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Preface

A large international conference on Advances in Engineering Technologies and
Physical Science was held in San Francisco, California, USA, October 21–23, 2015,
under the auspices of the World Congress on Engineering and Computer Science
(WCECS 2015). The WCECS 2015 was organized by the International Association of
Engineers (IAENG). IAENG, originally founded in 1968, is a non-profit international
association for the engineers and the computer scientists. The WCECS Congress
serves as an excellent platform for the members of the engineering community to meet
and exchange ideas. The congress in its long history has found a right balance between
theoretical and application development, which has attracted a diverse group of
researchers, leading to its rapid expansion. The conference committees have been
formed with over two hundred members including research center heads, deans,
department heads/chairs, professors, and research scientists from over 30 countries.
The full committee list is available at the congress’ web site: www.iaeng.org/
WCECS2015/committee.html. WCECS conference is truly an international meeting
with a high level of participation from many countries. The response to WCECS 2015
conference call for papers was outstanding, with more than six hundred manuscript
submissions. All papers went through a rigorous peer-review process and the overall
acceptance rate was 50.89 %.

This volume contains 42 revised and extended research articles, written by
prominent researchers, participating in the congress. Topics include engineering
mathematics, electrical engineering, communications systems, computer science,
chemical engineering, systems engineering, manufacture engineering, and industrial
applications. This book offers the state of the art of tremendous advances in
engineering technologies and physical science and applications; it also serves as an
exceptional source of reference for researchers and graduate students working
with/on engineering technologies and physical science and applications.

Hong Kong, Hong Kong Sio-Iong Ao
Daegu, South Korea Haeng Kon Kim
New Orleans, LA, USA Mahyar A. Amouzegar
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Chapter 1
Estimate the Impact of Different Heat
Capacity Approximation Methods
on the Numerical Results During
Computer Simulation of Solidification

Robert Dyja, Elzbieta Gawronska, Andrzej Grosser, Piotr Jeruszka
and Norbert Sczygiol

1.1 Introduction

Aluminum alloys are very interesting material widely used in industry. Modeling

and computer simulation are one of the most effective methods of studying diffi-

cult problems in foundry and metallurgical manufacture. Numerical simulations are

used for optimization of casting production. In many cases they are the only possi-

ble techniques for carrying out the experiments whose real statement is complicated.

Computer modeling allows to define the major factors of a quality estimation of alloy

castings. Simulations help to investigate interaction between solidifying casting and

changes of its parameters or initial conditions. That process defines the quality of

casting, and the problem of adequate modeling of foundry systems. The process

mainly depends on the solution of heat equations [1].

Increasing capacity of computer memory makes it possible to consider growing

problem sizes. At the same time, increased precision of simulations triggers even

greater load. There are several ways to tackle this kind of problems. For instance, one
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2 R. Dyja et al.

can use parallel computing [2, 3], someone else may use accelerated architectures

such as GPUs [4] or FPGAs [5], while another person can use special organization

of computations [6–9].

Solidification may take place at a constant temperature or in the temperature

range [10]. If solidification occurs at a constant temperature, it is then referred to

as the so-called Stefan problem or the solidification problem with zero temperatures

range. Pure metals or alloys of certain specific chemical compositions (e.g. having

an eutectic composition) solidify at a constant temperature. However, most of the

metal alloys solidify in certain temperature ranges (so-called temperature intervals

of solidification). The temperature at which the alloy starts to solidify is called liq-

uidus temperature (Tl), and the temperature at which solidification ends is called

solidus temperature (Ts). In the case of alloys with eutectic transformation, in which

the solute concentration exceeds its maximum solubility in the solid phase, the tem-

perature of the solidification end is the eutectic temperature. Analytical (rarely) and

numerical (commonly) methods are used in the modeling of solidification process.

The finite elements method (FEM) is the most commonly used numerical method,

but finite difference method (FDM), boundary element method (BEM), the Monte-

Carlo and other methods are also used.

