PHYSICS TEXTBOOK

Gerd Répke #WILEY-VCH
e

Nonequilibrium
Statistical Physics







Gerd Répke

Nonequilibrium Statistical
Physics



Related Titles

Zelevinsky, V.

Quantum Physics
Volume 1: From Basics to Symmetries and Perturbations

2011
ISBN: 978-3-527-40979-2

Zelevinsky, V.

Quantum Physics
Volume 2: From Time-Dependent Dynamics to Many-Body Physics and Quantum
Chaos

2011
ISBN: 978-3-527-40984-6
Masujima, M.

Applied Mathematical Methods in Theoretical Physics
2009

ISBN: 978-3-527-40936-5
Reichl, L. E.

A Modern Course in Statistical Physics
2009

ISBN: 978-3-527-40782-8
Landau, R. H., Pdez, M. J., Bordeianu, C. C.

Computational Physics
Problem Solving with Computers

2007

ISBN: 978-3-527-40626-5

Poole, Jr., C. P.

The Physics Handbook

Fundamentals and Key Equations
2007

ISBN: 978-3-527-40699-9

Mazenko, G. F.

Nonequilibrium Statistical Mechanics

2006
ISBN: 978-3-527-40648-7



Gerd Ropke

Nonequilibrium Statistical Physics

WILEY-
VCH

WILEY-VCH Verlag GmbH & Co. KGaA



The Author

Prof. Dr. Gerd Ropke
Universitdt Rostock

Institut fiir Physik

Rostock, Germany
gerd.roepke @uni-rostock.de

Cover picture

Grafik-Design Schulz, Fugonheim

All books published by Wiley-VCH are carefully
produced. Nevertheless, authors, editors, and
publisher do not warrant the information contained
in these books, including this book, to be free of
errors. Readers are advised to keep in mind that
statements, data, illustrations, procedural details or
other items may inadvertently be inaccurate.

Library of Congress Card No.: applied for

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the
British Library.

Bibliographic information published by the Deutsche
Nationalbibliothek

The Deutsche Nationalbibliothek lists this
publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available on the
Internet at <http://dnb.d-nb.de>.

© 2013 Wiley-VCH Verlag GmbH & Co. KGaA,
Boschstr. 12,69469 Weinheim, Germany

All rights reserved (including those of translation into
other languages). No part of this book may be
reproduced in any form — by photoprinting,
microfilm, or any other means — nor transmitted or
translated into a machine language without written
permission from the publishers. Registered names,
trademarks, etc. used in this book, even when not
specifically marked as such, are not to be considered
unprotected by law.

Print ISBN: 978-3-527-41092-7
Softcover ISBN: 978-3-527-41087-3
ePDF ISBN: 978-3-527-67057-4
ePub ISBN: 978-3-527-67059-8
mobi ISBN: 978-3-527-67058-1

Cover Design  Grafik-Design Schulz, FuBgonheim
Typesetting Thomson Digital, Noida, India
Printing and Binding Markono Print Media Pte Ltd,
Singapore

Printed in Singapore
Printed on acid-free paper


http://dnb.d-nb.de
gerd.roepke@uni-rostock.de

Dedicated to Friedrich, Franziska, Johanna, and Heide-Luise






1.1

1.1.1
1.1.2
1.1.3
1.1.4
1.1.5
1.1.6
1.2

1.2.1
1.2.2
1.2.3
1.2.4
1.2.5

2.1

2.1.1
2.1.2
2.1.3
214
2.1.5

2.2

221
2.2.2
2.2.3
224
2.2.5

Contents

Preface XI

Introduction 1

Irreversibility: The Arrow of Time 2
Dynamical Systems 3

Thermodynamics 7

Ensembles and Probability Distribution 9
Entropy in Equilibrium Systems 11
Fundamental Time Arrows, Units 14
Example: Ideal Quantum Gases 17
Thermodynamics of Irreversible Processes 19
Quasiequilibrium 19

Statistical Thermodynamics with Relevant Observables

Phenomenological Description of Irreversible Processes

Example: Reaction Rates 29

Principle of Weakening of Initial Correlations and the Method

of Nonequilibrium Statistical Operator 31
Exercises 38

Stochastic Processes 41
Stochastic Processes with Discrete Event Times 42

Potentiality and Options, Chance and Probabilities 43

Stochastic Processes 46
Reduced Probabilities 50
Properties of Probability Distributions: Examples 54

Example: One-Step Process on a Discrete Space-Time Lattice and

Random Walk 58

Birth-and-Death Processes and Master Equation 61
Continuous Time Limit and Master Equation 63
Example: Radioactive Decay 67

Spectral Density and Autocorrelation Functions 69

Example: Continuum Limit of Random Walk and Wiener Process

Further Examples for Stochastic One-Step Processes

78

22
25

76

Vil



Vil

Contents

2.2.6

2.3

231
2.3.2
2.3.3
2.3.4
2.3.5
2.3.6
2.3.7
2.3.8

3.1

3.1.1
3.1.2
3.13
3.14
3.1.5
3.2

3.2.1
3.2.2
3.23
3.24
3.25
3.2.6

4.1

4.1.1
4.1.2
4.1.3
4.1.4
4.1.5

4.1.6
4.1.7
4.1.8
4.2

4.2.1
4.2.2
4.2.3
4.2.4

Advanced Example: Telegraph Equation and
Poisson Process 84

Brownian Motion and Langevin Equation 89
Langevin Equation 89

Solution of the Langevin Equation by Fourier Transformation 94

Example Calculations for a Langevin Process on Discrete Time
Fokker—Planck Equation 96

Application to Brownian Motion 105

Important Continuous Markov Processes 107

Stochastic Differential Equations and White Noise 109
Applications of Continuous Stochastic Processes 110
Exercises 113

Quantum Master Equation 117

Derivation of the Quantum Master Equation 119

Open Systems Interacting with a Bath 119

Derivation of the Quantum Master Equation 124
Born-Markov and Rotating Wave Approximations 127
Example: Harmonic Oscillator in a Bath 132

Example: Atom Coupled to the Electromagnetic Field 135
Properties of the Quantum Master Equation and Examples 138
Pauli Equation 138

Properties of the Pauli Equation, Examples 143
Discussion of the Pauli Equation 146

