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Richard L. Wheeden



Preface

It is a pleasure to bring out this volume of contributed papers on the occasion of
the retirement of Richard Wheeden. Dick Wheeden as he is known to his many
friends and collaborators spent almost all his professional life at Rutgers University
since 1967, other than sabbatical periods at the Institute for Advanced Study,
Princeton, Purdue University, and the University of Buenos Aires, Argentina. He
has made many original contributions to Potential Theory, Harmonic Analysis, and
Partial Differential equations. Many of his papers have profoundly influenced these
fields and have had long lasting effects, stimulating research and shedding light.
In addition many colleagues and especially young people have benefitted from the
generosity of his spirit, where he has shared mathematical insight and provided
encouragement. We hope this volume showcases some of the research directions
Dick Wheeden was instrumental in pioneering.

1 Potential Theory and Weighted Norm Inequalities
for Singular Integrals

Dick Wheeden’s work in Analysis can be broken into two periods. The first period
consists of his work in Potential Theory, the theory of singular integrals with a deep
emphasis on weighted norm inequalities, and a second period from the late 1980s
where he and his collaborators successfully applied weighted norm inequalities to
the study of degenerate elliptic equations, subelliptic operators, and Monge-Ampère
equations.

Wheeden obtained his Ph.D. in 1965 from the University of Chicago under the
supervision of Antoni Zygmund. One very productive outcome of this association
with Zygmund is the beautiful graduate textbook Measure and Integral [36].

vii



viii Preface

Wheeden’s thesis dealt with hypersingular integrals. These are singular integrals
of the form

Tf .x/ D
ˆ
Rn
.f .x C y/� f .x//

� .y/

jyjnC˛ dy; 0 < ˛ < 2;

where�.y/ is homogeneous of degree zero, integrable on S
n�1 and satisfies

ˆ
Sn�1

yi�.y/ d� .y/ D 0; 1 � i � n:

Since the singularity of the kernel �.y/

jyjnC˛ is more than that of a standard Calderón-

Zygmund kernel, one needs some smoothness on f to ensure boundedness. A typical
result found in [34] is

kTfkLp.Rn/ � C kfkW˛;p.Rn/ ; 1 < p < 1;

where W˛;p .Rn/ is the fractional Sobolev space of order ˛. These results are
developed further in [35].

Another important result that Wheeden obtained at Chicago and in his early
time at Rutgers was with Richard Hunt. This work may be viewed as a deep
generalization of a classic theorem of Fatou which states that nonnegative harmonic
functions in the unit disk in the complex plane have nontangential limits a.e. on the
boundary, that is on the unit circle. The theorem of Fatou was generalized to higher
dimensions and other domains by Calderón and Carleson. The works [17, 18] extend
the Fatou theorem to Lipschitz domains, where now one is dealing with harmonic
measure on the boundary. The main result is

Theorem 1 Let � � R
n be a bounded domain with Lipschitz boundary. Let

!P0 .Q/, Q 2 @�, denote harmonic measure with respect to a fixed point P0 2 �.
Then any nonnegative harmonic function u .P/ in � has nontangential limits a.e.
with respect to harmonic measure !P0 on @�.

The proof relies on constructing clever barriers and in particular on a penetrating
analysis using Harnack’s inequality on the kernel function K .P;Q/, P 2 �, Q 2
@�, which is the Radon-Nikodym derivative

K .P;Q/ D d!P .Q/

d!P0 .Q/
:

1.1 Singular Integrals and Weighted Inequalities

In 1967, Wheeden moved to Rutgers University and began a long and fruitful
collaboration with his colleague B. Muckenhoupt. Two examples of many seminal
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results proved by Muckenhoupt and Wheeden are the theorems on weighted norm
inequalities for the Hilbert transform and the fractional integral operator. To state
these results we recall a definition.

Definition 1 Let 1 < p < 1, and let w 2 L1loc .R
n/ be a positive function on R

n.
Then w 2 Ap if and only if for all cubes Q,

sup
Q

�
1

jQj
ˆ
Q
w

��
1

jQj
ˆ
Q
w� 1

p�1

�p�1
< 1:

The Ap condition had already appeared in Muckenhoupt’s pioneering work on
the Hardy-Littlewood maximal function [51]. But now Wheeden along with Hunt
and Muckenhoupt [19] carried it further. They considered the prototypical one-
dimensional singular integral, the Hilbert transform,

Hf .x/ D p:v:
ˆ 1

�1
f .y/

x � y
dy;

and established the following trailblazing theorem.

Theorem 2 A nonnegative w 2 L1loc .R/ satisfies the L
p weighted norm inequality

for the Hilbert transform,

�ˆ
R

jHf jp w
� 1

p

� Cp

�ˆ
R

jf jp w
� 1

p

;

if and only if w 2 Ap.