The most important heat effect, occurring during solidification, is the emission of

(latent) heat of solidification (L). It is also the most difficult phenomenon to numer-

ical modeling. The basic division of numerical methods of solidification modeling

process relates to modeling of the latent heat emission. These methods can be divided

into front-tracking methods and fixed-grid methods. Fixed-grid methods are also

divided into temperature formulations (the latent heat of solidification is consid-

ered as the temperature-dependent term of heat source) and enthalpy formulations

(the latent heat of solidification is considered as the temperature-dependent term of

heat capacity) [11–16]. The enthalpy methods are divided into methods in which the

effective heat capacity depends on the temperature and those in which the effective

heat capacity depends on the enthalpy. In our article, we have focused on solving the

solidification in the temperature range with the finite element method with the use

of fixed-grid methods in enthalpy formulation. We have described the comparison

of different ways of approximation of heat capacity in apparent heat capacity (AHC)

formulation of solidification. This paper is the extention of previous work [17].

During the comparison, we have used Finite Element Method as numerical

method of choice. The FEM was used in our own software, that is used to conduct

simulations of solidification. This software is implemented in the C++ programming

language with the use of essential libraries, i.e. PETSc (for linear algebra) [18] and

TalyFEM (for procedures used in FEM) [19].
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1.2 Description of the Entalphy Formulation

Solidification is described by a quasi-linear equation of heat conduction, considering

a term of heat source q̇ as a latent heat of solidification:

∇ ⋅ (𝜆∇T) + q̇ = c𝜌𝜕T
𝜕t

(1.1)

By entering the following designation:

ṡ = q̇ − c𝜌𝜕T
𝜕t

(1.2)

equation (1.1) can be written as

∇ ⋅ (𝜆∇T) + ṡ = 0 (1.3)

where ṡ denotes generalized heat source. By introducing enthalpy, defined as:

h = ∫
T

Tref
c𝜌(T) dt (1.4)

where Tref is the reference temperature, and calculating the derivative with respect

to the temperature:

dH
dT

= c𝜌(T) = c∗(T) (1.5)

where c∗ is the effective heat capacity. Assuming the heat source is equal to zero, the

Eq. (1.3) can be converted to the form:

∇ ⋅ (𝜆∇T) = c∗ 𝜕T
𝜕t

(1.6)

All above equations form the basis of the thermal description of solidification.

1.2.1 The Enthalpy and the Effective Heat Capacity

The enthalpy is the sum of explicit and latent heat [20]. For the metal solidifying in

the temperature range (Ts–Tl) amounts to:

H = ∫
T

Tref
c𝜌s(T) dT , for T < Ts,
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H = ∫
Ts

Tref
c𝜌s(T) dT + ∫

T

Ts
(𝜌s(T)

dL
dT

+

+c𝜌f (T)
)
dT , for Ts ≤ T ≤ Tl,

(1.7)

H = ∫
Ts

Tref
c𝜌s(T) dT +

+𝜌s(T)L + ∫
Tl

Ts
c𝜌f (T) dT +

+∫
T

Tl
c𝜌l(T) dT , for T > Tl

The integration of the expressions in Eq. 1.7 gives

c∗ = c𝜌s, for T < Ts,

c∗ = c𝜌f + 𝜌s
dL
dT

, for Ts ≤ T ≤ Tl, (1.8)

c∗ = c𝜌l, for T > Tl.

Assuming that the heat of solidification is exuded and spread evenly throughout the

temperature range of solidification, the following can be written:

c∗ = c𝜌s, for T < Ts,

c∗ = c𝜌f + 𝜌s
L

Tl − Ts
, for Ts ≤ T ≤ Tl, (1.9)

c∗ = c𝜌l, for T > Tl.

On the basis of the Eq. 1.7 and the Eq. 1.9 one can make the following graphical

comparison of the enthalpy and the effective thermal capacity distributions for alloy

solidifying in the temperature range (see Fig. 1.1).

1.2.2 The Types of the Entalphy Formulations

There are three types of enthalpy formulations of solidification:

∙ basic enthalpy formulation (BEF)
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Fig. 1.1 Distribution of

enthalpy and effective heat

capacity depending on

temperature

c*(T)

H, c*

H(T)

TT Tls

∇ ⋅ (𝜆∇T) = 𝜕H
𝜕t

(1.10)

where

H(T) = ∫
T

Tref
c𝜌 dT + (1 − fs(T))𝜌sL (1.11)

∙ apparent (or modified) heat capacity (AHC) formulation

differentiate Eq. 1.11 with respect to temperature is obtained

dH
dT

= c𝜌 − 𝜌sL
dfs
dT

= c∗(T) (1.12)

Since H = H(T(x, t)) then

𝜕H
𝜕t

= dH
dT

𝜕T
𝜕t

= c∗(T)𝜕T
𝜕t

(1.13)