Example: Linear Coupling to the Bath 148

Quantum Fokker—Planck Equation 151

Quantum Brownian Motion and the Classical Limit 154
Exercises 156

Kinetic Theory 157

The Boltzmann Equation 158

Distribution Function 159

Classical Reduced Distribution Functions 163

Quantum Statistical Reduced Distribution Functions 166
The Stoflzahlansatz 169

Derivation of the Boltzmann Equation from the Nonequilibrium

Statistical Operator 173

Properties of the Boltzmann Equation 180
Example: Hard Spheres 181

Beyond the Boltzmann Kinetic Equation 183
Solutions of the Boltzmann Equation 186

The Linearized Boltzmann Equation 187
Relaxation Time Method 189

The Kohler Variational Principle 194
Example: Thermal Conductivity in Gases 196

95



4.3

431
4.3.2
433
434
435

5.1.1
5.1.2

5.1.3
5.1.4

5.1.5
5.2

5.2.1
5.2.2
523
5.2.4
5.2.5
5.2.6
5.2.7

6.1

6.1.1
6.1.2
6.1.3

6.2

6.2.1
6.2.2
6.2.3

6.2.4
6.2.5
6.3

6.3.1
6.3.2
6.3.3

Contents

The Vlasov—Landau Equation and Hydrodynamic Equations 199
Derivation of the Vlasov Equation 199

The Landau Collision Term 201

Example for the Vlasov Equation: The RPA Dielectric Function 203
Equations of Hydrodynamics 206

General Remarks to Kinetic Equations 213

Exercises 214

Linear Response Theory 217

Linear Response Theory and Generalized Fluctuation—Dissipation Theorem
(FDT) 218

External Fields and Relevant Statistical Operator 219
Nonequilibrium Statistical Operator for Linear Response

Theory 222

Response Equations and Elimination of Lagrange Multipliers 225
Example: Ziman Formula for the Conductivity and Force—Force
Correlation Function 226

The Choice of Relevant Observables and the Kubo Formula 230
Generalized Linear Response Approaches 235

Thermal Perturbations 236

Example: Thermoelectric Effects in Plasmas 239

Example: Hopping Conductivity of Localized Electrons 243
Time-Dependent Perturbations 246

Generalized Linear Boltzmann Equation 249

Variational Approach to Transport Coefficients 251

Further Results of Linear Response Theory 254

Exercises 259

Quantum Statistical Methods 261

Perturbation Theory for Many-Particle Systems 262

Equilibrium Statistics of Quantum Gases 262

Three Relations for Elementary Perturbation Expansions 267
Example: Equilibrium Correlation Functions in Hartree—Fock
Approximation 274

Thermodynamic Green’s Functions 279

Thermodynamic Green’s Functions: Definitions and Properties 280
Green’s Function and Spectral Function 285

Example: Thermodynamic Green’s Function for the

Ideal Fermi Gas 289

Perturbation Theory for Thermodynamic Green’s Functions 291
Application of the Diagram Rules: Hartree-Fock Approximation 297
Partial Summation and Many-Particle Phenomena 300

Mean-Field Approximation and Quasiparticle Concept 301

Dyson Equation and Self-Energy 304

Screening Equation and Polarization Function 307

IX



X| Contents

6.3.4 Lowest Order Approximation for the Polarization Function: RPA 312

6.3.5 Bound States 314

6.3.6 Excursus: Solution to the Two-Particle Schrédinger Equation with a
Separable Potential 318

6.3.7 Cluster Decomposition and the Chemical Picture 324

6.4 Path Integrals 329

6.4.1 The Onsager—Machlup Function 329

6.4.2 Dirac Equation in 1 4+ 1 Dimensions 332

Exercises 335

7 Outlook: Nonequilibrium Evolution and Stochastic Processes 337
7.1 Stochastic Models for Quantum Evolution 338

7.1.1 Measuring Process and Localization 339

7.1.2 The Caldeira-Leggett Model and Quantum Brownian Motion 342
7.1.3 Dynamical Reduction Models 345

7.1.4 Stochastic Quantum Electrodynamics 347

7.1.5 Quantum Dynamics and Quantum Evolution 349

7.2 Examples 353

7.21 Scattering Theory 353

7.2.2 Bremsstrahlung Emission 355

7.2.3 Radiation Damping 359

7.2.4 The 1/f (Flicker) Noise 360
7.2.5 The Hydrogen Atom in the Radiation Field 362
7.2.6 Comments on Nonequilibrium Statistical Physics 365

References 371

Index 375



Preface

All men are like grass,
and all their glory is like the flowers of the field;
the grass withers and the flowers fall,
and its place remembers it no more.
— Moses, Psalm 90: 5-6; David, Psalm 103: 15-16;
Isaiah 40: 6-8; 1 Peter 1: 24-25; ]. Brahms, Requiem

Irreversibility is one of the largest mysteries of science at the present time. Birth and
death, creation, evolution, and destruction are fundamental human experiences. We
feel the arrow of time that determines past, present, and future. We measure time
with nearly reversible, periodic processes, but there is also another aspect of time
that is related to irreversible changes. It is a challenge to give a consistent approach
to general nonequilibrium phenomena. Do we need new concepts and new
mathematics in this context?

Nonequilibrium physics concerns different phenomena such as evolution, relax-
ation to equilibrium, friction, and other transport phenomena. In addition, we wish
to consider the reaction of a system to external influences, the role of fluctuations,
metastability and instability, pattern formation and self-organization, the role of
probability and chance in contrast to a deterministic description, and the treatment
of open systems. Statistical physics of nonequilibrium has created some concepts
and models that are of relevance not only to physics but also to other fields such as
informatics, technology, biology, medical, and social sciences. It also has an impact
on fundamental philosophical questions. The treatment of nonequilibrium phe-
nomena is an emerging field in physics and is of relevance to other fields such as
quantum physics and field theories, phase transitions, bio- and nanophysics, and
evolution of complex systems.

A central point is thermodynamics that introduced a new quantity, the entropy,
not known in the other disciplines of theoretical physics. The second law of
thermodynamics states that the entropy in an isolated system can increase but
never decrease with time. Up to now, a consistent “first principle” theory of
irreversible processes based on the fundamental, but reversible, equations
of motion of microscopic dynamics is missing. To move toward an explanation

XI
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Preface

of irreversible phenomena, we have to inquire into some paradigms used in the
present-day physics, for example, the complete separation of a system from its
surroundings.