Their key difficulty in establishing this result was to prove it when p D 2. Then
one can adapt the Calderón-Zygmund scheme for singular integrals and finish with
an interpolation. The case p D 2 had been studied earlier by Helson and Szegö
[47] using a completely different function theoretic approach, where they obtained
the equivalence of the weighted norm inequality with a subtle decomposition of the
weight involving the conjugate function. Theorem 2 finally characterized these two
equivalent properties in terms of a remarkably simple and checkable criterion, the
Ap condition. Theorem 2 was the forerunner to a deluge of results by Wheeden in
the decades since, to multiplier operators by Kurtz and Wheeden [20], to the Lusin
square function by Gundy and Wheeden [16] (preceded by Segovia and Wheeden
[33]), and the Littlewood-Paley g�

� function by Muckenhoupt and Wheeden [24],
to name just a few. With Muckenhoupt, Wheeden also initiated a study of the two
weight theory for the Hardy-Littlewood maximal operator and Hilbert transform
[25] and with Chanillo a study of the two weight theory for the square function [6].
That is one now seeks conditions on nonnegative functions v;w so that one has

�ˆ
Rn

jTf jp v
� 1

p

� Cp

�ˆ
Rn

jf jp w
� 1

p

;
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where T could be a singular integral operator, a square function, or the Hardy-
Littlewood maximal operator. The papers [25] and [6] stimulated much research in a
search for an appropriate two weight theory for singular integrals. In the early 1990s
Wheeden returned to this question and undertook a study of two weight problems
for the fractional integral. These results are described later in this preface.

The later “one weight” results mentioned above relied on the so-called good-
� inequalities [37], [40], a beautiful stratagem with which Wheeden was wholly
won over. We cite two instances of results proved by Wheeden, where good-�
inequalities play a key step in the proofs. The first example is joint work with
Chanillo [1] where he investigated a complete theory of differentiation based on
the Marcinkiewicz integral

Mf .x/ D
 ˆ

Rn

jf .x C t/C f .x � t/ � 2f .x/j2
jtjnC2 dt

! 1
2

:

This work viewed Mf as a rough square function and the aim was to treat it in the
spirit of the work of Burkholder and Gundy [37] for the Lusin square function and
establish control via a good-� inequality and maximal functions.

The second work with Muckenhoupt, destined to play a major role in Wheeden’s
interest in degenerate elliptic PDE in the late 1980s onward, was the paper [23] on
fractional integral operators I˛. Define for 0 < ˛ < n,

I˛f .x/ D
ˆ
Rn

f .y/

jx � yjn�˛ dy:

Theorem 3 Let v be a positive function on R
n. Then for 1

q D 1
p � ˛

n , 1 < p < n
˛

and 1
p C 1

p0

D 1, the weighted norm inequality for I˛ ,

�ˆ
Rn

j.I˛f / vjq
� 1

q

� Cp

�ˆ
Rn

jfvjp
� 1

p

;

holds if and only if for all cubes Q,

sup
Q

�
1

jQj
ˆ
Q
vq
� 1

q
�
1

jQj
ˆ
Q
v�p

0

� 1
p0

< 1:

The corresponding inequality for the fractional maximal operator

M˛f .x/ D sup
QW x2Q

1

jQj1� ˛
n

ˆ
Q

jf .y/j dy;

which is dominated by the fractional integral I˛ jf j .x/ D ´
Rn

jf .y/j
jx�yjn�˛ dy, can be

established by a variety of techniques, and from this, the inequality for the larger
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(at least when f � 0) fractional integral I˛ can be obtained as a consequence of the
good-� inequality:

jfx 2 R
n W M˛f .x/ � ˇ� and jI˛f .x/j > 2�gjvq

� Cˇ jfx 2 R
n W jI˛f .x/j > �gjvq ;

valid for nonnegative functions f , and for all � > 0 and 0 < ˇ < 1 and where we
have used the notation:

jEjvq D
ˆ
E
vq.x/dx:

This striking inequality says, loosely speaking, that the conditional probability of
doubling the size of I˛f , given a fixed lower threshold, is small unless the maximal
function M˛f exceeds a smaller threshold—in other words, I˛f cannot increase by
much at a given location unless M˛f is already large there.

The fractional integral operator I˛f plays a major role in the proofs of Sobolev
inequalities and localized versions of Sobolev inequalities called Poincaré inequali-
ties. These inequalities, together with the energy inequalities of Cacciopoli, are used
to derive via an iteration scheme due to Moser, a fundamental inequality for elliptic
PDE, called the Harnack inequality. The Harnack inequality can be then used to
obtain regularity in Hölder classes of weak solutions of second order elliptic PDE.
Thus Wheeden was now led in a second period to the study of degenerate elliptic
PDE and the particular problem of regularity of weak solutions to degenerate elliptic
PDE. One of the earliest Poincaré-Sobolev inequalities he obtained was a natural
outcome of earlier work for the Peano maximal function [2] and is contained in his
paper with Chanillo [3]. To state the main theorem in [3], we need some notation.
We consider v;w locally integrable positive functions on R

n. Fix a ball B. We now
consider balls Br .x0/ � B, centered at x0 with radius r > 0. We assume that v is
doubling, i.e.,