Substituting Eq. 1.13 to Eq. 1.10 is obtained

∇ ⋅ (𝜆∇T) = c∗(T)𝜕T
𝜕t

(1.14)

∙ source term formulation (STF)

The total enthalpy is divided into two parts in accordance with:

H(T) = h(T) + (1 − fs)𝜌sL (1.15)
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where

h(T) = ∫
T

Tref
c𝜌 dT (1.16)

Derivative Eq. 1.15 with respect to time is

𝜕H
𝜕t

= 𝜕h
𝜕t

− 𝜌sL
𝜕fs
𝜕t

(1.17)

Substituting Eq. 1.17 to Eq. 1.10 is obtained

∇ ⋅ (𝜆∇T) + 𝜌sL
𝜕fs
𝜕t

= 𝜕h
𝜕t

(1.18)

1.3 Approximation of the Effective Heat Capacity

The effective heat capacity can be also calculated directly from the Eq. 1.5, but in this

paper, we have presented the results of solidification simulations using the various

methods of effective heat capacity approximation.

1. Morgan method—derivative of enthalpy is replaced by a backward differential

quotient

c∗ = Hn − Hn−1

Tn − Tn−1 (1.19)

where n − 1 and n are the time levels. In some cases, however, this substitution

may lead to oscillations in the solution, especially near the boundaries of the

temperature range of solidification.

2. Del Giudice method—in order to remove oscillations one should take into

account the directional cosines of temperature gradient

c∗ =

𝜕H
𝜕n
𝜕T
𝜕n

=

𝜕H
𝜕xi

𝛼ni

𝜕T
𝜕n

where

𝛼ni =

𝜕T
𝜕xi
𝜕T
𝜕n
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and

𝜕T
𝜕n

=
(
𝜕T
𝜕n

⋅
𝜕T
𝜕n

) 1
2

Hence

c∗ =

𝜕H
𝜕x

𝜕T
𝜕x

+ 𝜕H
𝜕y

𝜕T
𝜕y

+ 𝜕H
𝜕z

𝜕T
𝜕z

(𝜕T
𝜕x

)2 + (𝜕T
𝜕y

)2 + (𝜕T
𝜕z

)2
=

H
,iT,i

T
,jT,j

(1.20)

3. Lemmon method—the temperature gradient is normal to solidification surface

c∗ =

√√√√√√√

(
𝜕H
𝜕x

)2
+
(

𝜕H
𝜕y

)2
+
(

𝜕H
𝜕z

)2

(
𝜕T
𝜕x

)2
+
(

𝜕T
𝜕y

)2
+
(

𝜕T
𝜕z

)2 =
(H

,iH,i

T
,jT,j

) 1
2

(1.21)

4. Comini method—the apparent heat capacity is approximated by the expression

c∗ = 1
n

⎛
⎜
⎜
⎜
⎝

𝜕H
𝜕x
𝜕T
𝜕x

+

𝜕H
𝜕y
𝜕T
𝜕y

+

𝜕H
𝜕z
𝜕T
𝜕z

⎞
⎟
⎟
⎟
⎠

= 1
n
H

,i

T
,i

(1.22)

where n is the number of dimensions.

1.4 Numerical Model of Solidification

Solving the partial differential equations can pass from spatial discretization through

time discretization to approximate solution. First, we use the finite element method.

The finite element method facilitates the modeling of many complex problems. Its

wide application for founding comes from the fact that it permits an easy adaptation

of many existing solutions and techniques of solidification modeling.

Computer calculations need to use discrete models, which means problems must

be formulated by introducing time-space mesh. These methods convert given phys-

ical equations into matrix equations (algebraic equations). This system of algebraic

equations usually contains many thousands of unknowns, that is why the efficiency

of a method applied to solve them is crucial.

The discretization of the governing equation in space with the finite element

method leads to the ordinary differential equation with time derivative, given as:

𝐌(T) ̇T +𝐊(T)T = 𝐛(T) (1.23)
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where M is the capacity matrix, K is the conductivity matrix, T is the temperature

vector and b is the right-hand side vector, whose values are calculated on the bound-

ary conditions basis. The global form of these matrices is obtained by summing the

coefficients for all the finite elements. The matrix components are defined for a single

finite element as follows:

𝐌 =
∑

e ∫
𝛺

c∗𝐍T𝐍 d𝛺, (1.24)

𝐊 =
∑

e ∫
𝛺

𝜆∇T𝐍 ⋅ ∇𝐍 d𝛺, (1.25)

𝐛 =
∑

e ∫
𝛤

𝐍T
𝛤

𝐪T𝐧 d𝛤 , (1.26)

where 𝐍 is a shape vector in the area 𝛺, 𝐍
𝛤

is a shape vector on the boundary 𝛤 , 𝐧
is an ordinary vector towards the boundary 𝛤 , and 𝐪 is a vector of nodal fluxes.