In contrast to equilibrium statistical physics, nonequilibrium statistical physics
is only rarely part of current courses in theoretical physics. We are at present not
able to formulate axioms or principles that allow a general approach to describe
nonequilibrium physics. Only for special situations, we know different approaches
that can be used to describe properties of a nonequilibrium process. In all cases, we
have to add some assumptions or approximations that seem at first glance to be an
inaccuracy within the strict microscopic treatment, but, on the other hand, bring a
new element into the theory that seems to be indispensable to describe irreversible
behavior.

A first microscopic approach to irreversible processes was given by Ludwig
Boltzmann in 1873 investigating the kinetic theory of gases. The Boltzmann
equation [1] that remains as a basic equation until now is based on the equations
of motions for atomic collisions, but needs an additional element, the “Stof3zahl-
ansatz” or the molecular chaos. This way, the famous H theorem explicitly shows the
selection of the direction of time and the possibility to describe irreversible
evolutions, starting from reversible equations of motion that describe the micro-
scopic dynamics of the molecules.

A more systematic derivation of the Boltzmann equation was given in 1946 by
Bogoliubov [2] using the principle of weakening of initial correlations. To begin with
many-particle systems at low density described by the single-particle distribution
function, quantum statistical methods such as the time-dependent Green’s function
technique [3] have been worked out to treat also systems at higher densities.
Theories for transport processes in dense systems are formulated such as the linear
response theory by Kubo [4], which relates the dissipation of a nonequilibrium initial
state to the evolution of fluctuations in the equilibrium system, for instance, the
conductivity to current—current correlation functions.

Another approach was the projection operator technique by Nakajima and
Zwanzig [5] that allowed deriving an irreversible equation, the Pauli equation,
from the microscopic von Neumann equation of motion for the statistical operator.
The additional assumption was that the nondiagonal elements of the density matrix
are fading. This approach has been developed further to describe relaxation
processes. It is presently considered in relation to decoherence and the physics
of open systems.

Different nonequilibrium phenomena are described by the respective theories.
The assumptions made in addition to solving the microscopic equations of motions
are reasonable for the case under consideration. We have detailed monographs for
different fields. As examples, the thermodynamics of irreversible processes [6], the
kinetic theory [7], the linear response theory [8], different approaches in the series of
Landau and Lifshits [9,10], and the theory of open systems [11,12] should be
mentioned. All these approaches use some additional assumption that introduces
areduced set of relevant observables. A unified approach was given with the Zubarev
method of the nonequilibrium statistical operator [13].



Preface

This book intends to give a coherent, concise, general, and systematic approach to
different nonequilibrium processes. The main point of Chapter 1 is to state the
problem. After discussing some basics of other cognate disciplines in theoretical
physics, empirical approaches are explained. Stochastic processes like the Langevin
process or random walk that are characteristic of nonequilibrium behavior are
introduced in Chapter 2. Three typical domains — quantum master equations
(Chapter 3), kinetic theory (Chapter 4), and linear response theory (Chapter 5) —
are presented in detail. Examples are given, in particular, the radioactive decay
described by a Pauli equation and the electrical conductivity in charged particle
systems. Quantum statistical methods to treat many-particle systems are given in
Chapter 6, concluding with an outlook in Chapter 7.

The book should make nonequilibrium statistical physics accessible to students
and scientists interested or working in that field. For an extended presentation and
advanced examples, refer to Refs. [14,15]. We will not divide between classical and
quantum physics, but consider classical physics as a limiting case of quantum
physics.! We focus on applications in solid-state physics, plasma physics, subatomic
physics, and other fields where correlations are of relevance to many-particle
systems. Other interesting fields, like nonequilibrium QED, phase transitions,
measuring process, cosmology, turbulence, relativistic systems, and decoherence,
are only briefly mentioned or even dropped.

Based on lectures given at Dresden, Rostock, Greifswald, and other places, a
previous textbook was published in German [17], thanks for help in preparation to
Heidi Wegener, David Blaschke, Fred Reinholz, and Frank Schweitzer. In Ref. [17],
solutions are found for some problems given in the present book. A translation to
Russian [18] was performed by Sergey Tischtshenko. The Green’s function method
was worked out as a script material by Holger Stein and improved by Mathias
Winkel that served as prototype of Chapter 6. Also, the nonequilibrium statistical
physics script was worked out further with the help of Jiirn Schmelzer (Jr.), Robert
Thiele, Thomas Millat, Carsten Fortmann, and Philipp Sperling. A lot of discussions
have been performed on this subject in Rostock, Moscow, and other places. We are
grateful to Dmitri Zubarev, who made me familiar with nonequilibrium thermo-
dynamics during my postdoc stay at the Steklov Mathematical Institute of the Soviet
Academy of Science, Moscow, in 1969. We also acknowledge Vladimir Morozov,
Ronald Redmer, Heidi Reinholz, Werner Ebeling, Wolf-Dieter Kraeft, Dietrich
Kremp, Klaus Kilimann, David Blaschke, Michael Bonitz, Thomas Bornath, Sibylle
Ginter, Claudia-Veronika Meister, Klaus Morawetz, Manfred Schlanges, Sebastian
Schmidt, August Wierling, and others who developed quantum statistics and
nonequilibrium processes during the last decades at Rostock.

Rostock, October 2012 Gerd Ropke

1) Note that the appearance of the classical world from quantum theory is not trivial and has to
be analyzed within nonequilibrium physics [16].
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1
Introduction

Physics is concerned with phenomena in nature. It describes properties of systems
and their time evolution. Very efficient concepts have been worked out, and detailed
knowledge about nature has been accumulated. A lot of phenomena can be explained
using very few basic relations. However, there also exist unsolved problems. Such a
field with open questions is the physics of nonequilibrium processes, where until now
no fundamental and coherent approach has been possible.

Nonequilibrium is the general situation in the real world. Change in time is one of
our direct experiences; wavra pet, everything flows, one does not step into the same
river twice, as was pointed out by the ancient philosophers [19].

We experience dissolution, destruction, formation of new structures, higher
complexity, and higher organization; possibly we believe in progress, everything
is going to be alright. Evolution in biological (and social) systems is a great miracle.

Can we understand the evolution of a system and even predict the future? Why are we
interested in the future? To avert danger, to optimize our situation, to realize our goals,
and to see what remains. We have to make decisions and anticipate the consequences.

Physics contributes a lot by analyzing the dynamical behavior of matter. A deter-
ministic description based on the solution of the fundamental equations of motion was
promoted by its success in celestial dynamics. This formed our present approach to
describe phenomena by equations of motions that have the form of differential equa-
tions. We present some fundamental equations and show that they describe reversible
dynamics. Consequently, an “arrow of time” does notexist here, as detailed in Section 1.1.

