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Preface

At all times, humans have been striving to understand the world that surrounds
them and that they live in. We want to understand, why things are happening the
way they do. We try to comprehend, we try to understand, we are yearning for
insight. From insight we hope to gain foresight, and from understanding we hope to
be able to affect and manage our future.

We want to manage for the better, so we need to measure the status before and
after we have taken action. We want to make sure by measurement that we have
done the right thing. But what is the right measure?

Obviously, the fact that we gain insight is an advantage for us. And the event,
when we gain insight, is pleasurable and satisfying for us: “Eureka!” When, after
having worked hard and long to solve a difficult problem, after doubt and despair,
after struggling to comprehend, when we finally understand: This moment is a most
beautiful sensation.

Dimensional analysis is a method that helps to gain insight and that helps to
understand physical problems. It is universally valid; it can always be applied; it is
always correct. Dimensional analysis shows us the right measure, the correct
scaling of a problem, which is always inherent to the problem itself.

This book aims to introduce the reader to the fascinating topic of dimensional
analysis through a large number of examples and just as many fundamentals, which
are needed to understand the working principles and foundations of the method.
The book is organized in four chapters. The first chapter concerns the fundamentals
of the method, terms and definitions and the core of the method: the Buckingham-
or Pi-Theorem. The second chapter on model theory underlines its importance
through brevity. The third chapter collects examples ranging from mechanics, fluid
mechanics, thermodynamics, electrodynamics to a variety of physical settings to
show the broad range of applications. In the fourth chapter, finally, the application
of dimensional analysis to partial differential equations of physical problems is
demonstrated, and the power of the method is best shown by concentrating on
selected examples, the so-called similarity solutions. The appendix collects some
exercises and corresponding solutions for tutorials and self-study.
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viii Preface

We, the authors, independently enjoyed our first encounter with dimensional
analysis as a universal method that helps understanding common phenomena,
physical problems, and through understanding helps to solve engineering tasks at
hand. And we certainly appreciated the skills of the teachers, who first showed and
taught us the beauty of dimensional analysis. Two of us (Volker Simon and
Bernhard Weigand) have greatly benefitted from our teacher Prof. Joseph H. Spurk,
to whom we are grateful and express our thankfulness. His lectures and book on
dimensional analysis have certainly strongly influenced our work and the way to
look at problems and find their solutions.

We hope that our book has the same effect on its readers: It gives them insight
into dimensional analysis, supports their understanding of the physical world, and
as a consequence the method will be a pleasurable benefit to them.

Many people helped us in all phases of the preparation of this book. We thank
very much Roman Frank who helped us with the figures. Many thanks also go to
our students for discussions concerning the examples. Finally, we would like to
express our thanks to Springer Press for the very good cooperation during the
preparation of this manuscript.

Offenburg, Germany Volker Simon
Stuttgart, Germany Bernhard Weigand
Berlin, Germany Hassan Gomaa



Contents

1

2

3

Some Fundamentals of Dimensional Analysis................ ... 1
1.1 Some Preliminary Remarks. . ............. ... ... ... ... .... 1
1.2 Terms and Definitions . .......... ... ... ... ... ... ... .... 5
1.2.1 Physical Quantities ... ........... .. ... ... ... ..., 5

