezoelectric
transducers and the beam’s first
mode
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The structural impedance of the first mode in y-direction

Z1.!/ D Y2
�

1

Zm.!/
C

1

Zk0.!/

�
D Y2

�
i! m C

k .1C i �/

i!

�
(1.4)

seen from the terminals 3 and 4 of the gyrator is the result of the parallel impedance of the modal mass Zm.!/ D
1

i! m
and

the complex stiffness Zk0.!/ D
i!

k0
. From (1.1) and (1.2), the receptance becomes

˛.!/ D
Cp�

1C ! Cp Rp i
� C

1

Y2 m
�
!2sc � !2 C i �!2sc

� (1.5)

with the angular eigenfrequency !sc D

r
k

m
. Furthermore, the term

1

Y2 m
in (1.5) is replaced by K33 Cp !sc, as suggested in

[10], leading to the final expression of the transducer receptance

˛.!/ D
Cp�

1C ! Cp Rp i
� C K33 Cp

!sc�
!2sc � !2 C i �!2sc

� : (1.6)

1.3.2 Transducer Receptance Model Fit

In the model fit process, the parameters Cp; Rp; K33; !sc and � in (1.6) are varied to solve the least squares curve fitting
problem

min
Cp;Rp;K33; !sc; �

jj˛.Cp; Rp; K33; !sc; �; !/ � ˛exp.!/jj
2
2 (1.7)

where ˛exp.!/ is the experimental data of the transducer receptance. Therefore, the lsqnonlin algorithm in MATLAB is
used. Figure 1.4 shows the amplitude and phase response j˛.!/j and arg˛.!/ of the experimental data and the calculated
receptance after the curve fitting for the axial load Fx D 0N. Both, the model and the experimental data show a very good
agreement.

Fig. 1.4 Calculated transducer
receptance (red solid line) with
fitted parameters and
experimental data (black solid
line) for Fx D 0N
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1.3.3 Experimental Results of the First Eigenfrequency and Coupling Coefficient for Varying
Axial Loads

As introduced before, a change of the resonance frequency !sc due to axial loads Fx will lead to a detuned vibration
behavior of the RL- and RLC-shunt and, hence, the vibration attenuation capability will decrease. Apart from that, tensile and
compressive axial loads may affect the electromechanical coupling coefficient K33 of transducer P3. An increased coupling
coefficient K33 will also increase the vibration attenuation capability with a RL-shunt, while a decreased K33 will also
decrease the vibration attenuation potential. Furthermore, vibration stability issues with a RLC-shunt due to a changing
coupling coefficient K33 are not investigated in this paper.

Figure 1.5a,b show the beam’s first mode resonance frequency !sc and the beam’s first mode coupling coeffi-
cient K33 of transducer P3 extracted from the fitted receptance model (1.6) for axial tensile and compressive loads
Fx D Œ�1000; �500; 0; 500; 1000; 1500�N. In Fig. 1.5a, the resonance frequency !sc increases for an axial tensile load
and decreases for an axial compressive load significantly. Compared to the axially unloaded beam with Fx D 0N, the
resonance frequency !sc increases by 6% and decreases by 10% for the extremes of the applied axial loads at Fx D �1 kN
and Fx D 1:5 kN.

In contrast to the behavior of the frequency !sc, in Fig. 1.5b, the coupling coefficient K33 decreases for an axial tensile load
and increases for an axial compressive load, as also shown by Lesieutre and Davis [13]. Compared to the axially unloaded
beam with Fx D 0N, the coupling coefficient K33 decreases by 6% and increases by 7% for the extremes of the applied axial
loads at Fx D �1 kN and Fx D 1:5 kN.

Considering the absolute changes of the resonance frequency !sc and the coupling coefficient K33 in Fig. 1.5a,b axial
tensile and compressive loads will decrease the vibration attenuation capability with the RL- and the RLC-shunt due to a
detuning. For the RL-shunt with axial compressive loads, the increase in coupling coefficient and the associated theoretically
increase of vibration attenuation capability will not be able to compensate the effects of a detuned !sc on the vibration
attenuation capability, as it will be shown in the next section.
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Fig. 1.5 Beam’s first mode (a) resonance frequency !sc and (b) electromechanical coupling coefficient K33 of transducer P3, for varying tensile
and compressive axial loads Fx (cross symbol) and the axially unloaded beam Fx D 0N (open circle)
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1.4 Experimental Vibration Attenuation with RL- and RLC-Shunt for Varying Axial Loads

The vibration attenuation of the beam in case of the transducer P3 is shunted to a RL-shunt and in case of P3 is shunted
to a RLC-shunt is compared for axial tensile and compressive loads Fx D Œ�1000; �500; 0; 500; 1000�N, Fig. 1.6. As a
measure for the vibration attenuation of the RL- and RLC-shunt, the frequency transfer function

H.!/ D
a.!/

U1.!/
(1.8)

of the voltage excitation U1.!/ of transducer P1 to the beam vibration acceleration a.!/ is considered, Fig. 1.1. Additionally
for the axially unloaded beam with Fx D 0N, the vibration attenuation potential of the RL- and RLC-shunt is obtained from
the comparison of H.!/ when the P3 electrodes are short circuited and when shunted.