The paradigm of the deterministic description is well characterized by the so-called
“Laplace intelligence”: “Given for one instant an intelligence which could comprehend
all the forces by which nature is animated and the respective positions of the beings
which compose it, if moreover this intelligence were vast enough to submit these data
to analysis, it would embrace in the same formula both the movements of the largest
bodies in the universe and those of the lightest atom; to it nothing would be uncertain,
and the future as the past would be present to its eyes” [20].

The great success in using our fundamental equations of motions to describe all
observed phenomena convinced people to believe in a deterministic approach.
The exact predictability of the future, however, seems to be an illusion because of
different reasons as discussed later on. In contrast to exact predictability, we
introduce in Chapter 2 a probabilistic description.

Nonequilibrium Statistical Physics, First Edition. Gerd Répke.
© 2013 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2013 by Wiley-VCH Verlag GmbH & Co. KGaA.
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1 Introduction

We present in Section 1.2 some ideas that may contribute to the solution of the
problems associated with the contradiction between irreversible evolution and
reversible dynamics. We point out that the assumptions made in formulating
the dynamics on the basis of the equations of motion have to be critically analyzed.

One of the basic ideas is the assumption that a system can be separated from the
remaining part of the universe. Its time evolution can be described taking into
account the influence of the surroundings via simple approximations.

As an example, the equations describing the motion of planets can be given
neglecting the influence of astronomical objects outside the solar system. Further-
more, all the complex processes that take place on each planet are neglected. Only
the center of mass motion is considered.

With respect to the motion of the planets, it is sufficient to consider only a restricted
number of relevant observables characterizing the state of the system. Other observ-
ables, for example, those related to the internal state of the object, are irrelevant.

The number of relevant observables describing the state of the system is given by
the degrees of freedom. One has to distinguish between the dynamical degrees of
freedom, which are available by the motion of the system, and the constraints, which
reduce the number of dynamical degrees of freedom.

A perfect isolation of a system from the remaining part of the universe is not
possible. For example, Mach’s principle relates the motion of the distant stars to the
local inertial frame. It is currently not possible to disconnect gravity. As a conse-
quence, each system also “feels” the expansion of the universe.

To make statements precise, we will give relevant results obtained in other fields of
physics, known from standard courses, without extended derivations. A detailed
discussion of some of the relations presented here is given later on. The corre-
sponding references are given in the text.

1.1
Irreversibility: The Arrow of Time

We are concerned here only with “dead” matter, particles, and their interactions. The
behavior of such systems is described by “microscopic,” dynamical equations of
motion. Examples are the Newton equation, the Schrodinger equation, the Maxwell
equations, and quantum electrodynamics.

We give some standard results and briefly show some general results from other
fields of theoretical physics. Then, we discuss the irreversible “macroscopic”
evolution of real systems. A detailed discussion of the equations of motion in
different fields of physics is given later on. We focus only on properties with respect
to time reflection, showing that there is no difference between past and future, no
“arrow of time”; a reverse motion picture would also show a possible solution of the
equations of motion, a possible microscopic process.

Thermodynamics [21] is a phenomenological theory, directly related to quantities
that can be measured. A well-known fact is that the second law singles out an “arrow
of time.” In an isolated system, the entropy will increase with time for the evolution



1.1 Irreversibility: The Arrow of Time

of any nonequilibrium state. If we make a motion picture for a real phenomenon
(not only friction and diffusion but also living creatures), a reverse motion picture
would not show a possible real phenomenon.

As a typical example, we consider a many-particle system. The microscopic
equations of motion follow from a Hamiltonian, for example, Newton’s equation
of motion in classical physics. For quantum systems, second quantization is very
convenient to calculate properties. We also consider the statistical operator that gives
a link between phenomenological properties and the microscopic dynamics. We
focus here on properties with respect to time reflection and show that the equation of
motion for the statistical operator, obtained from the Schrédinger equation, cannot
describe irreversible processes. The appearance of the “arrow of time” in real
phenomena [22] is a mystery in our present fundamental understanding of time
evolution of a system using a microscopic approach.

1.1.1
Dynamical Systems

The state of a system at fixed time ¢ is characterized by a number f of variables, the
values of which can change with time. This number f, the degrees of freedom, may be
finite. For example, f =3 in thermodynamics of compression processes and
chemical reactions, and the variables are the volume Q, the particle number N,
and the temperature T.") We are concerned in the following with a system of N point
masses in classical mechanics where f = 6N for the Cartesian components of the
position and momentum vectors. It may also be infinite, for example, for fields
@(r,t) (electrical field, state vector in quantum mechanics, etc.) where for each of an
infinite number of positions r in space, the corresponding value of the field must be
known. Alternatively, we can characterize a field by components with respect to a
(infinite) basis system of orthonormal functions.

Classical Mechanics

Can we predict the future of the state of the system if we know its initial state, that s,
can we predict the change in the values of the state variables with time? As an
example, we can consider the system of N point-like interacting particles as an
idealization used in celestial mechanics® or in molecular dynamics. The state in

1) To avoid confusion with the interaction
potential, we will use Q instead of V for the
volume.

2) Celestial mechanics gave the impression
that we are able to predict the future. The
problem is reduced to six degrees of
freedom, position and momentum, for each
body moving in a given force like the
gravitational force. All further details that
happen inside the bodies, for example, the
processes occurring on the earth, are
irrelevant for the motion of the planetary
system, and the interaction with other

exoplanetary objects is small and can be
neglected. This concept is very successful
but cannot be taken for the ultimate truth.
We have to accept that we will never have a
full knowledge of all influences. In
principle, we always have open systems. In
addition to the relevant observables that
characterize the state of the system, there is
always a contact with further degrees of
freedom (denoted as surroundings,
reservoirs, and bath). The complete isolation
of a system is an idealization.

3
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configuration space has 3N degrees of freedom. The forces are assumed to be
conservative. To solve the equations of motion that define a special trajectory
{r1(t),...,rn(t)}, for example, to solve the Newton equations or the Hamilton
equations, we need initial conditions. The actual state in configuration space is not
sufficient, we also need to have the information about the actual values of the
velocities or the canonical conjugate momenta. To determine the dynamical state of
the system, we have to extend the set of state variables (degrees of freedom), that is,
the configuration space to the 6N dimensional I space that also includes, besides the
positions, the particles’ momenta.