Next, we have applied the time discretization. To do this we used a modified

Euler Backward time integration scheme (which belongs to a family of the one-step

𝛩 integration schemes [21]):

(Mn + 𝛥tKn) Tn+1 = MnTn + 𝛥tbn+1, (1.27)

where superscript n refers to the number of time step.

1.5 Used Software of Engineering Simulation

Growth of computing power allows engineers to design and run engineering simu-

lations on PC. Researchers can use typical engineering software (some kind of CAD

etc.), but some of physical phenomena may not be implemented in such software.

Authors decided to write their own solidification computing module, because it made

computing each method of heat capacity approximation possible. The module was

written in C++ programming language. We used the C++ for the module should be

fast, scalable and compatible with chosen numerical utilities.

Both GMSH mesh generator and extended (to include our module) TalyFEM

library have been used in numerical experiment [19]. GMSH is a widespread tool

which allows finite element mesh of problem geometry (declared or created with

graphical interface by user) to be generated. Furthermore, the boundary conditions

(surfaces and/or volumes) can be declared with the pre-processor using the graphical

user interface.
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Fig. 1.2 Package diagram

in TalyFEM project

TalyFEM is a scalable and extensible framework which uses FEM method to

simulate some of physical phenomenon. TalyFEM contains many of PETSc data

stuctures, including vectors, matrices or solvers [18]. PETSc library is easy to learn

which allows programmers to use mentioned structures in building scalable scien-

tific application. Scalable means using parallel techniques (provided by MPI) but a

programmer does not have to write MPI communication routine—all communica-

tion about vectors and solvers is written in PETSc and TalyFEM [22]. ParMETIS (for

nodes splitting) was also used in our GMSH loading file module (Fig. 1.2). TalyFEM

also divides whole problems into sub-meshes (called domains)—each sub-problem

can be solved on a separate process (processor or computer node in cluster; Fig. 1.3).

However, the framework does not allow to load meshes generated with GMSH

pre-processor. We wrote a GMSH loader module using MPI to communicate the data

between processes. Two problems occur:

∙ loading material properties (which nodes belongs to a cast or an alloy);

∙ loading neighbourhood nodes (on contact boundary condition) if both nodes are

on separate processes;

which have been solved during implementation.

We also implemented solidification module with TalyFEM library. The library

requires numerical model of problem solver to be implemented. A programmer does

not have to write matrices of the assembly code or communication routines—they are

provided with the library. Nevertheless, we considered parameters of boundary con-

ditions (especially contact boundary condition), so we modified standard modules of

filling matrices while we were creating the system of linear equations. Framework

also solves the created equations (by mentioned communication routines) and writes

them into output files (in TecPlot format).

Fig. 1.3 Splitting whole problem to domains in TalyFEM GMSH loader module
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1.6 Results of the Numerical Experiment

In the paper we considered a casting solidifying in a metal mold. The finite element

mesh comprising 32 814 nodes and 158 417 elements was applied to the area of

the casting and mold, as shown in Fig. 1.4. We introduced two boundary conditions:

Newton and continuity condition, for which the environment temperature 400 K,

the heat transfer coefficient with the environment 10 W/m
2
K

−1
and the heat transfer

coefficient through the separation layer 1000 W/m
2
K

−1
are defined. The initial tem-

perature of casting was 960 K, the initial temperature of mold was 600 K, the size

of the time step was 0.05 s.

Material properties of the alloy (of which the casting is made of) and the mold

are given in Tables 1.1 and 1.2, respectively.