Figure 1.6a shows the amplitude and phase response jH.!/j and arg H.!/ when transducer P3 is shunted to a RL-shunt
with R D 48:4� and L D 402mH. The values for R and L were tuned experimentally to give the highest reduction in
amplitude in the considered frequency range. For the axially unloaded beam at Fx D 0N, the vibration attenuation with
RL-shunt is 15 dB. For varying axial tensile and compressive loads Fx, a significant decline in the vibration attenuation
potential can be observed in the amplitude response. The decline in vibration attenuation is slightly higher for tensile loads.
Furthermore, the detuning of !sc due to axial tensile and compressive loads is observed in the phase response by a shift of
the 90ı crossing frequency.

Figure 1.6a shows the amplitude and phase response jH.!/j and arg H.!/ when transducer P3 is shunted to a RLC-shunt
with R D 4:8�, L D 29:6mH and C D �1:69�F. The values for R, L and C were tuned experimentally to give the highest
and stable reduction in amplitude in the considered frequency range. For the unloaded beam, the vibration attenuation with
RCL-shunt is 26 dB and, as expected, is significantly higher than with the RL-shunt. For varying axial tensile and compressive
loads Fx, the observed decline in the vibration attenuation capability is smaller compared to the RL-shunt. The decline in
vibration attenuation, again, is slightly higher for tensile loads.
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Fig. 1.6 Amplitude and phase response of H.!/, short circuited (black solid line), with (a) RL-shunt and (b) RLC-shunt, for the unloaded beam
(blue solid line) with Fx D 0N and varying axial loads Fx W C500N (gray solid line), C1000N (gray dashed line), �500N (red solid line),
�1000N (red dashed line)



8 B. Götz et al.

To conclude, vibration attenuation with a RLC-shunt is less sensitive to varying axial tensile and compressive loads.
However, using a negative capacitance may lead to stability issues, but they were not observed in the performed experiments
and are not part of this paper.

1.5 Conclusion

Vibration attenuation of a beam with a circular cross-section by piezo-elastic supports with one transducer shunted to RL- or
RLC-shunt subject to varying axial tensile and compressive loads is experimentally investigated. When no shunt is connected
to the transducer, the first beam’s mode resonance frequency significantly increases and decrease in consequence of axial
tensile and compressive loads. Compared to the unloaded beam, the relative changes of the electromechanical coupling
coefficient are in the same order of magnitude as for the resonance frequency, but, the absolute change of the coupling
coefficient has no significant effect an the vibration attenuation with RL- and RLC-shunt. The resonance frequency detuning
due to axial tensile and compressive loads results in a declined vibration attenuation when shunting the transducer to a RL-
or a RLC-shunt. As observed in the measured frequency transfer functions, the RLC-shunt is less sensitive to uncertain axial
loads then the RL-shunt.
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Chapter 2
Correlation of Non-contact Full-Field Dynamic Strain Measurements
with Finite Element Predictions

Ibrahim A. Sever, Martyn Maguire, and Jose V. Garcia

Abstract It is highly desirable to have the capability to measure strain maps on components directly and in a full-field
fashion that addresses shortcomings of conventional approaches. In this paper, use of a 3D laser measurement system is
explored for direct and full-field dynamic strain measurements on compressor and turbine rotor blades. More importantly,
the results obtained are numerically correlated to corresponding FE predictions in a systematic manner. The ability to measure
strain maps on real engine hardware is demonstrated not only for low frequency fundamental modes, but also for challenging
high frequency modes. Correlation results show a high degree of agreement between measured and predicted strains,
demonstrating the maturity of the technology and the validity of the method of integration used here. The measurements
are repeated for a number of different loading amplitudes to assess the variations in strain fields. Although the application
of 3D laser systems to measurements of full-field strain were explored in previous studies, to the best knowledge of authors,
full-field numerical correlation of full-field strain on a wide range of real, complex components to this extent is presented
here for the first time.

Keywords Model validation • Full-field strain • 3D SLDV • Correlation • Non-contact

2.1 Introduction

The ability to measure dynamic strain on components subjected to high vibratory stresses is very important as these
measurements then directly feed into all important endurance/life calculations. Historically this requirement has been fulfilled
in two main ways. The first and most widely used approach is the application of strain gauges. Although a direct measurement
and still a very popular practice; there are a number of shortcomings. Firstly, they are intrusive as they have to be bonded to
the component. Typically only a few of these can be used which do not provide a representative spatial coverage nor are they
enough to evaluate changing strain patterns due to load variations. Their nontrivial footprint means that they can only provide
average strain under the area they cover. The second approach, albeit less common, is to validate a finite element model of
a given component through direct measurements of displacement, velocity or acceleration and then to use that improved
model for predictions of strain and stresses. Although effectively used, particularly in case of full-field measurement systems
such as Scanning Laser Doppler Vibrometers (SLDV), good level of correlation with these measurements does not always
translate to a good correlation in strain. Moreover, when it comes to components showing complex phenomena or those made
from novel materials, the confidence in original FE models is often low or such FE models may not even exist; rendering
strain predictions obtained this way even less reliable.