For a classical system of N particles, the dynamics is determined by the Hamilton
Junction H(rj, p;), which is the sum of kinetic and potential energy:

N N N
1 1
H(r1,pg;--5tn,Py) = Z: Zm,-p‘z + Z: V() + EZ V(ri, 1), (1.1)
i=1 i=1 i#]
where i = 1,..., N denotes the particle number. In general, the external potential

V() can be time dependent, V!(r,t), for example, charged particles in a time-
dependent electrical field. The interaction potential V(r,r') is given by the (conserv-
ative) forces between the particles.

The Hamilton equations

d :8H(rj7pj) d 7_8H(rj7pj)

ari(t ap ) dtpl(t) — ari

1

(1.2)

are first-order differential equations in time. The trajectory {r{(¢),...,rn(t)} of the
N body system is determined by an initial state that is a given point in the I" space.
The corresponding dynamics is reversible, that is, with time inversion at ti,y, we
construct a new trajectory {ry(2tiny — £), ..., N (2tiny — t)}. This “new” trajectory is
also a solution of the Hamilton equations (1.2) and therefore describes a possible
motion.

In detail, for the proof, we rename the variables of the new trajectory as indicated by a bar over the
variables, {F1(%), ..., ¥n(£)}. The positions remain unchanged, ¥; = r;. The time inversion t — tj,, =
—(t — tiny) With respect to the time ti,, also means reversal of velocities or momenta, p, = —p,.

The Hamiltonian (1.1) remains unchanged because it is quadratic in p;. With d/dt = —d/dt as
well as p;(t) = —p;(t) compensating the negative signs, the new trajectory is a solution of the
equations:

d__ OHm.p) 4. OHE.P)
—ri(t) = ——, —=p;t) = ——F7F7—. 1.3
G0 == 0 = (13)
The differential equations (1.3) are identical with the Hamilton equations (1.2). We conclude that
the reversed trajectory {ri(—t+ 2tin,),...,rn(—t+ 28n)} is also a solution of the Hamilton

equations (1.2), that is, a possible motion of the system.

Quantum Mechanics
A similar situation arises in quantum mechanics. The state of a single particle is given
by a complete set of simultaneously measurable quantities. For instance, in the case
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of electron,” we need four items of data, for example, three for the position in
coordinate space (r) and one for the spin orientation (0%). In general, the state of a
particle is given by the state vector |¢(t)). It can be represented by components in
different basis systems, for example, the state function ¢(r, 0%;t) = (r, 0%|¢(t)) for
the electron.” Unitary transformations relate different representations, in particular
the Fourier transform for the momentum representation.

The time dependence of a quantum state is determined by the Schrodinger
equation

)

iz le(®) = Hle(®) (1.4)
and an initial state |¢(ty)). The corresponding dynamics is reversible, that is, the
dynamics with time inversion also describes a possible motion, if the Hamiltonian is
Hermitian. We mention that time inversion also means the adjoint complex in
addition to inversion of the spin and the magnetic field.

For the proof, we use the coordinate space representation where the Schrédinger equation reads

'hg (r,0%t) = Hy,(r,0%;t) H—fh—za—z+ Ve (r) (1.5)
I Otw ? k) - (/)II I ) k) - Zm 0’2 k) N
following from the matrix element:
pZ t oz FIZ 62 t 3 /

z| | F ex __ 7 exi _ 2. .

(r, 0| {2”" +V (r)} [, o) o + VNS (r—r )Baz’” (1.6)
The adjoint complex of the Schrédinger equation (1.4) is
. 17} t . 0 5 z To*

IS o] = WO, b g (r,0%8) = Hig (1, %) (17)

Time inversion at t;,, gives the time-dependent state function ¢*(r, —0%; 2t;,, — t). We rename
¥ =r, 6° = —o”. The time inversion t — tj,, = —(t — tiny) With respect to the time t;,, also means
the conjugate complex of the state function, @(F, %;t) = ¢*(r, —0%; —t + 2t ), which corresponds
to reversal of velocities or momenta.

We rewrite Eq. (1.7). The Hamiltonian H remains unchanged because it is Hermitian, H = H.
With 0/0t = —0/0t, compensating the negative signs, the new time-dependent state function

3) How many pieces of information are that also need four pieces of data. More

needed to determine the state of an
electron? The question about the complete
number of observables that determine the
state of a particle is unsolved (Heisenberg).
The three pieces of data r that give the
position in configuration space are not
sufficient to determine its state, we have an
additional internal degree of freedom, the
spin orientation. The latter is discrete with
the two values 1, | with respect to a given
direction. There are also other choices,
momentum and spin, and hydrogen states,

generally, additional internal (discrete)
degrees of freedom can be added such as
particle/antiparticle, as well as flavor for
hadrons. This is also the subject of a future
theory of elementary particles, which will
not be discussed here.

4) The state function is complex valued to

describe interference phenomena. In
contrast to the phase of a single-particle
state, the modulus is related to the
probability that can be measured.

5
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@(F,6%;1) is a solution of the equation
L0, o,
Iha—i(p(r,n 1) = Ho(r,6%;1), (1.8)

which (:S?incides with the Schrodinger equation (1.5), that is, a possible time motion of the
system.

Quantum Many-Particle Systems

The state of a quantum many-particle system is characterized by a corresponding high
number of degrees of freedom. In general, the particle numbers N, of species ¢ are
not fixed (emission and absorption of photons, open systems that are defined by a
given volume Q in space allowing particle exchange with a reservoir, chemical
reactions, phase transitions, etc.), so we can use in quantum physics the Fock space,
that is, the direct sum of Hilbert spaces with arbitrary particle numbers. A
convenient possibility to characterize the state of a system with arbitrary particle
numbers is the occupation number representation (second quantization) where the
number n, of particles in each single-particle state p is used. The basis of the Fock
space is given by the occupation numbers of the different single-particle states.
Creation (u;) and annihilation operators (a,) are introduced that can be used to
construct the basis of the Fock space and the matrix elements of any dynamical
observable. The commutation or anticommutation relations are

[ap,a;,]f = apa;, = a;,ap =0, lapay] = [a;,a;,L =0 (1.9)
for bosons, and
R R S v gat Aty —
{ay, ap,}+ = ay0, +a,0, = O {ap, a, }+ = {a}, ap,}+ =0 (1.10)

for fermions, respectively.
The Hamiltonian of a many-particle system with interaction V,4(p;,py;0 1,7 )
(matrix element with respect to the single-particle states | p)) is

+ 1 b
H= ZEC(p)aé,paCaP +EZ Z Vﬁyd(pl7pl;pl7pz)az,pla;,pzadp’zac,p’l (111)
op ol pip,p'p

(the variable “species” ¢ also contains the spin orientation. It can be included in the
single-particle quantum number p). The many-particle Hamiltonian describes the
dynamical evolution of the system.