ˆ
B2r.x0/

v � C
ˆ
Br.x0/

v;

and we also assume the balance condition (which turns out to be necessary)

r

h

 ´
Br.x0/

v´
B v

! 1
q

� C

 ´
Br.x0/

w´
B v

! 1
p

; (1)

where h D jBj 1n :

For f 2 C1 .B/, we set favg D 1
jBj

´
B f .
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Theorem 4 Let 1 < p < q < 1. Assume that w 2 Ap, that v is doubling, and that
the balance condition (1) holds. Then

(1) For f 2 C10 .B/ we have the Sobolev inequality,

�
1´
B v

ˆ
B

jf jq v
� 1

q

� Ch

�
1´
B w

ˆ
B

jrf jp w
� 1

p

:

(2) For f 2 C1 .B/ we have the Poincaré inequality,

�
1´
B v

ˆ
B

ˇ̌
f � favg

ˇ̌q
v

� 1
q

� Ch

�
1´
B w

ˆ
B

jrf jp w
� 1

p

:

The results in [3] when combined with energy estimates like Cacciopolli’s
inequality and an appropriate Moser iteration scheme lead to Harnack inequalities
[5] and estimates for Green’s function for elliptic operators in divergence form [7].

2 Degenerate Elliptic Equations, Subelliptic Operators,
and Monge-Ampére Equations

In the early 1990s, Wheeden’s interests turned to the study of Sobolev-Poincaré
inequalities in the setting of metric spaces, focusing in particular on Carnot-
Carathéodory metrics generated by a family of vector fields and on the associated
degenerate elliptic equations. Let X WD fX1; : : : ;Xmg be a family of Lipschitz
continuous vector fields in an open set � � R

n, m � n. We can associate with
X a metric in �—the Carnot-Carathéodory (CC) metric dc D dc.x; y/ or the control
metric—by taking the minimum time we need to go from a point x to a point
y along piecewise integral curves of ˙X1; : : : ;˙Xm (if such curves exist). The
generating vector fields of the Lie algebra of connected and simply connected,
stratified nilpotent Lie groups, also called Carnot groups, as well as vector fields
of the form �1@1; : : : ; �n@n, where the �j’s are Lipschitz continuous nonnegative
functions, provide basic examples of vector fields for which the CC distance is
always finite. The latter vector fields are said to be of Grushin type in [10].

A .p; q/-Sobolev-Poincaré inequality in this setting is an estimate of the form

�
1

jB.x0; r/j
ˆ
B.x0;r/

jg � gBjq dx
� 1

q

� C r

0
B@ 1

jB.x0; r/j
ˆ
B.x0;r/

0
@X

j

jXjgj2
1
A

p
2

dx

1
CA

1
p

(2)
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for all metric balls B.x0; r/ WD fx I dc.x0; x/ < rg and for all smooth functions
g with average gB on B.x0; r/. Moreover, Lebesgue measure on both sides of (2)
can be replaced by two different measures which may arise from weight functions.
This case gives rise to what is called a weighted (or two-weight) Sobolev-Poincaré
inequality. The weight functions are chosen to satisfy conditions akin to [3] and [5].

Wheeden in 1994, in collaboration with Franchi and Gutiérrez [10], proved a
two-weight Sobolev-Poincaré inequality for a class of Grushin type vector fields
that best illustrates this circle of ideas.

In the Poincaré-Sobolev inequality that follows, the weight function u is assumed
doubling. The vector fields are given by, r�g .z/ D �rxg .z/ ; � .x/ryg .z/

�
for

z D .x; y/ 2 R
nCm: �.x/ is assumed continuous. The continuity of �.x/ allows

the notion of a metric dc.�; �/ which is naturally associated with the vector fields
@
@x1
; : : : ; @

@xn
; � .x/ @

@y1
; : : : ; � .x/ @

@yn
by means of subunit curves to be defined [42].

To this metric one may now associate balls B .z0; r/ which are balls in R
nCm with

center z0 and radius r defined by B.z0; r/ WD fz I dc.z0; z/ < rg. With some further
stipulation on the weight v that will be stated later, one has the Poincaré-Sobolev
inequality displayed below:

�
1

jB .z0; r/ju

ˆ
B.z0;r/

jg .z/ � gBjq u .z/ dz
� 1

q

� Cr

�
1

jB .z0; r/jv

ˆ
B.z0;r/

jr�g .z/jp v .z/ dz
� 1

p

Further assumptions on the coefficients of the vector fields are �.x/ lies in some
Reverse Hölder class, i.e., � 2 RH1 and �n 2 strong A1, in the sense of David and
Semmes [41] suitably adapted to the Carnot-Caratheodory metric situation. The key
assumption on the weight v above is that there exists w 2 strong A1 for which we
have

vw
1
N �1 2 Ap

�
w1�

1
N dz

�
; N D n C m:

The following “balance condition” which is by now well known to be necessary
[3] is also assumed:

r .B/

r .B0/

�
u .B/

u .B0/

� 1
q

� C

�
v .B/

v .B0/

� 1
p

; B � .1C "/B0:

A typical example of a function � is � .x/ D jxj˛ for ˛ > 0. The results allow
weights v that vanish to high order and include new classes of weight functions
even in the case � .x/ � 1. Other important examples arise from weight functions v
that are Jacobians of Quasiconformal maps.