Non-contact and full-field measurements of 3D vibration responses have been explored via a number of different
technologies over the years. Earlier systems using double-pulse Electronic Speckle Pattern Interferometry (ESPI) exploited
different combinations of viewing and observation directions [1, 2] vibration measurements. Systems with 3-observation and
1-illumination directions as well as 3-illumination and 1-observation directions were explored however recovery of full-field
dynamic strain for industrial applications and high frequency complex mode shapes were not reported. A creative way in
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which a 1-D SLDV system is used in combination with a short-focus lens to recover 3D vibration information was given in [3]
however obtaining full-field coverage this way is simply not practical. A detailed review of Digital Image Correlation (DIC)
techniques applied to vibration measurements explored suitability of DIC technology compared with more conventional
methods and SLDV based systems [4], however, similar to double pulse ESPI, the use of DIC based systems outside quasi
static regime and for high frequency complex modes has been limited. Recently 3D SLDV based measurement systems have
gained popularity due to their practicality for complete dynamic deformation field (i.e. 3D) measurements. A through study
of strain measurements with a 3D SLDV system is given in [5]. Although comparison with FE and conventional strain gauge
results are presented, these are done at the locations of strain gauges only, rather than in full-field sense, such as in the form
of strain MAC and strain CoMAC.

The pursuit of more direct, high density and high accuracy measurements in this study is motivated in particular by their
potential to provide better model validation opportunities. Valid models (i.e. models that are demonstrated to be adequate
representation of real life behaviour) provide unique opportunities as they can enable simulation of behaviour for a wide
range of parameter ranges and constraints that may not be practicable or cost effective to do through testing. Given the
criticality of the use of these models, such as in estimating the stress and strain fields and ultimately the structural integrity
of aero-engine components, ensuring that they are valid to an acceptable degree is essential. This is something that has been
mainly done via measurements of displacement mode shapes as these are the easiest to measure. The inferred conclusion
from such measurements is that when the displacement shapes are shown to match with a sufficient degree of correlation,
the resulting stress and strain distributions will follow the same trend. However the more direct and the more detailed the
measurements of parameters of interest are, such as strain and stress distributions, the higher will be the confidence one can
have in simulation models these data are used to asses and, if necessary, to correct.

2.2 Measurement Campaign

Measurements of full-field strain on aero-engine blades using a 3D SLDV system were reported in an earlier publication [6].
Although in this paper the focus is on the correlation of results, particularly those of full-field strain, with the FE model pre-
dictions, it is worthwhile reviewing the basic principles of measurement system as well as hardware tested and the setup used.

2.2.1 Measurement System

A 3D Scanning LDV system is used in acquisition of displacement and strain measurements. A picture of the measurement
system in use is given in Fig. 2.1a. The principle behind the operation of an LDV transducer can be explained simply as
follows [7]: light produced by a laser source is split into two beams of the same amplitude by a beam splitter, one directed
to a fixed reference and the other to the vibrating target. Following the same path back, the beams are combined by the same
splitter and send to a photodetector. Since the light from the target is optically mixed with an equally coherent reference
beam and heterodyned on the photodetector surface, the resolution of the sign of the vibration velocity is achieved by pre-
shifting the reference beam’s frequency by a known amount. The signal received by the photodetector is then frequency
demodulated by a suitable Doppler processor and the vibration velocity of the target is worked out. The 3D SLDV system
used during this measurement campaign was a PSV 500 3D. All simple out-of-plane 1D measurements were made using a
Polytec PSV 400 HS. The 3D system consists of three independent SLDV heads as shown in Fig. 2.1a. Fundamental mode
of operation for 1D and the 3D systems are identical in that each laser transducer captures the vibration response on the
structure along its own line of sight. The fact that there are three such observation directions in the 3D case is being exploited
to recover the complete vibration response in three orthogonal directions. This requires that all three SLDVs are coordinated
and that the measurement surface is precisely aligned to a degree where laser beams from all SLDVs are coincident to
within an acceptable tolerance. Alignment requirements are stricter for strain estimations than they are for the displacement
measurements.
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2.2.2 Test Hardware

The measurement campaign is carried out on a number of aero-engine components including intermediate pressure
compressor and turbine blades and a full-size fan blade (not shown here). Some of these components are shown in Fig. 2.1b.
In case of compressor and turbine blades, tests are repeated for a number of different excitation levels. These components
feature a number of different challenges in terms of clamping conditions, frequency range they cover and the complexity
of modes of vibration they poses. As such they should provide appropriate coverage for demonstration of the capability
being presented. Strain as well as displacement measurements are carried out for all components however in this paper the
correlation of strain measurements is carried out for the compressor blade alone.

2.2.3 Test Environment and Setup

In order to eliminate the adverse effects that the environment might have on the measurements, the testing was carried out
in a state-of-the-art vibration test facility. Vibration isolation is achieved through the use of large air-sprung bed plates, and
the temperature is maintained at a suitable level. Thick, well insulated test cell walls ensure that there is no interference from
external sources. The measurement process was largely automated which meant that once alignment was achieved no user
intervention was required. As alignment was based on the engine coordinate system it was repeatable.

Components tested here were fixed at their roots with appropriate clamping mechanisms, mimicking similar boundary
conditions to those present in engine. Various excitation techniques were used depending on the size of the component.
Turbine blades were excited via an acoustic horn pressure unit and a bespoke piezoelectric resonator. Most tests on these
components were performed using the pressure unit as it proved more effective. For larger components (i.e. compressor and
fan blades) acoustic speakers were found to be more appropriate where suitable speakers were selected proportional to size
of the components being excited.