1.2.2 Entities, Base Quantities, Derived Quantities and
Quantity System . . ... .. 5

1.2.3 Dimension, Dimensional Formula and Bridgman
Equation . ....... ... . .. . . . .. 6
1.2.4  Units, Unit System and Unit of Measurement. . ......... 7
1.2.5 Change of the Unit System. . ............. ... ... .... 8
1.2.6 Physical Equations and Dimensional Constants. . ........ 10
1.3 Buckingham-Theorem (Pi-Theorem). ....................... 11
1.4 Choice of the Base System. . ............................. 18
1.4.1 The [LMFT]-SYStem . ... ......ouuiiinaenennn... 19
1.42 The [LMTO]-System. . ..........ouuiiuiiinennn .. 21
Model Theory ... ... ... .. ... . 27
2.1 General Model Theory . .......... .. .. ... .. . . ... 27
2.2 Complete Similarity . ............ .. ... .. .. 29
2.3 Incomplete Similarity . .. ......... .. ... .. . . 31
Ilustrative Examples. . ... ...... ... ... ... ... . ... ... .. ...... 35
3.1 Examples from Mechanics . . ............ ... ... ... ... ..., 35
3.1.1 Large Elastic Deformations. ... ..................... 35
3.1.2 Small Elastic Deformations. . ....................... 37
3.1.3 Deformation of an Elastic Beam..................... 38
3.1.4 Critical Load and Buckling of a Beam . ............... 40
3.1.5 Natural Frequency of an Elastic Rod ................. 41
3.2 Examples from Fluid Mechanics .......................... 43
3.2.1 Surface Waves . ........... 43
322 ShipWaves. . ... 45
323 Chimney Flow ... ... .. .. ... .. .. . . 48

ix



X Contents

3.2.4 Hydraulic Machines .............................. 50

3.3 Examples from Thermodynamics ... .......... ... ... ... .... 51
3.3.1 Thermal Equation of State for Ideal Gases . ............ 51

3.3.2 Strong Explosion. .. ......... ... .. .. 53

3.3.3 Unsteady Heat Transfer. ... ........................ 54

34 Examples from Nature .. ......... ... ... ... .. ... 56
3.4.1 The Dynamics of Planetary Rings. ... ................ 56

3.4.2 The Flight Velocity of Birds. . . .......... ... ... .. ... 59

3.4.3 The Run-off from a Watershed . ... .................. 61

3.5 Examples from Classical Electrodynamics . .................. 63
3.5.1 The Governing Equations . . ........................ 63

3.5.2 Electrodynamic Quantities in the SI-Unit-System . . . ... .. 64

3.5.3 Implication of the SI-Unit-System. . . ................. 66

3.54 Electrical Circuits .. ...t 68

4 Similarity Solutions. . . ... ... ... ... . ... .. . . 71
4.1 Transient Temperature Distribution in a Semi-infinite Body. . . . .. 71
4.2 Flow Along a Stretched Sheet .. ....... ... ... .. .. ... .... 74
4.3 Natural Convection Along a Vertical Plate. . . ................ 77
4.4 Natural Convection Along a Horizontal Cylinder.............. 81
4.5 Laminar Free Jet. ... ... .. ... ... . ... ... ... 83
4.6 Laminar BuoyantJet. ... ...... ... ... ... ... ... . . ... .. ... 90
Appendix A: Selected Problems. ... ............ . ... ... .. ... ... 95
Appendix B: Solutions to the Problems. ... ....................... 103
References . . .. ... ... . .. 131



Symbols

Acceleration (m/sz)

Laplacian length (m)

Strain rate (1/s)

dimension matrix (-)

Velocity of sound (m/s)

Area (m2)

Magnetic field (T)

Specific heat capacity (J/(kg K) )
Wave speed (m/s)

Dimensional constant (-)
Capacitance (F)

Number of dimensionless variables (-)
Diameter (m)

Diffusion coefficient (m2/s)
Diameter (m)

Electric displacement field (C/m?)
Energy (J)

Modulus of elasticity (N/m?)
Electric field (N/C)

Frequency (1/s)

Function (-)

Force (N)

Function (-)

Gravitational acceleration (m/sz)
Gravitational constant (m3/(kg 52))
Heat transfer coefficient (W/(m2 K))
Height, depth (m)

Height (m)

Enthalpy flux (m> K/s)
Magnetizing field (A/m)

DT T TTQ T EEmOUDTRRAONANY "R 88 2R

xi



N e el

&

DI IR TVUTT I IIIRRREI I NN RS

3

=3

T << < <

Electric current (A)

Second moment of area (m4)
Electric current density (A/m?)
Thermal conductivity (W/(m K))
Boltzmann constant (J/K)
Dimension exponent (—)
Kinematic momentum (m*/s°)
Length (m)

Inductivity (H)

Number of base quantities (—)
Mass (kg)

Shaft torque (Nm)

Scale factor (-)

Molecular weight (kg)

Planet mass (kg)