Fig. 1.4 Temperature field after 25 s of cooling. The finite element mesh is also visible
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Table 1.1 Material properties of the Al-2 %Cu alloy (subscript s means solid phase and l—liquid

phase)

Quantity name Unit Value

Density 𝜌s
kg

m3 2824

Density 𝜌l
kg

m3 2498

Specific heat cs
J

kgK
−1 1077

Specific heat cl
J

kgK
−1 1275

Thermal conductivity 𝜆s
W

mK
−1 262

Thermal conductivity 𝜆l
W

mK
−1 104

Solidus temperature Ts K 853

Liquidus temperature Tl K 926

Melt temperature of pure

component TM
K 933

Eutectic temperature TE K 821

Heat of solidification L J

kg
390 000

Partition coefficient of solute k – 0.125

Table 1.2 Material properties of the mold

Quantity name Unit Value

Density
kg

m3 7500

The specific heat
J

kgK
−1 620

Thermal conductivity

coefficient

W

mK
−1 40

Figure 1.4 shows the distribution of temperatures in the casting after 25 s for the

Morgan heat capacity approximation.

The graphs in Figs. 1.5 and 1.7 show the lack of differences in the obtained results.

We can see that cooling curves and solid fractions of all methods overlap. It is caused

by the fact that although different heat capacity approximations use different formu-

las, the resulting approximations are very close in values of effective heat capacity,

as can be seen in Fig. 1.6.

However, there is a visible difference between the heat capacity approximation

formulas in calculation times. The Fig. 1.8 shows the difference in assembly time for

different methods. It is easy to notice that the Morgan method requires the least time,

while the other formulas are close together in time requirement.
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Fig. 1.5 A cooling curve of

a point located in origin of

coordinate system
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Fig. 1.6 The change of heat

capacity approximate during

solidification process
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Fig. 1.7 Curve of the solid

phase fraction in

point (0, 0, 0)
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The results from the Fig. 1.8 were obtained for 750 time-steps and mesh from

Fig. 1.1. On the 750th time-step (after 37.5 s) the minimum solid fraction was still

0.95 (see Fig. 1.7). This ensures that during the whole calculation time in at least

some fraction of finite elements the heat capacity approximation formulas were used.
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Fig. 1.8 The difference

between the heat capacity

approximation formulas in

time needed for the main

matrix assembly
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1.7 Conclusions

By analyzing the numerical results obtained from calculations carried out with the

help of our own computer program using the finite element method and the apparent

heat capacity method we can draw the following remarks and conclusions:

1. The capacity formulation gives an equation very similar to the equation of heat

conduction; heat of solidification is hidden in the effective thermal capacity.

2. The use of any of the heat capacity approximation methods does not affect the

obtained result, if the solution is stable.

3. When using the Morgan method of heat capacity approximation, one should be

careful not to apply too small time step, because then the obtained results might

be incorrect.

4. Heat capacity approximation formulas other than Morgan are susceptible to give

wrong results if temperature values in nodes of one finite element differ by very

small values. The Comini method is especially sensitive to this.

5. Morgan method requires the least time for calculations.
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Chapter 2
Analysis of Systemic Risk: A Dynamic
Vine Copula-Based ARMA-EGARCH
Model

Kuan-Heng Chen and Khaldoun Khashanah

2.1 Introduction

The definition of systemic risk from the report to G20 Finance Ministers and
Governors agreed upon among the International Monetary Fund (IMF), Bank for
International Settlements (BIS), and Financial Stability Board (FSB) [1] is that “(i)
caused by an impairment of all or parts of the financial system and (ii) has the
potential to have serious negative consequences for the real economy”. Further-
more, “G-20 members consider an institution, market or instrument as systemic if
its failure or malfunction causes widespread distress, either as a direct impact or as a
trigger for broader contagion.” A common factor from the various definitions of
systemic risk is that a trigger event causes a chain of adverse economic conse-
quences, referred to as a “domino effect”. Given the definition of systemic risk
quoted above, measuring systemic risk is done by estimating the probability of
failure of an institution that is the cause of a distress for the financial system.
Therefore, we only consider the Value-at-Risk (VaR), the potential loss in value of
an asset or portfolio for a given time period and probability, as the risk measure-
ment. In addition, the VaR ratio of a sector to the system (S&P 500 Index), which
interprets that the sector risk provides to the entire system, is present.

Girardi and Ergün [2] modified the CoVaR methodology that is proposed by
Adrian and Brunnermeier [3] which used the dynamic conditional correlation
GARCH, while Hakwa et al. [4] modified the methodology based on copula
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modeling. We present dynamic vine Copula-based ARMA-EGARCH (1, 1) VaR
measure into a high dimensional analysis in systemic risk.