Measurement grids on blade surfaces to be scanned were carefully optimised in a separate test planning process to
maximise observability of the modes on interest (e.g. maximise ability to distinguish them without any ambiguity) using
nominal FE models present. This ensured that the measurement grid was defined in the engine coordinate system. This is
a major advantage as this grid is then transferred to the measurement system and measurement volume is calibrated in a
way that corresponds to the FE environment, making the alignment and correlation of FE and test points much easier. Much
denser grids were used in strain measurements, compared with the ones used in displacement mode shapes. Also a much more
accurate laser alignment process had to be used in strain measurement case which in return made the strain measurements a
longer campaign.

2.3 FE Model and Test Planning

Test planning for the measurement campaign was carried out using the nominal FE models for the blades tested. Provided
that there are no fundamentally significant deviations, this is acceptable as the character of modes and the frequency ranges
derived from the nominal models provide appropriate guidelines for defining the overall boundaries of the test campaign.
However, it is well known that due to manufacturing tolerances, the physical parts show variations from their design intent.
As these tolerances are often defined by manufacturability and performance constraints, their impact on structural dynamics
may be non-trivial. The impact of these variations on the overall correlation study will be explored in future publications. For
the sake of introducing the correlation methodology, all FE models used in this study will be those derived from the nominal
geometry but with appropriate boundary conditions to reflect the test configuration.

Planning of the test campaign consists of defining the measurement grid and assessing the suitability of this grid in
capturing vibration modes of interest. FE model of the compressor blade, measurement grids for displacement and strain
mode shapes, and, auto correlation matrix of the displacement modes captured by identified measurement grid are all given
in Fig. 2.2a, b and c, respectively.

In the case of displacement mode shapes, the effective independence method [8] is used for down selection of
measurement points. Given that an optical measurement system is used, the candidate nodes to choose from are the ones
that lie on the surface that can be measured (see Fig. 2.2a), rather the whole FE model. Suitability of this grid is confirmed
by Auto Modal Assurance Criterion (autoMAC) plot given in Fig. 2.2c. Here the predicted modes of the nominal FE model
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Fig. 2.2 (a) Compressor blade FE model, (b) Measurement grid used displacement mode shapes, (c) resulting auto-MAC plot

sampled at measurement nodes are compared to themselves. Cross-mode correlation amplitudes as evident from trivial off-
diagonal terms (all below 10%) suggest that all measured modes should be uniquely identifiable.

Measurement grid for the strain mode shapes is significantly denser than the one for displacement mode shapes. This
is required to capture the local strain variations faithfully. Note that by this stage the modes are already identified through
correlation of displacement mode shapes. As such autoMAC check performed for displacements is not necessary to repeat
for strain.

2.4 Correlation of Mode Shapes

Measurement grid given above was identified for the displacement mode shapes using the full deformation field. In other
words all X, Y and Z displacement DOFs were used at each measurement grid as the same DOFs would be captured
from the tests. Measurement of all DOFs at each point is a requirement for strain measurements but it is not essential
for displacement mode shapes. In fact 1-D SLDVs, measuring a projection of total deformation field in the line of sight,
have been used for decades. Nevertheless, availability of all DOFs brings significant advantages in the form of increased
independent information which even in the case of displacement mode shapes can make a big difference.

Figure 2.3 shows a particular mode measured on the intermediate pressure turbine blade by 1-D and 3-D SLDV systems,
together with the predicted FE mode shape where FE and the 3-D measured mode shape are almost identical. Although the
1-D measurement appears to be very different, a direct comparison is inappropriate. 1-D SLDV measures a projection of
overall response in the viewing direction whereas distributions shown for the FE and the 3-D SLDV are for the resultant
displacements from all DOFs computed and measured. A correct correlation in the case of 1-D SLDV measurements would
be with FE predictions projected in a similar way to reflect the operation of 1-D SLDV system.

Having said that, the fact remains that the 3-D SLDV provides a lot more information (three times as much) about the
deformation field, which in return allows better identification of measured mode shapes. This is demonstrated in Fig. 2.4.
Here there are two correlation scenarios shown where mode shapes captured by 1-D and 3-D SLDV systems are correlated
in the form of Modal Assurance Criterion (MAC) with their corresponding FE predictions in Fig. 2.4a and b, respectively.
Significant off-diagonal values in 1-D SLDV case which lead to difficulties in identifying mode shapes unambiguously are
greatly reduced in the 3-D case where the identification of the modes is now straight forward.

Displacement mode shape measurement campaign performed on the compressor blade is summarised in Fig. 2.5. As
evident from the sub-set of measured and predicted mode shapes given in Fig. 2.5a, not only the global behaviour but also
the local variations are extremely closely matched. MAC matrix given in Fig. 2.5b shows a remarkable degree of correlation
between measurements and the predictions with MAC values at 95% and above, and, with all off-diagonal values below
10%. It is worth noting the extraordinary similarity between autoMAC plot generated in Fig. 2.2c and the MAC plot given
in Fig. 2.5b. As such the FE model is demonstrated to be a good representation of the measurement hardware from mode
shapes point of view.