The paper [10] contains two remarkable technical results: first of all, it is proved
that metric balls for the CC distance satisfy the so-called Boman condition, that by
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now has been proved to be equivalent to several other geometric conditions. This
allows one to apply the Boman chain technique (as studied by Chua and Bojarski)
to suitable metric spaces equipped with doubling measures. This makes it possible
to obtain (2) from a “weak” type Sobolev-Poincaré inequality, where in the right-
hand side of (2) we replace the ball B.Nx; r/ by an “homothetic” ball B.Nx; �r/, � > 1.
The second important idea in this paper consists in the clever use of a technique
inspired by Long and Nie [50], and that will become more or less standard in the
future. To illustrate this idea, consider a fractional integral I and let u ! jXuj be a
local operator, where jXuj denotes the norm of the Euclidean gradient or of some
generalized gradient .X1u; : : : ;Xmu/. This technique makes it possible to obtain
strong type inequalities from weak type inequalities of the form:

jfx 2 B WD B.Nx; r/ I ju.x/� uBj > �gj � C

�kI.jXuj/kL1.�B/
�

� 1
q

; � > 1;

In particular one obtains .1; q/-Sobolev-Poincaré inequalities in situations where
one has no recourse to the Marcinkiewicz interpolation theorem. This is achieved
by slicing the graph of u.x/ � uB in strips Œ2�kC1; 2�k�. The local character of jXuj
yields that jXuj vanishes on constants, so that it is possible to reconstruct jXuj from
these slices.

This technique enabled Wheeden in [9] (in collaboration with Franchi and Gallot)
and in [11] (in collaboration with Franchi and Lu) to prove Sobolev type inequalities
and Sobolev-Poincaré type inequalities on Carnot groups in the geometric case p D
1, starting from a subrepresentation formula of a compactly supported function (or
of a function of zero average on a ball) which expressed the function in terms of a
suitable fractional integral of its generalized gradient. In particular, this argument
yields forms of Sobolev inequalities which are related to isoperimetric inequalities
on Carnot groups.

More generally, on a metric space .S; �;m/ endowed with a doubling measure
m, we say that a .p; q/-Sobolev-Poincaré inequality holds (1 � p � q � 1) if for
any Lipschitz continuous function u there exists g 2 Lploc.S/ such that

�
1

jB.Nx; r/j
ˆ
B.Nx;r/

ˇ̌̌
ˇu � 1

jB.Nx; r/j
ˆ
B.Nx;r/

u dm

ˇ̌̌
ˇ
q

dm

� 1
q

� C r

�
1

jB.Nx; r/j
ˆ
B.Nx;r/

jgjp dm
� 1

p p

;

(3)

where g depends on u but is independent of B.Nx; r/ (notice again we could look
for similar inequalities where we replace the measure m by two measures �, 	).
We recall that the metric space .S; �;m/ endowed with a measure m is said to be
locally doubling, if for the measure m there exists A > 0 such that the measure
m satisfies the doubling condition m.B.x; 2r// � Am.x; r/ for all x 2 S and
r � r0. That is the doubling condition holds for all balls with small enough radii.
The central point in the proof in [12] (see also [8]) consists in establishing the
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equivalence between .p; q/-Sobolev-Poincaré inequalities in metric measure spaces
and subrepresentation formulae. The following result is typical:

Theorem 5 Let .S; �;m/ be a complete metric space endowed with a locally
doubling measure m and satisfying the segment property (i.e., for each pair of
points x; y 2 S, there exists a continuous curve 
 connecting x and y such that
�.
.t/; 
.s// D jt � sj.) Let �, 	 be locally doubling measures on .S; �;m/. Let
B0 D B.x0; r0/ be a ball, let � > 1 be a fixed constant, and let f ; g 2 L1.�B0/ be
given functions. Assume there exists C > 0 such that, for all balls B � �B0,

1

	.B/

ˆ
B

jf � fB;	j d	 � C
r.B/

�.B/

ˆ
B

jgj d�; (4)

where fB;	 D 1
	.B/

´
B fd	. If there is a constant �.r0/ > 0 such that for all balls B, QB

with QB � B � �B0,

�.B/

�. QB/ � �.r0/
r.B/

r. QB/ ;

then for .d	/-a.e. x 2 B0,

jf .x/ � fB0;	 j � C
ˆ
�B0

jg.y/j �.x; y/

�.B.x; �.x; y///
d�.y/: (5)

We notice that, by Fubini-Tonelli Theorem, clearly (5) implies (4).