Sklar [5] introduced the copula to describe the dependence structure between
variables. Patton [6] defined the conditional version of Sklar’s theorem, which
extends the copula applications to the time series analysis. Otani and Imai [7]
presented a basket credit default swaps (CDSs) pricing model with nested Archi-
medean copulas. However, multivariate Archimedean copulas are limited in that
there are only one or two parameters to capture the dependence structure. Joe [8]
introduced a construction of multivariate distribution based on pair-copula con-
struction (PCC), while Aas et al. were the first to recognize that the pair-copula
construction (PCC) principle can be used with arbitrary pair-copulas, referred to as
the graphical structure of R-vines [9]. Furthermore, Dissmann et al. [10] developed
an automated algorithm of jointly searching for an appropriate R-vines tree struc-
tures, the pair-copula families and their parameters. Accordingly, a high dimen-
sional joint distribution can be decomposed to bivariate and conditional bivariate
copulas arranged together according to the graphical structure of a regular vine.
Besides, Rockinger and Jondeau [11] was the first to introduce the copula-based
GARCH modeling. Afterwards, Lee and Long [12] concluded that copula-based
GARCH models outperform the dynamic conditional correlation model, the varying
correlation model and the BEKK model. In addition, Fang et al. [13] investigated
that using Akaike Information Criterion (AIC) as a tool for choosing copula from a
couple of candidates is more efficient and accurate than the multiplier
goodness-of-fit test method.

During 2008, the subprime mortgage crisis was a systemic collapse triggered by
the financial industry. The purpose of this paper is to present an application of the
estimation of systemic risk in terms of the VaR/ES ratio by using the dynamic vine
copula-based ARMA-EGARCH (1, 1) model. To compute systemic risk for our
system, we use S&P 500 sector indices and S&P 500 index to be our components
and system, respectively. Since the parameters change over time, we calibrate the
parameters every ten steps to capture a change of the structure. This scalable
prototype of US financial system with limited dimensionality can be easily tailored
to any underlying sector, country or financial market.

This paper has four sections. The first section briefly introduces existing research
regarding systemic risk. The second section describes the definition of the VaR/ES
ratio, and outlines the methodology of vine Copula-based EGARCH (1, 1) mod-
eling. The third section describes the data and explains the results of VaR/ES ratio.
The fourth section concludes our findings.
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2.2 Methodology

2.2.1 Risk Methodology

The definition of Value-at-Risk (VaR) is that the maximum loss at most is (1-α)
probability given by a period [14]. People usually determine α as 95 %, 99 %, or
99.9 % to be their confidence level. In this study, we use the Copula-based
ARMA-EGARCH (1, 1) methodology to obtain the dynamic VaR from each sector.
We denote VaRi→ j

t, 1− α ratio, the sector i’s risk contribution to the system j (S&P 500
index) at the confidence level α, by

VaRi→ j
t, 1− α Ratio=

VaRi
t, 1− α

VaR j
t, 1− α

The higher VaRi→ j
t, 1− α ratio indicates that the sector is the risk provider to the

system. In addition, the methodology can be easily extended from the VaR ratio to
the expected shortfall (ES) ratio.

2.2.2 Univariate ARMA-EGARCH Model

Engle is the first researcher to introduce the ARCH model, which deals with
volatility clustering, usually referred to as conditional heteroskedasticity. Bollerslev
[15] extended the ARCH model to the generalized ARCH (GARCH) model. Chen
and Khashanah [16] implemented ARMA (p, q)-GARCH (1, 1) with the Student’s t
distributed innovations for the marginal to account for the time-varying volatility,
whereas the Student’s t distributed innovations cannot explain the skewness. In
addition, to overcome the leverage effect in financial time series, we use the
exponential GARCH (EGARCH) model in handling asymmetric effects between
positive and negative asset returns proposed by Nelson [17]. According to the
augmented Dickey–Fuller (ADF) test, all the series are stationary. Therefore,
ARMA (p, q)-EGARCH (1, 1) with the skewed Student’s t distributed innovation
can then be written as [18]

rt = μt + ∑
p

i=1
ϑirt− i + ∑

q

j=1
θjεt− j + εt,

εt = σtzt,

lnðσ2t Þ= κt + αtzt− 1 + ξtð zt− 1j j−E zt− 1j jf gÞ+ βt lnðσ2t− 1Þ

where rt is the log return, μt is the drift term, εt is the error term, ξt capture the size
effect, and the standardized innovation term zt is the skewed Student’s t distribution.
The skewed student’s t density function can be expressed as [19]
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pðz η, fj Þ= 2
η+ η− 1 f ðz

η
ÞI½0,∞ÞðzÞ+ f ðηzÞIð−∞, 0�ðzÞ

� �

where f is a univariate pdf that is symmetric around 0, IS is the indicator function on
S, η is the asymmetric parameter, and η=1 for the symmetric Student’s t distri-
bution. In addition, the correlated random variables can be flexible and easily
estimated under an overwhelming feature of Copula-based ARMA-EGARCH
model.