This level of accuracy in the resultant correlation also demonstrates that tests are carried out as planned and that the
alignment of FE model and the test model is performed adequately. The latter is a critical factor, particularly for mode shapes
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Fig. 2.3 (a) Predicted FE mode shape, (b) 3-D SLDV measurement, and (c) 1-D SLDV measurement
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Fig. 2.4 Mode shape correlation (%) for the turbine blade using (a) 1-D SLDV, and (b) 3-D SLDV measurements
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Fig. 2.5 (a) Sub-set of measured and predicted compressor blade mode shapes, (b) MAC matrix of displacement mode shapes

with complicated, localised variations and therefore needs appropriate care. One important point to note in the case full-field
measurements of this kind is that, unlike conventional accelerometer or strain gauge etc. measurements where test grid is
much less refined, the measurement grid can be denser than the corresponding distribution of the FE nodes. This is often
not an issue for displacement mode shape measurements where the measurement grid is optimised using the FE model and
therefore guaranteeing the alignment measurement points with the FE nodes. However the same is not necessarily the case
for strain measurements where the density of test points can be much higher or when the model used in test planning and
correlation are different (e.g. reversed engineered FE models).
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2.5 Correlation of Full-Field Strain Measurements

Following the measurements of mode shapes on the turbine and compressor blades, a number of modes were identified for
the measurement of full-field strains. Up to 12 modes covering the low, middle and high frequency range of modes identified
in mode shape campaign were targeted. This enabled suitable coverage of complexity in terms of shapes targeted as well
as allowing manageable measurement times. One important difference between displacement mode shape and strain mode
shape measurements was the measurement grid used. Figure 2.6a shows the grid used for displacement measurements whilst
Fig. 2.6b shows that used for strain. There are six times as many points in the strain grid as there are in the displacement
grid. Since this density is much finer than the density of the FE nodes on the target surface, the new grid had to be created
in the measurement system. The care was taken to ensure an overall regular distribution of points; however, the density was
markedly increased around the edges and at areas where high gradient variations were expected.

Strictly speaking, mostly strain operational deflection shapes (ODSs) rather than true strain mode shapes are measured.
Due to base and acoustic excitation techniques used in the tests, measuring the actual force driving the components was not
possible. However, in case of strain measurements to be used in quantified correlation with FE predictions, the input voltage
into generator was used as a reference signal.

The theory behind estimation of surface strain distributions from displacement measurements can be found in various
publications [5, 9]. A triangular mesh is generated for the strain grid and virtual strain gauges are placed at each edge of
each triangle as shown in Fig. 2.6c. For the grid shown in (b) this corresponds to having a total of 1800 virtual strain gauges.
As described in [10], the displacements are transformed to the plane of surface triangles in the form of 2 in-plane and one
out-of-plane components. Using these components strains are calculated for all surface triangles before being transformed
back into global coordinate system.

Another critical difference between displacement and strain measurements is that the alignment precision required for
strain measurements is much higher. The first step in measurements with the 3-D SLDV, regardless of whether displacement
or strain is measured, is to perform the 3-D alignment. When the main vibration response is out-of-plane, such as is the
case for turbine and compressor blades used in this work, potential crosstalk between out-of plane and in-plane components
results in large errors, particularly for weak in-plane components. This is especially a challenge for strain calculations which
relies on accurate resolution of weak in-plane, as well as strong out-of-plane displacements. To avoid these errors, alignment
of all three laser beams with respect to measurement point should be ensured, i.e. all three beams should intersect on the
measurement point. This, in Polytec 3-D SLDV system used in this study, is achieved via a process called video triangulation.
More information on video triangulation can be found in [11] where the basic idea is the identification of the positions of
the three beams in the video image by image processing. Once this is done, corrections to the mirror angles are applied
until the beams meet precisely at the measurement point. To guarantee the best results, the video triangulation is performed
at each such point. Since the alignment is done prior to measurements at each point, beam drift problems are eliminated,
resulting in reliable and consistent alignment throughout the measurement session. Although performing video triangulation
at each point results in considerably long measurement times, for a given setup, this needs to be done only once. Subsequent
measurements can be performed much faster as the alignment information for each point is reused.

A sweep sine test was performed before strain measurements and this was repeated each time a configuration changed or
ambient conditions were different to make sure that the exact natural frequencies at the time could be identified. Then the

Fig. 2.6 (a) Displacement measurement grid, (b) strain measurement grid, and (c) placement of virtual strain gauges (taken from [10])
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Fig. 2.7 (a) Strains on complex plane. Correct (b), and, incorrect (c) realisation of surface strain

strain measurements were performed in two ways. First, a number of selected modes were excited all at once by generating
a multi-sine signal composed of natural frequencies of these modes. Since in this case the input energy was shared across
all available components, each mode could only be excited to low amplitudes. In the second way, tests were repeated by
concentrating on each mode separately. Since only one frequency was output at any given time, higher response amplitudes
could be achieved. Performing measurements at different amplitudes this way was targeted as it would allow assessment
of any potential dependency of strain distributions to response amplitudes. In this context multi-sine testing provided a
time-efficient way of acquiring low-amplitude strain distributions for modes of interest.