The proof of the above result relies on the construction of a suitable chain of balls
with controlled overlaps, starting from a ball B and shrinking around a point x 2 B.
Repeated use of the Poincaré inequality (4) yields the subrepresentation formula (5)
for any Lebesgue point of u.

Applying results on Lp � Lq continuity for fractional integrals, like for example
in [3, 29], from (5) one obtains (two-weight) Sobolev-Poincaré inequalities. In [22]
Lu and Wheeden were able to get rid of the constant � > 1 in the subrepresentation
formula (5).

A .p0; 1/-Poincaré-inequality with p0 � 1 yielding a .p; q/-Sobolev-Poincaré
inequalities (and possibly with weights) is referred to as the self-improving property
of the Poincaré inequality. This notion had been introduced by Saloff-Coste in [53]
in the Riemannian or sub-Riemannian setting. The result in [53] states that the
.p0; 1/-Poincaré inequality plus the doubling property of the measure yields .p; q/-
Sobolev-Poincaré inequalities. The arguments of [12] can be carried out only in the
case p0 D 1, basically since a.B/ defined by

a.B/ D r.B/

�
1

jBj
ˆ
B

jgjp0 dx
�1=p0

.g and p0 fixed/

is not easy to sum, even over a class of disjoint balls B if p0 > 1.
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In particular, in [15], this difficulty was overcome by considering a sum operator
T.x/which is formed by summing a.B/ over an appropriate chain of balls associated
with a point x:

T.x/ D
X

B in a chain for x

a.B/:

In case p0 D 1, the sum operator becomes an integral operator. The Lp to Lq mapping
properties of the sum operator can be derived in much the same way as those for
fractional integral operators, and these norm estimates for T lead to correspondingly
more general Poincaré estimates. These results by Wheeden and collaborators for
the weighted self-improving property of the Poincaré inequality on general metric
spaces may be found in [13–15].

In [21], the authors proved a counterpart of the equivalence between subrep-
resentation formulae and Sobolev-Poincaré inequality for higher order differential
operators. These results are counterparts of earlier results for the gradient derived
in [12]. In the higher order case, on the left-hand side of the Poincaré inequality,
instead of subtracting a constant given by the average of the function, one subtracts
appropriate polynomials, related to the Taylor polynomial on Euclidean spaces, and
related Folland-Stein polynomials [43] for the situation on stratified groups.

2.1 Two Weight Norm Inequalities for Fractional Integrals

Beginning in 1992, Wheeden returned to the study of the two weight inequality for
fractional integrals,

�ˆ
Rn
.I˛f /

q w

� 1
q

� C

�ˆ
Rn

f pvp
� 1

p

; f � 0;

and showed with Sawyer [29] that for 1 < p < q < 1 and 0 < ˛ <

n, this inequality could be characterized by a simple two weight analogue of
Muckenhoupt’s condition:

A˛p;q � sup
Q

jQj1� ˛
n

�ˆ
Q
sqQw

� 1
q
�ˆ

Q
sp

0

Qv
�p0

� 1
p0

< 1;

where sQ .x/ � jQj ˛n �1 C jx � xQj˛�n is a “tailed” version of the scaled indicator
jQj ˛n �1 1Q .x/. This work built on the weak type work of Kokilashvili and Gabidza-
shvili. Unfortunately, this simple solution fails when p D q, but there it was shown
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that a “bumped-up” version of A˛p;q suffices for the fractional integral inequality:
there is r > 1 such that

sup
Q

jQj ˛n C 1
q � 1

p

�
1

jQj
ˆ
Q
wr

� 1
qr
�
1

jQj
ˆ
Q
v�rp0

� 1
p0r

< 1:

A forerunner to the situation when p D q is the paper by Chanillo and Wheeden [4],
where weighted fractional integral inequalities when p D q are derived and then
applied to obtain Weyl type eigenvalue estimates for the Schrödinger operator with
appropriate potential.

The results on weighted norm inequalities for two weights for fractional integrals
and other similar results were then extended in [29] to spaces of homogeneous type.
Along the way two discoveries were made which we list:

• The failure of the Besicovitch covering lemma for the Heisenberg group
equipped with the usual left invariant metric and where all balls are chosen
using this metric (also obtained independently by Koranyi and Reimann).

• A construction of a dyadic grid for spaces of homogeneous type (a variant was
also obtained independently and a bit earlier by M. Christ [38], and a precursor
of this by G. David even earlier).

2.2 Fefferman-Phong and Hörmander Regularity

The 2006 Memoir of Wheeden with Sawyer [30] is concerned with regularity of
solutions to rough subelliptic equations. Previously, regularity had been reasonably
well understood in two cases:

1. when the equation is subelliptic, and the coefficients are restricted to being
smooth,

2. when the equation is elliptic, and the coefficients are quite rough.