2.2.3 Sklar’s Theory

Sklar’s Theorem [5] states that given random variables X1,X2, . . . ,Xn with con-
tinuous distribution functions F1,F2, . . . ,Fn and joint distribution function H, and
there exists a unique copula C such that for all x= ðx1, x2, . . . , xnÞ∈ℜn

HðxÞ=CðF1ðx1Þ,F2ðx2Þ, . . . ,FnðxnÞÞ

If the joint distribution function is n-times differentiable, then taking the nth
cross-partial derivative of the equation:

f ðx1, x2, . . . , xnÞ= ∂
n

∂x1 . . . ∂xn
HðxÞ

=
∂
n

∂u1 . . . ∂un
CðF1ðx1Þ, . . . ,FnðxnÞÞ ⋅ ∏

n

i=1
fiðxiÞ

= cðF1ðx1Þ, . . . ,FnðxnÞÞ ⋅ ∏
n

i=1
fiðxiÞ

where ui is the probability integral transform of xi.
For the purpose of estimating the VaR or ES based on time series data, Patton [6]

defined the conditional version of Sklar’s theorem. Let F1, t and F2, t be the con-
tinuous conditional distributions of x1 ℑt− 1j and x2 ℑt− 1j , given the conditioning set
ℑt− 1, and let Ht be the joint conditional bivariate distribution of ðX1,X2 ℑt− 1j Þ.
Then, there exists a unique conditional copula Ct such that

Htðx1, x2 ℑt− 1j Þ=CtðF1, tðx1 ℑt− 1j Þ,F2, tðx2 ℑt− 1j Þ ℑt− 1j Þ

2.2.4 Parametric Copulas

Joe [9] and Nelsen [20] gave comprehensive copula definitions for each family.
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(1) The bivariate Gaussian copula is defined as:

Cðu1, u2; ρÞ=ΦρðΦ− 1ðu1Þ,Φ− 1ðu2ÞÞ

where Φρ is the bivariate joint normal distribution with linear correlation coefficient
ρ and Φ is the standard normal marginal distribution.

(2) The bivariate student’s t copula is defined by the following:

Cðu1, u2; ρ, νÞ= tρ, νðt − 1
ν ðu1Þ, t − 1

ν ðu2ÞÞ

where ρ is the linear correlation coefficient and ν is the degree of freedom.

(3) The Clayton generator is given by φðuÞ= u− θ − 1 with θ∈ ð0,∞Þ, its copula
is defined by

Cðu1, u2; θÞ= ðu− θ
1 + u− θ

2 − 1Þ− 1 θ̸

(4) The Gumbel generator is given by φðuÞ= ð− ln uÞθ with θ∈ ½1,∞Þ, and the
bivariate Gumbel copula is given by

Cðu1, u2; θÞ= expð− ð− ln u1Þθ + ð− ln u2Þθ
n o1 θ̸

Þ

(5) The Frank generator is given by φðuÞ= ln½ðe− θu − 1Þ ð̸e− θ − 1Þ� with
θ ∈ ð−∞, 0Þ∪ ð0,∞Þ, and the bivariate Frank copula is defined by

Cðu1, u2; θÞ= −
1
θ
lnð1+ e− θu1 − 1

� �
e− θu2 − 1
� �

e− θ − 1
Þ

(6) The Joe generator is φðuÞ= u− θ − 1, and the Joe copula is given by

Cðu1, u2; θÞ=1− ðu1θ + u2θ − u1θu2θÞ1 θ̸, with θ∈ ½1,∞Þ

(7) The BB1 (Clayton-Gumbel) copula with θ∈ ð0,∞Þ∩ δ∈ ½1,∞Þ is
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Cðu1, u2; θ, δÞ= 1+ u− θ
1 − 1