Strain mode shapes estimated from the 3-D SLDV system are complex in mathematical sense and are often output in
terms of real and imaginary parts. To be able to compare and correlate with FE predictions which are real-valued (e.g. signed
amplitudes), a further processing of measured strains is needed to “realise” these otherwise complex quantities. Figure 2.7a
shows Argand diagram representation of a number of strain mode shapes measured on the compressor blade together with
results of some realisation attempts in Fig. 2.7b and c. It is evident from the co-linearity of the complex vectors that the
underlying strain mode shapes are mainly real, albeit rotated in the complex plane. These vectors need to be appropriately
“realised” by rotating them to align with x-axis and by removing remaining small complexities.

Care should be taken whilst performing the realisation to ensure unrealistic phase boundaries are not created, as illustrated
in Fig. 2.7c, which in turn impact quantified correlation between measurements and the predictions. It is possible to do the
realisation manually however it prolongs the process and does not allow batch processing in an automation environment. To
this end, an algorithm is developed via which it is possible to identify the best-fit rotation of the vectors automatically for
realisation of estimated surface strains.

Figure 2.8 shows strain measurement results on the compressor and the turbine blades for a number of modes as well as
the predicted strain distributions from their nominal FE models. All six components of surface strain are estimated however
only strains in z-direction are shown in the plots and used in the subsequent correlation processes.

Since the contouring used in the FE package in construction of predicted strain mode shapes is independent of the one
used in the measurements, both sets of shapes may appear different at first sight. However, at a closer inspection the predicted
and measured strain mode shapes given in Fig. 2.8 show a remarkable degree of similarity. This is true for high frequency
complex modes (right hand side) as well as for low frequency fundamental modes (left hand side) where the evident similarity
may more readily be expected.

Although visual examinations are often the first port of call, a more fundamental insight can only be obtained by
performing a proper quantified correlation. To this end well documented displacement mode shape correlation metrics were
used. Overall similarity of measured strain mode shapes with corresponding predictions was performed via MAC, and, the
role of individual DOFs in this similarity, or lack of, was quantified via CoMAC. Utilising the same definition given for
displacement mode shapes in [12]; MAC between measured, SA, and a predicted, SX , strain mode shapes is calculated as
MAC(A, X) D (jfSXgTfSAgj2)/(fSXgTfSXg)(fSAgTfSAg). This is a value between 0 and 1, with 1 representing identical mode
shapes. However, in the plots and tables given here it is converted to percentages. Plot given in Fig. 2.9b shows the familiar
MAC matrix, this time computed for the strain mode shapes. As mentioned before this is not strictly necessary as by this
stage the mode pairing should already have been established through displacement mode shape MAC. Nevertheless it is
given here to show that the mode pairing could equally be done using the strain MAC.
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Fig. 2.8 (a) Predicted strain, (b) measured strain. [both in z-direction]
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Fig. 2.9 (a) Quantified correlation of paired strain mode shapes and natural frequencies, (b) strain MAC matrix, and, (c) strain CoMAC (z-
direction, blue➔low CoMAC, red➔high CoMAC)

Although the MAC is a very useful parameter, it is also a global similarity metric and does not necessarily give
any insight into distribution of correlations across DOFs used. Coordinate MAC or CoMAC has been developed for
this purpose [12], and for an individual DOF, i, it can be calculated across all correlated mode pairs as CoMAC.i/ D�PN

nD1 j.SX/in.SA/inj2
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2
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�
. This is a value between 0 and 1. Here N represents total number of

paired modes. The list of paired modes used in strain CoMAC calculations for the compressor blade is given in Fig. 2.9a. Low
values of CoMAC indicate DOFs that have relatively low contributions to overall correlation. Although locations of these
DOFs are where the differences between the test and the mathematical model manifest themselves, they are not necessarily
the locations responsible for the said differences.

Having warned against temptation to brand low CoMAC areas as the sources of discrepancies, the fact remains that the
plot given in Fig. 2.9c presents a very regular distribution. Even if this cannot readily be identified form the plot, it is perfectly
reasonable to presume a systematic discrepancy being present and this can be a very useful tool in identification of potential
sources of such discrepancies between the FE model and the test. It is not hard to see that once such connections between
CoMAC variations and underlying causes are established, effectiveness of model updating efforts can be significantly
improved.
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A CoMAC plot of this kind, to the best of authors’ knowledge, is presented here for the first time. Therefore there is very
little experience with what it might potentially reveal. However given that it is the result of direct strain measurements, it
may point to potential discrepancies between simulation and test more directly. Nevertheless this is at best a speculation at
this stage and requires a systematic study to establish with clear evidence.

Overall, the results given in Fig. 2.9 constitute a remarkable body of evidence for success of full-field non-contact strain
measurements and more importantly for quantified correlation with their predicted counterparts. Up to 12 mode pairs,
spanning the full operational range of the selected engine component, are identified with average MAC value of 84% with
most of the modes near 90% or higher.

Nevertheless, some of the mode pairs have markedly low MAC values. There are a number of potential reasons for this.
First of all, the measured results are compared with the nominal FE model constructed from the design intent. The test
hardware has inevitable deviations from this design intent due to manufacturing tolerances. Furthermore, the blade model is
simulated with fixed boundary conditions applied to its root whereas the actual fixture has a finite flexibility with potential
nonlinear interactions due to contact and friction. Both of these causes need further exploration and they will be addresses in
future studies.