In the subelliptic case, there were two main types of result. First, there was the
algebraic commutator criterion of Hörmander for sums of squares of smooth vector
fields [48]. These operators had a special “sum of squares” form for the second order
terms, but no additional restriction on the smooth first order term. Second, there
was the geometric “control ball” criterion of Fefferman and Phong that applies to
operators with general smooth subelliptic second order terms, but the operators were
restricted to be self-adjoint. They obtained the following analogue of the Fefferman-
Phong theorem for rough coefficients, namely a quadratic form Q .x; �/ D � 0Q .x/ �
is subelliptic (which means that in a quantitative sense we leave unspecified, all
weak solutions u to the equation r 0Q .x/ru D  are Hölder continuous, i.e., u 2
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C˛ for ˛ > 0), if the control balls K .x; r/ relative to Q satisfy

1: jK .x; 2r/ j � CjK .x; r/ j (doubling);

2: D .x; r/ � K .x;Cr"/ (containment);

3:

�
1

jKj
ˆ
K

jwj2�
	 1
2�

� Cr .K/

�
1

jKj
ˆ
K

�
krwk2Q C jwj2

�	 1
2

;

4:

�
1

jKj
ˆ
K

jw � wK j2
	 1
2

� Cr .K/

�
1

jK�j
ˆ
K�

krwk2Q
	 1
2

;

where w 2 W1;2
0 .K/ in the Sobolev inequality and w 2 W1;2 .K�/ in the Poincaré

inequality, where K� is the double of K.
The containment condition 2: is necessary. The Sobolev inequality 3: is necessary

for a related notion of subellipticity for the homogeneous Dirichlet problem for
L D r 0Q .x/r: for all balls B there exists a weak solution u satisfying

�
Lu D f in B
u D 0 on @B

and sup
B

juj .
�ˆ

B
jf j q2

� 2
q

:

The Poincare inequality 4: is necessary for a related notion of hypoellipticity for the
homogeneous Neumann problem for nQ D n0Q .x/r: for all balls B there exists a
weak solution u satisfying

�
Lu D f in B

nQu D 0 on @B
and kukL2.B/ . r .B/2 kfkL2.B/ :

The doubling condition 1: is not needed and has been replaced more recently with
the theory of nondoubling measures pioneered by Nazarov, Treil, and Volberg.

They also obtained an analogue of the Hörmander theorem for diagonal vector
fields with rough coefficients. As a starting point, they showed that if the vector
fields Xj D aj .x/ @

@xj
were analytic, then the Xj satisfied a “flag condition” if and

only if they satisfied the Hörmander commutation condition. They then extended the
flag condition to rough vector fields and obtained regularity theorems for solutions
to the corresponding sums of squares operators.

2.3 The Monge-Ampére Equation

Using the regularity theorems in their 2006 Memoir [30] (see also [28], [31] and
[32]), Wheeden with Rios and Sawyer [26, 27] obtained the following geometric
result: A C2 convex function u whose graph has smooth Gaussian curvature k 	 jxj2
is itself smooth if and only if the sub-Gaussian curvature kn�1 of u is positive in �.
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The question remains open for C1;1 convex solutions today—this much regularity
is assured for solutions to the Dirichlet problem with smooth data and nonnegative
Gaussian curvature k (Guan et al. [46]), but cannot in general be improved to C2

by the example of Sibony in which the tops and sides of the unit disk are curled up
to form a smooth boundary but with second order discontinuities at the start of the
curls.

The proof of the regularity theorem forC2 solutions draws from a broad spectrum
of results—an n-dimensional extension of the partial Legendre transform due to the
authors [26], Calabi’s identity for

P
uij�ij, the Campanato method of Xu and Zuily

[54], the Rothschild-Stein lifting theorem for vector fields [52], Citti’s idea (see, e.g.,
[39]) of approximating vector fields by first order Taylor expansions, and earlier
work of the authors in [26] generalizing Guan’s subelliptic methods in [44, 45].
The proof of the geometric consequence uses the Morse lemma to obtain the sum
of squares representation of k. The necessity of kn�1 > 0 follows an idea of Iaia
[49]: the inequality k � .kn�1/

n
n�1 shows that for a smooth convex solution u with

k .x/ 	 jxj2 we must have kn�1 > 0 at the origin.
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On Some Pointwise Inequalities Involving
Nonlocal Operators

Luis A. Caffarelli and Yannick Sire

To Dick Wheeden, with admiration and affection

Abstract The purpose of this paper is threefold: first, we survey on several
known pointwise identities involving fractional operators; second, we propose a
unified way to deal with those identities; third, we prove some new pointwise
identities in different frameworks in particular geometric and infinite-dimensional
ones.