The time dependence can be transformed to the Heisenberg picture. The quantum
state remains unchanged, but the dynamical operator A changes with time as

A(t) = eiH(-10)/h gg—iH(—tw)/h, (1.12)

5) In the case of a magnetic field that changes its direction with time reversal, the Hamiltonian
remains invariant because of the reversal of the spin direction.
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to denotes the instant of time where the Heisenberg picture and the Schrodinger
picture coincide. The corresponding equation of motion is

9

A =7 [H A@). (1.13)

Similar to the Schrédinger picture, this time dependence is reversible, the
equations of motion for quantum many-particle systems are invariant with respect
to time inversion and complex conjugation.

Electrodynamics

The dynamics is also reversible in other fields of “microscopic” physics. In electro-
dynamics, the state is described by both the electrical and magnetic fields. In a
relativistic description, we can introduce the four-vector field A“(x) at x = {ct,r},
and the four-tensor of field strengths is derived from the four-potential. The
equations of motion in electrodynamics, the Maxwell equations, also describe
reversible motion. After time inversion and reversal of the magnetic field, the
new process is also a solution of Maxwell’s equations (Problem 1.1). The quantiza-
tion of the electromagnetic fields can be performed using the formalism of second
quantization mentioned above.

On a very sophisticated level, we can use quantum electrodynamics to describe
particles interacting with the electromagnetic field. We can consider the action
I(x), P (x), A“(x)] or the Lagrangian of L(x) = L[y, O, 5, Oups, A", 0,A”],
where the state of the system is given by the real Maxwell four-vector field A*(x)
and the complex Dirac spinor field 1y,(x),x = (ct,r), where s denotes the spinor
components (Problem 1.2). As we know, many phenomena in atomic physics,
molecular physics, solid-state physics, plasma physics, quantum optics, liquid-state
physics, ferromagnetism, superconductivity, and so on are correctly described with
this Lagrangian. In particular, we obtain the Dirac equation and the Maxwell
equations within the canonical formalism.

A basic property of such microscopic equations of motion is reversibility in time.
Performing a time inversion, the resulting motion also seems to be a physically
possible process. There is no principal difference between past and future. Periodic
processes can be used to measure the time: earth around sun, rotation of earth,
pendulum, vibration of quartz, and atomic clocks (Problem 1.3).

1.1.2
Thermodynamics

The microscopic description is based on different approximations and idealizations.
In particular, part of the interaction that is not of relevance is dropped. Real
macroscopic systems are described phenomenologically, introducing state variables.
Some of them have a simple interpretation such as the volume Q and the particle
number N, of species c. Also, the energy is known from mechanics as the sum of

7
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kinetic and potential energy. More generally, we can take the Hamiltonian to
calculate the energy E of a system.

Other state variables are introduced via the laws of thermodynamics that are based
on experience. These laws define the temperature T, the internal energy U, and the
entropy S. As a consequence, the relation

dU =0Q +0A =TdS —pdQ + > _ udN, (1.14)

c

for reversible processes is obtained. Here, only two forms of work are considered,
the volume compression work (pressure p) and the chemical work (chemical
potential u.).” Reversible processes mean quasistatic, slow changes so that at each
instant of time, the system is in thermal equilibrium. The first law of thermo-
dynamics gives the increase of internal energy U.”) We identify the internal energy
U with the energy E of a system.

According to the second law, the relation dS = 0Q/T for reversible processes
defines the entropy S that is an extensive quantity. At the same time, the temperature
T is defined as integrating denominator. The absolute value of the entropy is fixed by
the third law of thermodynamics. For any particular system under consideration, the
entropy can be determined measuring the heat capacity:

S(T) = LT dr’ CQT(,T/),

(1.15)

if other variables like Q are fixed. For engineers, tables are available containing,
besides other thermodynamic functions, also the entropy for different materials.
Allowing also for irreversible processes,

50
ds> = (1.16)

6) How many variables are necessary to

describe the thermodynamic state of the
system? The answer is related to the work
we can perform on the system. Elementary
approaches discuss only the volume
compression work —pdQ. Advanced
approaches also consider chemical work
> u.dN.. Further contributions to work
(e.g., electrical EdP (polarization), magnetic
HdM (magnetization), deformation odu)
will extend the set of state variables of the
system, so there is no basic answer to the
number of thermodynamic state variables.
We will discuss these questions further in
the next chapter.

Another issue refers to extensive (system:
Q, N, P, M) versus intensive (bath:

p, 1., E, H) variables. Infinite homogeneous
systems are idealizations. External forces,
surface effects, phase separation, droplet
formation, and so on, demand the
treatment of inhomogeneities.

7) The absolute value depends on the gauge,
that is, the choice of the zero of U. In
particular, the potential energy has to be
fixed, or the binding energy of molecules
can be taken into account. Physical
processes are connected only with the
increase of internal energy so that an
additive constant becomes irrelevant.
However, the absolute value of energy
determines the time dependence of the
phase of a quantum state.
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according to the second law. In particular,
—S(t) >0 (1.17)

holds for the time evolution of the entropy of closed systems. For isolated systems,
no exchange of heat with a bath is possible so that 6Q = 0. Irreversible processes
define a direction (arrow) of time because time inversion means that entropy would
decrease in closed systems. More generally, for S(t) = S(t) with = 2t,, — ¢,

ds < °Q (1.18)
T

for any process. This is forbidden according to the second law of thermodynamics.
The basis for introducing the entropy is the existence of reversible and irreversible
processes [21]. Three examples are discussed that establish irreversible processes:
friction that transforms mechanical work into heat (e.g., pendulum with friction),
diffusion of a substance to free space (e.g., dissolution of a concentration profile in a
liquid), and heat transfer from warm to cold systems. It is impossible to construct a
perpetuum mobile of the second kind. There is an arrow of time, and it becomes
evident that the arrow of time points from the past into the future considering
processes such as friction, heat conduction, and diffusion processes. Thus, the
evolution of a real, macroscopic system is in general irreversible. We can distinguish
between a movie of a possible process and the time inverse movie that is not possible

(Problems 1.4 and 1.5).