Volume specific number (1/m3)
Natural frequency (1/s)
Rotational speed (1/s)
Number of physical quantities (—)
Physical quantity

Pressure (N/m2)

Power (W)

Force (N)

Electric charge (C)

Heat flux (W)

Radial distance (m)

Rank of dimension matrix (-)
Radius (m)

Resistance (Q2)

Gas constant (J/(kg K) )
Universal gas constant (J/(mol K))
Time (s)

Thickness (m)

Temperature (K)

Velocity (m/s)

Velocity (m/s)

Specific volume (m*/kg)
Fluctuation velocity (m/s)
Velocity vector (m/s)

Volume flow (m3/s)
Deformation (m)

Symbols



Symbols

w
X

X302
X

Xiii

Resistance force (N)

Numerical value of physical quantity (-)
Coordinates (m)

Base unit (-)

Greek Letter Symbols

DEeEESA2 AT A= 2233 ® ® =2 ™R KRR

wn
=
=3
7]
(<]
=.
=
-
7]

g0z o0

Thermal diffusivity (m?/s)
Angle (-)

Scale factor (-)

Thermal expansion coefficient (1/K)
Angle of attack (-)

Circulation (m2/s)

Boundary layer thickness (m)
Restitution coefficient (-)
Permittivity (F/m)

Dynamic viscosity (kg/(m s))
Non-dimensional coordinate (-)
Temperature (K)

Temperature (K)

Wave length (m)

Volume fraction ratio (-)
Permeability (N/A?)

Kinematic viscosity (m?/s)
Dimensionless product (—)
Density (kg/m®)

Volumetric charge density (C/m>)
Surface tension (N/m)

Strain (N/m?)

Electric conductivity (S/m)
Electric potential (V)

Stream function (mz/s)

Angular velocity (1/s)
Rotational speed (1/s)

Initial state

In vacuum

Maximum values

Gas

Wall

Ambient, at large distance



Xiv

Definition of Non-dimensional Numbers

Cp = Fp/(pAU?) Drag coefficient
CL = F1/(pAU?) Lift coefficient

cy = 4M /(pw*R) Torque coefficient
cw=W/(pU*L?) Drag coefficient

Fr = U?/(gL) Froude number

Re = Ud/v Reynolds number

Re, = poR® /n Rotational Reynolds number
Pr=nc/k=v/a Prandtl number

Pe = Re Pr Peclet number

Symbols



Chapter 1
Some Fundamentals of Dimensional
Analysis

1.1 Some Preliminary Remarks

Why can’t a mouse in the size of an elephant stand without breaking its legs? And
why can an ant carry multiples of its own weight while humans are barely able to
carry more than their own weight? Is this reasoning somehow connected to the fact
that the legs of a mouse are “relatively thin” or the weight of the elephant is
“relatively large”? One would need to ask: “Relative to what?” Obviously, it
appears rather meaningless to claim a length to be “relatively short” or a weight to
be “relatively heavy” without defining a suitable scale. But what constitutes an
appropriate scale and how may it be found?

In natural and engineering sciences, the common way to measure is by com-
parison to some agreed standard. For instance, lengths are compared in terms of the
unit “meter” and one would say: “This length measures 5 m.” This means that the
regarded length is five times as long as 1 m. Just as well one might compare the
same length with the “millimeter” scale and state: “This length measures
5000 mm.” By specifying a numerical value and the applied unit, the considered
physical quantity is uniquely described. In practice, units are usually chosen, such
that the numerical values can be conveniently used in calculations. However,
depending on the applied unit, different values are obtained, to describe exactly the
same physical property, in our example the length. Now, on the one hand, physical
events are obviously entirely independent of the unit of measure that we arbitrarily
have chosen. On the other hand, in order to quantify a physical quantity we are
forced to pick some comparative measure.

The way out of this dilemma is to simply compare the regarded length to another
length scale that is relevant to the problem of interest. Defining a length through its
ratio to some problem related length scale not only provides a unique numerical
value, but it also becomes independent of whether one chooses to apply “mil-
limeters” rather than “meters”. These considerations are of course also true for all
other physical quantities and their respective units. Thus, only the comparison of
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