1 Introduction

The present paper is devoted to several pointwise inequalities involving several
nonlocal operators. We focus on two types of pointwise inequalities: the Córdoba-
Córdoba inequality and the Kato inequality. In order to keep the presentation
simple, we state the inequalities in question in the case of the fractional lapla-
cian, i.e. .��/s, in R

n. Actually, in subsequent sections, we will generalize
these inequalities to a lot of different contexts. Furthermore, we will present a
unified proof for both inequalities based on some extension properties of some
nonlocal operators. Our proofs are elementary and simplify the original argu-
ments.
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2 L.A. Caffarelli and Y. Sire

The fractional Laplacian can be defined in various ways, which we review now.
It can be defined using Fourier transform by

F..��/sv/ D j�j2s F.v/;

for v 2 Hs.Rn/. It can also be defined through the kernel representation (see the
book by Landkof [12])

.��/sv.x/ D Cn;s P.V.
ˆ
Rn

v.x/ � v.x/
jx � xjnC2s dx; (1)

for instance for v 2 S.Rn/, the Schwartz space of rapidly decaying functions. Here
we will only consider s 2 .0; 1/:

The inequalities considered in the present paper are the following

Theorem 1.1 (Córdoba-Córdoba Inequality) Let ' be a C2.Rn/ convex function.
Assume that u and '.u/ are such that .��/su and .��/s'.u/ exist. Then the
following holds

.��/s'.u/ � ' 0.u/.��/s u: (2)

The next theorem is the Kato inequality.

Theorem 1.2 (Kato Inequality) The following inequality holds in the distribu-
tional sense

.��/sjuj � sgn.u/.��/s u: (3)

The previous two theorems are already known: Theorem 1.1 is due to Córdoba
and Córdoba (see [8, 9]). Theorem 1.2 is due to Chen and Véron (see [6]). Both
original proofs are based on the representation formula given in (1). This formula
holds only when the fractional laplacian is defined on R

n. The Córdoba-Córdoba
inequality is a very useful result in the study of the quasi-geostrophic equation (see
[9]). This inequality has been generalized in several contexts in [10] for instance or
[7]. In this line of research we propose a unified way of proving these inequalities
based on some extension properties for nonlocal operators.

2 Some New Inequalities

In this section, we derive by a very simple argument several inequalities at the
nonlocal level, i.e. without using any extensions, which are not available in these
frameworks.
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2.1 A Pointwise Inequality for Nonlocal Operators
in Non-divergence Form

Nonlocal operators in non-divergence form are defined by

Iu.x/ D �
ˆ
Rn
.u.x C y/C u.x � y/ � 2u.x//K.y/ dy

for a kernel K � 0. Denote

ıyu.x/ D �
�
u.x C y/C u.x � y/ � 2u.x/

�
:

Then, considering a C2 convex function ', one has by the fact that a convex function
is above its tangent line

ıy'.u/.x/ D �
�
'.u.x C y//C '.u.x � y// � 2'.u.x//

�
D

�
�
'.u.x C y//� '.u.x//C '.u.x � y//� '.u.x//

�

� ' 0.u.x//ıyu.x/:

Hence for the operator I one has also an analogue of the original Córdoba-Córdoba
estimate.

2.2 The Case of Translation Invariant Kernels

Consider the operator

Lu.x/ D
ˆ
Rn
.u.x/� u.y//K.x � y/ dy

where K is symmetric. Hence one can write

Lu.x/ D
ˆ
Rn
.u.x/� u.x � h//K.h/ dh

or in other words, by a standard change of variables

Lu.x/ D 1

2

ˆ
Rn
ıhu.x/K.h/ dh
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We start with the following lemma, which is a direct consequence of the symmetry
of the kernel

Lemma 2.1
ˆ
Rn

Lu.x/ D 0:

The following lemma is consequence of straightforward computations

Lemma 2.2

ıhuv.x/ D uıhv C vıhuC
.v.x C h/� v.x//.u.x C h/� u.x//C .v.x � h/� v.x//.u.x � h/� u.x//:

Hence by the two previous lemma one has the useful identity

0 D
ˆ
Rn

Lu2 D 2

ˆ
Rn

uLu C 2

ˆ
Rn

ˆ
Rn
.u.x/� u.y//2K.x � y/ dxdy:

2.3 Some Integral Operators on Geometric Spaces

In this section, we describe new operators involving curvature terms. These
operators appear naturally in harmonic analysis, as described below. They are of
the form

Lu.x/ D
ˆ
.u.x/� u.y//K.x; y/ dy

where the non-negative kernel K is symmetric and has some geometric meaning.
The integral sign runs either over a Lie group or over a Riemannian manifold. By
exactly the same argument as in the previous section, one deduces trivially Córdoba-
Córdoba estimates for these operators. We now describe these new operators.