1.1.3
Ensembles and Probability Distribution

In thermodynamic equilibrium, a connection between macroscopic and microscopic
approaches can be given in the frame of statistical physics. For this, the entropy has
to be introduced into the microscopic dynamical approach, which is done via
probability. Once the entropy is introduced, other quantities like temperature or
chemical potentials can be deduced.

Ensembles are considered instead of a particular real system. The ensembles are
determined by all realizations that are compatible with the boundary conditions,
given by the values of the relevant thermodynamic variables. More precisely, a
probability distribution for the microstates of the dynamical system is introduced.
This probability distribution is formed in such a way that the values of the relevant
variables of the thermodynamic macrostate are correctly described (consistency
conditions). As in quantum mechanics, we investigate only averaged properties of
the ensemble, not the individual properties of the particular real system under
consideration.

For quantum systems, the microstates of the dynamical system at time t are given
Dby the state vector | ¢, (t)). We suppose a complete set of commuting observables that
uniquely define the microscopic state of the system, for example, the position and

9
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z-component of spin of all electrons in a system of electrons. The distribution
function or statistical operator®

P(8) = 220 |90 (8))wn (@, (D)] (1.19)

contains the probability w,, that the macroscopic system under consideration is
found in the microscopic state |¢,(t)). The probabilities are real numbers, so p(t)
is Hermitian. If we have a complete set of alternative states |¢,,(t)), the probability is
normalized according to

1= w,=Tr{p(t)}. (1.20)
For any dynamical observable A, the average is given by’
(A) = 30, waldu (DA, (1)) = Tr{p(H)A}. (1.21)

How does the statistical operator depend on time? We start with the Schrodinger
equation that describes the time dependence of the states |¢,(t)) and its conjugate
complex (H'=H):

B2 16,00 = Hig, (), — ih o (9,()] = (3, ()] H. (122)
With
%p(t) =Y E |¢n(t)>}wn<¢n(t)| + 3 () wn {% (¢n(t)|}, (1.23)

we obtain the von Neumann equation as the equation of motion for the statistical
operator:

2 pl0) + 1 1H, p(1) = .

(1.24)

The von Neumann equation describes reversible dynamics. The equation of motion
is based on the Schrédinger equation. Time inversion and conjugate complex means
that both terms change the sign, since i — —i and both the Hamiltonian and the
statistical operator are Hermitian (Problem 1.6).

diagonal. We will discuss the related
problem of entanglement and

8) In general, the density matrix p,,,/ (t) =
(Y, |p(t)|y,,) With respect to an

arbitrary complete orthonormal basis
[4,,) may also contain nondiagonal
elements. Whereas the diagonal
elements p,,,(t) have the meaning of
probabilities, the nondiagonal elements
(m # m/) express quantum
interferences. It is a basic problem how
to introduce a basis in which we can
assume that the density matrix is

decoherence in Chapter 3.

9) The introduction of the trace allows us to
formulate averages independent of the
choice of the basis in the Hilbert (fixed
particle number N.) or Fock space
(arbitrary particle numbers). Averages that
are introduced in the eigenrepresentation
of p(t) are given in a form independent of
the representation.
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1.1.4
Entropy in Equilibrium Systems

In thermodynamic equilibrium, the state of the system is not changing with time,
(0/0t) peq(t) = 0. There is no dependence on t. The solution of the von Neumann
equation becomes trivial,

i

; [H, peq] ~0 (1.25)

in thermodynamic equilibrium, and the time-independent statistical operator
Peq commutes with the Hamiltonian. We conclude that p., depends only on
constants of motion C that commute with H. However, the von Neumann
equation is not sufficient to determine how p., depends on constants of
motion C.'?

We consider a system containing particles of species ¢ with numbers N,.
The dynamics is described by the Hamiltonian H. The thermodynamic state
variables are given by the contact with the “environment” (bath or reservoir). Due
to these contacts, the constants of motion C, can fluctuate, but equilibrium means
that the average values (C,)" are not changing with time. Equilibrium statistical
mechanics is based on the following principle to determine the statistical operator

Jor
Consider the functional (information entropy)'"

Sine[p] = =Tr{pInp} (1.26)

for arbitrary p that are consistent with the fixed conditions:

Tr{p} =1 (1.27)
(normalization) and

Tr{pCu} = (Cy) (1.28)

(self-consistency conditions). With these conditions, we vary p and determine
the maximum of the information entropy for the optimal distribution p.

10) This is a genuine problem in the 11) This definition of the equilibrium entropy,
dynamical description. We can calculate introduced by Boltzmann, Gibbs,
the trajectory as a solution of a differential Shannon, and Jaynes, satisfies important
equation, but we must have in addition properties such as extensivity and validity
information about the initial values to of the thermodynamic relations. It
select a special solution. For example, measures the information contained in a
Newton'’s law allows to predict the probability distribution and can be applied
positions of the planets, but does not to more general situations. Other entropy
answer the question why we have these concepts have been introduced by Renyi
planets with their particular parameters. [23] and Tsallis [24] that are not extensive.

For this, we have to investigate the
evolution of the planetary system.

1
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The corresponding result

Seq[peq] = —kp Tr {peq In peq}a (1'29)

is the equilibrium entropy of the system for given constraints (C,), kg = 1.38065 X
1072 m?kgs 2 K! is the Boltzmann constant. The solution of this variational
principle leads to the Gibbs ensembles for thermodynamic equilibrium'? (see
Sections 1.1.6 and 1.2.2).