One additional source for discrepancies has to do with the alignment errors during the process of matching measurement
points with the FE nodes or in short; node-point pairing. In cases where the test planning for identification of measurement
points is performed on the FE model that is used in eventual correlation, this errors should be very low. However as explained
above, even when this is done model and real hardware geometries will not exactly match and there will be deviations. In
the present case the test planning was carried out for the displacement mode shape measurements. As this grid was not
dense enough for strain measurements, it was made denser in the measurement environment by manually adding new data
points. As these new points could not be guaranteed to coincide with FE nodes, they were paired with the nearest ones
which resulted in inevitable discrepancies. Node-point pairing done for strain correlation of the compressor blade is given
in Fig. 2.10. Magnified portion given therein demonstrates the point being made here where measurement points are often
outside circles representing FE node targets.

Although alignment errors can be reduced by generating the strain grids from the FE model, eliminating them completely
is not viable. Inevitably, differences between simulated and real geometries will exist. Moreover, sometimes FE nodes present
on the surface to be measured may not be dense enough for strain measurements whereby new points will have to be manually
added. A better solution to this issue would be to map the measurement grid to the simulation surface as accurately as possible
and then interpolate FE predictions at the actual measurement points. This will greatly reduce the alignment errors. Given that
the density of the measurement points is often sufficiently high compared with the surface strain variations, the interpolations
could be done linearly without having to resort to more sophisticated methods.

It is often assumed that the strain values scale up with vibration amplitudes linearly, preserving the shape of distribution.
Although linearity checks are factored into any serious test campaign wherever this is assumed, it is not always
straightforward to capture it with conventional strain measurement means such as with strain gauges. Amplitude dependent
variations could be quite complex and distributed which render discrete measurements unsuited to the task. Full-field strain
measurements provide a unique insight into capturing such variations, if present.

Fig. 2.10 Node-point alignment errors
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Fig. 2.11 (a) High-excitation, (b) low-excitation. [both in z-direction]

As explained earlier, the strain measurements were repeated at low and relatively high vibration amplitudes for this
purpose. The resultant strain shapes for a number of selected compressor blade modes are given in Fig. 2.11. Strain plot
contours in (a) for the high-excitation, and, in (b) for the low-excitation are scaled to their maximum amplitudes. This is
useful for assessing in-plot patterns across low and high excitation amplitudes. Strain values in the high-excitation case were
on average an order of magnitude higher but even then they were much smaller than operational levels. Despite that and
despite overall similarity between the two cases, there are nontrivial features emerging in the high-excitation case that are
not present in the low-excitation case. In particular, left-hand edges of middle and right modes in row (a) now feature strain
hotspots that are absent from corresponding shapes in (b). It would be interesting to see how these variations evolve as the
strain amplitudes approach those of the operating environment. This will be explored in future studies where the variations
will also be numerically quantified.

2.6 Concluding remarks

A detailed study is presented where full-field non-contact surface strains are measured and integrated into simulation envi-
ronment using advanced measurement and analysis techniques. This was demonstrated on a number of real engine hardware
as well as for a wide dynamic range spanning from low frequency fundamental modes to high frequency complex modes.

Through careful post-processing and integration with simulation results, it has been shown that assessment of design intent
can be effectively done using directly acquired full-field non-contact strain measurements. Traditionally displacements are
measured and correlated in this manner as they are the most readily accessible quantities. The main objective inevitably is
to get a handle on stresses and strains as they are the ultimate parameters used in assessment of the structural integrity. The
ability to measure and then perform quantified correlation of strains directly is a major achievement and a step change from
existing established practices.

Utilising existing modal analysis correlation metrics, not only the overall degree of similarity but also the coordinate
specific contributions were quantified. A remarkable degree of match was obtained between measured and predicted strain
mode shapes both visually and numerically. By repeating the measurements at low and high excitation levels, vibration
amplitude dependence of strain mode shapes was evaluated. It is important to note that some of the changes were distributed
and as such would not have been possible to capture with use of discrete strain measurement means (e.g. SGs).

Although on average the degree of correlation obtained was high, there were some modes where this was markedly low.
There are a number of reasons. Some of them have to do with the discrepancies in representation of physics between the test
and the simulation environments. Boundary conditions and interactions at these boundaries together with variations in actual
and simulated geometries and alignment errors between test and FE coordinates were contributing factors.

This study will be expanded to account for these shortcomings. First of all more blades will be tested to form a statistical
understanding. Reverse engineered FE models for each blade will be created by geometry scanning their actual hardware.
This will significantly reduce uncertainties introduced due to mass and stiffness distribution discrepancies. Care will be
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taken to get simulation models to replicate test boundary conditions more faithfully rather than using idealised constraints.
In addition, alignment process performed to match test points with FE nodes will be improved considerably to eliminate
artificial errors introduced with the existing method.
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Chapter 3
Nonlinear Prediction Surfaces for Estimating the Structural Response
of Naval Vessels

Alysson Mondoro, Mohamed Soliman, and Dan M. Frangopol

Abstract Structural health monitoring (SHM) of naval vessels is essential for assessing the performance of the structure and
the fatigue damage accrued over the service life. The direct integration of available SHM data may be useful in reducing the
epistemic uncertainties arising from inaccuracies in the modeling and the variations in the as-built structural configuration
from the initial design. Based on SHM data, fatigue damage indices can be predicted by implementing cell based approaches,
such as the lifetime weighted sea method, that discretizes the operational conditions of the vessel into cells with specific
wave height, heading angle, and speed. The integration of SHM data into the fatigue assessment using lifetime weighted
sea method requires a complete set of data that covers the whole operational spectrum. However, technical malfunctions or
discrete monitoring practices generate incomplete data sets. This paper proposes nonlinear prediction surfaces to estimate
the ship structural response in unobserved cells based on available cell data. Expected theoretical variations of the structural
response to changes in wave height, heading angle, and vessel speed are integrated in the development of the prediction
surface. The proposed methodology is illustrated on the SHM data from a high speed aluminum catamaran.