� �δ
+ u− θ

2 − 1
� �δh i1 δ̸

� �− 1 θ̸

(8) The BB6 (Joe-Gumbel) copula with θ∈ ½1,∞Þ∩ δ∈ ½0,∞Þ is

Cðu1, u2; θ, δÞ=1− 1− exp − − ln 1− uθ1
� �� �δ

+ − ln 1− uθ2
� �� �δh i1 δ̸

� �� �1 θ̸

(9) The BB7 (Joe-Clayton) copula with θ ∈ ½1,∞Þ∩ δ∈ ½0,∞Þ is

Cðu1, u2; θ, δÞ=1− 1− 1− uθ1
� �− δ

+ 1− uθ2
� �− δ − 1

h i− 1 δ̸
� �1 θ̸

(10) The BB8 (Frank-Joe) copula with θ ∈ ½1,∞Þ∩ δ∈ ð0, 1� is

Cðu1, u1; θ, δÞ= 1
δ
ð1− 1−

1

1− ð1− δÞθ ð1− ð1− δu1ÞθÞð1− ð1− δu2ÞθÞ
" #1 θ̸

Þ

2.2.5 Vine Copulas

Even though it is simple to generate multivariate Archimedean copulas, they are
limited in that there are only one or two parameters to capture the dependence
structure. Vine copula method allows a joint distribution to be built from bivariate
and conditional bivariate copulas arranged together according to the graphical
structure of a regular vine, which is a more flexible measure to capture the
dependence structure among assets. It is well known that any multivariate density
function can be decomposed as

f ðx1, . . . , xnÞ= f ðxn x1, . . . , xn− 1j Þ . . . f ðx3 x1, x2j Þf ðx2 x1j Þf ðx1Þ

Moreover, the conditional densities can be written as copula functions. For
instance, the first and second conditional density can be decomposed as
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f ðx2 x1j Þ= c1, 2ðF1ðx1Þ,F2ðx2ÞÞ ⋅ f2ðx2Þ,
f ðx3 x1, x2j Þ= c2, 3 1j ðF2 1j ðx2 x1j Þ,F3 1j ðx3 x1j ÞÞ ⋅ f3ðx3 x1j Þ

= c2, 3j1ðF2 1j ðx2 x1j Þ,F3 1j ðx3 x1j ÞÞ ⋅ c1, 3ðF1ðx1Þ,F3ðx3ÞÞ ⋅ f3ðx3Þ

After rearranging the terms, the joint density can be written as

f ðx1, x2, x3Þ= c2, 3 1j ðF2 1j ðx2 x1j Þ,F3 1j ðx3 x1j ÞÞ ⋅ c1, 2ðF1ðx1Þ,F2ðx2ÞÞ
⋅ c1, 3ðF1ðx1Þ,F3ðx3ÞÞ ⋅ f1ðx1Þ ⋅ f2ðx2Þ ⋅ f3ðx3Þ

The summary of vine copulas is given by Kurowicka and Joe [21], and the
general n-dimensional canonical vine copula, in which one variable plays a pivotal
role, can be written as

f ðx1, . . . , xnÞ= ∏
n

k=1
f ðxkÞ× ∏

n− 1

j=1
∏
n− j

i=1
cj, j+ i 1, ..., j− 1j

Similarly, D-vines are constructed by choosing a specific order for the variables,
and the general n-dimensional D-vine copula can be written as

f ðx1, . . . , xnÞ= ∏
n

k=1
f ðxkÞ× ∏

n− 1

j=1
∏
n− j

i=1
ci, i+ j i+1, ..., i+ j− 1j

Dissmann et al. [10] proposed that the automated algorithm involves searching
for an appropriate R-vine tree structure, the pair-copula families, and the parameter
values of the chosen pair-copula families based on AIC, which is summarized in
Table 2.1.

Table 2.1 Sequential
method to select an R-Vine
model

Algorithm. Sequential method to select an R-Vine model1.
Calculate the empirical Kendall’s tau for all possible variable
pairs.
2. Select the tree that maximizes the sum of absolute values of
Kendall’s taus.
3. Select a copula for each pair and fit the corresponding
parameters based on AIC.
4. Transform the observations using the copula and parameters
from Step 3. To obtain the transformed values.
5. Use transformed observations to calculate empirical
Kendall’s taus for all possible pairs.
6. Proceed with Step 2. Repeat until the R-Vine is fully
specified.
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