As an example, we consider an open system that is in thermal contact and particle
exchange with reservoirs. The sought-after equilibrium statistical operator has to obey
the given constraints normalization, Tr { p} = 1, thermal contact with the bath so that

Tr{pH} = U = uQ, (1.29a)
and particle exchange with a reservoir so that
Tr{pN;} = nQ. (1.29b)

Looking for the maximum of the information entropy functional,
S(B, R, u) = max {kg Sine[p] }, with these constraints, one obtains the grand canoni-
cal distribution (see also Section 1.2.2 for derivation):

o BEH=Y uNe)

e = 1.30
Ty e AH=Y s No) (1.30)

Pgr can =

or
e BED uNo)

Z /efﬁ(Evr 725“01\]/) ’
v

Wer cany = (1.31)
where we introduced explicitly the eigenvalue N, of the particle number operator,
v = {N,n} contains the particle numbers N of all species and the internal quantum
number n of the excitation, Ey, , are the energy eigenvalues of the eigenstates |¢_,) of
the system Hamiltonian H confined to the volume € (we donotuse V to avoid confusion
with the potential). The normalization is explicitly accounted for by the denominator
(partition function). The second condition (1.29a) means that the energy of a system,
which is in heat contact with a thermostat, fluctuates around an averaged value (H) = uQ
with the given density of internal energy u. This condition is taken into account by the

12) Various ensembles are defined by the constraints prescribed by the

corresponding contact of the system
with its surroundings. Through this,
different (extensive) thermodynamic
variables C, are introduced that
characterize properties of the system.
The corresponding (intensive) Lagrange
parameters express the properties of
the “bath.” The meaning of different
ensembles and “natural” variables
becomes obvious. Thermodynamic
potentials are generated in a systematic
way. The equations of state relate the
averaged values of C, with the given

“bath.”

We have fluctuations of the properties
of the system due to the interaction with
the “bath.” We can relate this to the
second derivatives of the partition
function that have the meaning of
material properties (e.g. specific heat,
compressibility, and susceptibilities). The
maximum condition of the entropy
introduces stability relations for small
fluctuations. In the case of
thermodynamic instability, phase
transitions will occur.
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Lagrange multiplier 4 that must be related to the temperature, a more detailed discussion
leads to f = 1/(kgT). Similarly, the contact with the particle reservoir fixes the particle
densityn,, introduced bythe Lagrangemultiplier u thatrepresentsthechemical potentials.

Within the variational approach, the Lagrange parameters have to be eliminated.
This leads to the equations of state (H) = U(T, 2, u,), (N¢) = Qn.(T,u.) (Prob-
lem 1.7). The dependence of extensive quantities on the volume Q is trivial. The
method to construct statistical ensembles from the maximum of entropy under
given conditions, which take into account the different contacts with the surround-
ing bath, is well accepted in equilibrium statistical mechanics and is applied to
different phenomena, including phase transitions (see Refs [9,13]).

In conclusion, in thermodynamic equilibrium, a connection between the micro-
scopic dynamical approach and the thermodynamical approach can be given. For
this, the entropy has to be introduced into the microscopic dynamical approach. This
is done with the help of probability."*)

Can we use this definition of equilibrium entropy for evolution in nonequilibrium
processes? Time evolution of p, Eq. (1.24), is given by a unitary transformation that
leaves the trace invariant. Thus, the entropy defined above is constant.

More directly, from the Liouville-von Neumann equation as the equation of motion for the statistical
operator (Eq. (1.24)),

0 i

7P+ H. p(H)] = 0. (132)
Considering the time variation on the right-hand side of Eq. (1.29), we find

d

S lkaTr (o) Inp(e)}] = 0. (1.33)

(For the proof we can use the series expansion In[1+ (x — 1)] = (x — 1) — (x — 1)%/2 £ -- - and
for each power of p(t) apply the relation (1.32) and invariance of the trace with respect to cyclic
changes of operators.)

The equations of motion, including the Schrédinger equation and the Liouville—
von Neumann equation, describe reversible processes and are not appropriate for
describing irreversible processes. Therefore, the entropy concept (1.29) worked out
in equilibrium statistical physics cannot be used as a fundamental approach to
nonequilibrium statistical physics.

Up to now, there is no basic approach for how to extend the concept of entropy
to nonequilibrium processes. There are different situations where equations of
evolution can be given, which contain, in addition to the dynamical description,
phenomenological concepts (e.g., the Boltzmann equation and the “Stoizahlansatz”).
In this book, we attempt the formulation of a coherent description applicable to
different nonequilibrium processes. We indicate clearly where additional arguments
are introduced to obtain irreversible equations of evolution that do not conflict with
equilibrium descriptions.

13) There are different individual systems that form the ensemble. This is a virtual ensemble of
systems, without any interaction between these virtual systems. The entropy is an observable
for a real system and can be measured. Can it depend on the other virtual members that form
the ensemble?

13
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1.1.5
Fundamental Time Arrows, Units

The problem of treating irreversible processes is connected with the arrow of time.
Past, present, and future are different. Is there a common, general phenomenon that
defines the arrow of time? Various processes are known where the time direction is
singled out [22].

1)

The condition of radiation in electrodynamics (retarded solution) and the bound-
ary conditions for the scattering process in quantum physics describe an
irreversible process. Sommerfeld’s radiation condition, the condition of outward
radiation, selects the retarded solution of the wave equation (Problem 1.11).
The second law of thermodynamics defines the arrow of time. In thermodynamics
of irreversible processes, transport coefficients are introduced that are related to
fluctuations in equilibrium. In hydrodynamics, conductive transport, viscosity,
thermal conductivity, and so on produce dissipation to equilibrium. The theory of
turbulence describes nonequilibrium evolution. Relaxation to equilibrium
occurs for chemical reactions, spin systems, and so on. Master equations, kinetic
equations, and linear response theory describe irreversible processes and are the
subject of this book.

In quantum mechanics, two different time evolutions are known for a quantum
state, the Schrodinger equation, which is a reversible equation of motion, and the
process of measuring, which describes the irreversible evolution of a quantum
state under the influence of an (classical) apparatus. During this process,
quantum coherence is lost.

In elementary particle physics, the CPT theorem is known that states that processes
are invariant with respect to the simultaneous transformation C (antiparticles), P
(inversion of space), and T (inversion of time). Processes are known such as the
decay of K° mesons, which violate CP invariance and thus also T invariance, that
is, single out a time direction.

In astrophysics, the thermodynamics of black holes is not invariant with respect to
time inversion; matter falls into the black hole and disappears.

In cosmology, general relativity describes an expanding universe, characterized by
the Hubble constant.'” This gives the arrow of time.

An interesting question is whether there exists a “master arrow of time” that also

defines the other observed arrows of time.

14

The following issues are also of importance in connection with irreversibility:

Chacotic motion. The equation of motion for dynamical systems can show dynamical
instabilities, so the trajectory becomes unpredictable over long time intervals.
This happens in particular for complex systems. The Lyapunov exponent indicates

) The expansion of the Universe gives a relation between the distance r and the radial velocity
(“recession velocity”), v, = t}f{};bble” The Hubble time is tyyppe = 4.35 x 10" s or 13.8 billion
years.