2.3.1 The Case of Lie Groups

Let G be a unimodular connected Lie group endowed with the Haar measure dx.
By “unimodular”, we mean that the Haar measure is left and right-invariant. If we
denote by G the Lie algebra of G, we consider a family

X D fX1; : : : ;Xkg
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of left-invariant vector fields on G satisfying the Hörmander condition, i.e. G is
the Lie algebra generated by the X0

i s. A standard metric on G , called the Carnot-
Caratheodory metric, is naturally associated with X and is defined as follows: let
` W Œ0; 1� ! G be an absolutely continuous path. We say that ` is admissible if
there exist measurable functions a1; : : : ; ak W Œ0; 1� ! C such that, for almost every
t 2 Œ0; 1�, one has

`0.t/ D
kX

iD1
ai.t/Xi.`.t//:

If ` is admissible, its length is defined by

j`j D
ˆ 1

0

 
kX

iD1
jai.t/j2 dt

! 1
2

:

For all x; y 2 G, define d.x; y/ as the infimum of the lengths of all admissible
paths joining x to y (such a curve exists by the Hörmander condition). This distance
is left-invariant. For short, we denote by jxj the distance between e, the neutral
element of the group and x, so that the distance from x to y is equal to jy�1xj.

For all r > 0, denote by B.x; r/ the open ball in G with respect to the Carnot-
Caratheodory distance and by V.r/ the Haar measure of any ball. There exists d 2
N

� (called the local dimension of .G;X/) and 0 < c < C such that, for all r 2 .0; 1/,

crd � V.r/ � Crd;

see [14]. When r > 1, two situations may occur (see [11]):

• Either there exist c;C;D > 0 such that, for all r > 1,

crD � V.r/ � CrD

where D is called the dimension at infinity of the group (note that, contrary to d,
D does not depend on X). The group is said to have polynomial volume growth.

• Or there exist c1; c2;C1;C2 > 0 such that, for all r > 1,

c1e
c2r � V.r/ � C1e

C2r

and the group is said to have exponential volume growth.

When G has polynomial volume growth, it is plain to see that there exists C > 0

such that, for all r > 0,

V.2r/ � CV.r/; (4)
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which implies that there exist C > 0 and � > 0 such that, for all r > 0 and all
� > 1,

V.�r/ � C��V.r/: (5)

On a Lie group as previously described, one introduces the Kohn sub-laplacian

�G D
kX

iD1
X2i :

On any Lie group G, it is natural by functional calculus to define the fractional
powers .��G/

s, s 2 .0; 1/ of the Kohn sub-laplacian ��G. It has been proved in
[13, 15] (see also [16]) that for Lie groups with polynomial volume

k.��G/
s=2uk2L2.G/ � C

ˆ
G�G

ju.x/� u.y/j2
V.jy�1xj/jy�1xj2s dx dy:

It is therefore natural to consider the operator which is the Euler-Lagrange
operator of the Dirichlet form in the R.H.S. of the previous equation given by

Lu.x/ D
ˆ
G

u.x/� u.y/

V.jy�1xj/jy�1xj2s dy:

It defines a new Gagliardo-type norm, suitably designed for Lie groups (of any
volume growth). By the structure itself of this norm, one can prove as before a
Córdoba-Córdoba inequality.

2.3.2 The Case of Manifolds

Let M be a complete Riemannian manifold of dimension n. Denote d.x; y/ the
geodesic distance from x to y. Similarly to the previous case it is natural to introduce
the new operators, Euler-Lagrange of suitable Gagliardo norms, given by

Lu.x/ D
ˆ
M

u.x/� u.y/

d.x; y/nC2s dy

These new operators also satisfy Córdoba-Córdoba estimates (see [15] for an
account in harmonic analysis where these quantities pop up).
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3 A Review of the Extension Property

3.1 The Extension Property in R
n

We first introduce the spaces

Hs.Rn/ D ˚
v 2 L2.Rn/ W j�js.Fv/.�/ 2 L2.Rn/



;

where s 2 .0; 1/ and F denotes Fourier transform. For � � R
nC1
C a Lipschitz

domain (bounded or unbounded) and a 2 .�1; 1/, we denote

H1.�; ya/ D ˚
u 2 L2.�; ya dx dy/ W jruj 2 L2.�; ya dx dy/



:

Let a D 1 � 2s. It is well known that the space Hs.Rn/ coincides with the trace
on @RnC1

C of H1.RnC1
C ; ya/. In particular, every v 2 Hs.Rn/ is the trace of a function

u 2 L2loc.R
nC1
C ; ya/ such that ru 2 L2.RnC1

C ; ya/. In addition, the function u which
minimizes

min

(ˆ
R
nC1
C

ya jruj2 dxdy W uj
@R

nC1
C

D v

)
(6)

solves the Dirichlet problem

(
Lau WD div .yaru/ D 0 in R

nC1
C

u D v on @RnC1
C :

(7)

By standard elliptic regularity, u is smooth in R
nC1
C . It turns out that �yauy.�; y/

converges in H�s.Rn/ to a distribution h 2 H�s.Rn/ as y # 0. That is, u weakly
solves

(
div .yaru/ D 0 in R

nC1
C

�ya@yu D h on @RnC1
C :

(8)

Consider the Dirichlet to Neumann operator

�a W Hs.Rn/ ! H�s.Rn/

v 7! �a.v/ D h WD � lim
y!0C

ya@yu D @u

@	a
;