Keywords Fatigue • Aluminum vessels • Structural health monitoring • Missing data • Nonlinear prediction

3.1 Introduction

SHM data can aid in the life-cycle management of structures by helping to identify the discrepancies between predicted and
observed performance. The recorded SHM data provides an indication of the as-built condition of the ship and any variations
in observed response from anticipated design conditions [1]. In both civil and marine structures, SHM data can be used to
update design estimates for expected loads, structural responses, and fatigue life evaluation [2–5]. Fatigue cracking is a major
concern in the life-cycle management of naval vessels. The constant fluctuations in loading, induced by the natural variability
in sea surface, contributes to damage accumulation in fatigue sensitive details. If the observed conditions deviate substantially
from their predicted values, fatigue damage may be either (a) significantly less than expected and lead to unnecessary and
costly inspections, or (b) significantly higher than expected and may induce catastrophic failure with high consequences.

The lifetime weighted sea method, used to assess the fatigue life, is developed around the assumption that the operational
condition can be discretized into cells where the response in each cell is stationary [6]. A cell is defined by a set of operational
conditions which include wave height, ship speed, and heading angle. The total response is the summation of the response in
each cell weighted by the probability of occurrence of the cell [7]. The prediction of fatigue life thus requires information to
be available for all cells.

Missing data is a problem inherent in the use of SHM for fatigue analysis. First, discrete monitoring practices, while
useful in limiting financial costs [8], can lead to some operational states (i.e., cells) not being recorded. Second, technical
malfunctions can result in missing or unreliable data [9]. Lastly, even if data is recorded for all cells in the current operational
theatre, the future operational conditions may not be similar to past ones; thus, there may be cells in the future profile that
can be considered as missing data. Zhu [10] and Mondoro et al. [11] have begun to address the problem of missing data
with respect to the structural response characterization of naval vessels. Linear surfaces were used to relate the operational
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conditions (i.e. wave height, ship speed, and heading angle) to a structural response characteristic. The linear surface is
useful for the ease of implementation. Additionally, it requires only a minimal amount of prediction model parameters to be
estimated which limits the variations that arise based on availability of data. However, the linear surfaces lack a theoretical
foundation.

This paper proposes a nonlinear surface for use in predicting unobserved data. The prediction is based on the theoretical
relationship between operating conditions and the structural response given as a function of the vertical bending moment.
Available data is discretized into cells, the low and high frequency content are separated and fit with response parameters
as detailed in [11], and the goodness-of-fit of the theoretically-based nonlinear prediction surface is evaluated and compared
with that of the linear surface. Furthermore, the performance of the theoretically-based nonlinear prediction surface is
evaluated for several cases with different percentage of missing data. The methodology is applied to the SHM data obtained
during the seakeeping trials of the HSV-2 Swift.

3.2 Available Data and Analysis

The full stress time-history of a structural detail is a nonstationary random process due to the exposure to various loading
conditions associated with sea states, routes, and speeds. However, the full stress time-history response can be discretized
into cells based on wave height Hs, ship speed V, and heading angle ˇ [6]. This discretization leads to stationary processes
for the stress time-history in each cell, for which the response spectrum can be estimated. Mondoro et al. [11] proposed
that the SHM response spectrum can be fit with functional forms developed from wave spectra. The low and high frequency
components were fit separately in order to account for the following actions: wave loads for low frequency, and slamming
for high frequency. The Pierson-Moskowitz wave spectrum and the Joint North Sea Wave Observation Project (JONSWAP)
were included as two representative wave spectra. The generalized variations of the Pierson-Moskowitz spectrum and the
JONSWAP spectrum take the form [11]
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where ALF and BLF are fitting parameters for the low frequency content and AHF and BHF are fitting parameters for the high
frequency content of the complete generalized Pierson-Moskowitz function, SC

PMGEN
; and CLF, DLF, and ELF are the fitting

parameters for the low frequency content and CHF, DHF, and EHF are fitting parameters for the high frequency content of the
complete generalized JONSWAP function,SC

JONSWAPGEN
.

3.3 Development of Theoretical Prediction Surfaces

Discrete monitoring practices and technical malfunctions contribute to the missing data problem inherent in SHM. This
presents a significant challenge in the fatigue analysis of naval vessels, which is dependent on complete data sets. Linear
prediction surfaces have been employed in [10, 11] to relate structural response to wave height, ship speed, and heading
angle. The linear prediction surface, ‰lin, is defined as

‰lin D p1Hs C p2V C p3 cos .ˇ/ (3.3)

where Hs is the wave height, V is the ship speed, and ˇ is the heading angle. The linear surface is included in this paper
for comparison purposes. The following subsections present the development of the theoretically-based nonlinear prediction
surfaces. The discussion is framed around the HSV-2 Swift but is readily applicable to other naval vessels.


