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Preface

Extreme values are extremely interesting. The maximum or minimum of large
number observations when normalized can only converge to three types of extreme
value distributions, Gumbel, Frechet and Weibull. Thus the maximum and minimum
order statistics of n observations when normalized converges to the extreme value
distributions as n tends to infinity. The local maximum or minimum (records) of
a sequence of independent and identically distributed random variables are useful to
estimate the parameters of the extreme value distributions. In Chap. 1 of this book
some distributional properties of the largest and smallest order statistics from some
important distributions are presented. In Chap. 2 some basic properties of record
values and inferences based on the distributional properties are given. In Chap. 3 the
necessary and sufficient conditions of maximum and minimum order statistics to
converge to the extreme value distributions are derived. In Chap. 3 also the nor-
malizing constants of several well-known distributions are derived. In Chap. 4
estimations of parameters of the extreme value distributions are derived. An
extensive reference of papers related to ordered random variables is given. This book
can be used as a textbook or as a consulting book.

In this book there may be some errors escaped our attention. However, I will be
glad to receive any comments from the readers about it. I am grateful to the Atlantis
press for publishing this book.

Lawrenceville, NJ, USA Mohammad Ahsanullah
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Chapter 1
Order Statistics

1.1 Distributional Properties

Let X1, X2, …, Xn be independent and identically distributed (I, I, d) absolutely
continuous random variables. Suppose that F(x) be their cumulative distribution
function (cdf) and f(x) be the corresponding probability density function (pdf). Let
X1,n ≤ X2,n ≤ ��� ≤ Xn,n be the corresponding order statistics. We denote Fk,n(x)
and fk,n(x) as the cdf and pdf respectively of Xk,n, k = 1, 2, …, n. We can write

fk:nðxÞ ¼ n!
ðk � 1Þ!ðn� kÞ! ðF(x)Þ

k�1ð1� F(x)Þn�kf(x);

The joint probability density function of order statistics X1,n, X2,n, …, Xn,n has
the form

f1;2;...;n:n x1;x2; . . .; xn
� � ¼ n!

Yn
k¼1

f xkð Þ;�1\x1\x2\ � � �\xn\1

and

¼ 0; otherwise:

There are some simple formulae for distributions of maxima (Xn,n) and mini-
mum (X1,n) of the n random variables.

© Atlantis Press and the author(s) 2016
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The pdfs of the smallest and largest order statistics are given respectively as

f1;nðxÞ ¼ nð1� FðxÞÞn�1f ðxÞ

and

fn;nðxÞ ¼ nðFðxÞÞn�1f ðxÞ

The joint pdf f1,n,n(x,y) of X1,n and Xn.n is given by

f1;n;nðx; yÞ ¼ nðn� 1ÞðFðyÞ � FðxÞÞn�2f ðxÞf ðyÞ;
�1\x\y\1:

Example 1.1 Exponential distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf F(x) as

FðxÞ ¼ 1� e�x:x� 0.
The pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ ne�nx; x� 0:

and

fn;nðxÞ ¼ n 1� e�xð Þn�1e�x; x� 0:

It can be seen that nX1,n has the exponential; distribution.
The pdfs of X1.n and Xn,n are given respectively in Figs. 1.1 and 1.2 for n = 3, 5

and 10.
The limiting distributions of standardized asymptotic distributions of X1,n and

Xm,m are given in Chap. 3.

Example 1.2 Uniform distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf F(x) as

FðxÞ ¼ x; 0[ x\1 . We have
The pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ nð1� xÞn�1; 0\ x\ 1;

and

f1;nðxÞ ¼ nxn�1; 0\x\1:

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.3 and 1.4 for n = 2, 5
and 10.
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Fig. 1.2 PDFs f3,3(x)—black, f5,55 (x)—red, f10.19(x)—green
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Fig. 1.1 PDFs f1,3(x)—black, f1,5 (x)—red, f1.10(x)—green
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Fig. 1.3 PDFs f1,3(x)—black, f1,5(x)—red, f1.10(x)—green
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Fig. 1.4 PDFs f3,3(x)—black, f5,5(x)—red, f10.19(x)—green
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The limiting distributions of standardized X1,n and Xm,m are given in Chap. 3.

Example 1.3 Rayleigh distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf

FðxÞ ¼ 1� e�
x2
2 ; x� 0:

We have the pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ nxe�
nx2
2 ; x� 0:;

and

f1;nðxÞ ¼ nxð1� e�
x2
2 ; Þn�1e�

x2
2 ; x� 0:

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.5 and 1.6 for n = 3, 5
and 10.

Example 1.4 Pareto distribution.
Suppose that X1, X2, …, Xn are n i.i.d. random variables with cdf

FðxÞ ¼ 1� 1
x2 ; x� 1. We have the pdfs f1,n(x) of X1,n and fn.n(x) are respectively

f1;nðxÞ ¼ 2n
x2nþ 1 x� 1;

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

x

PDF

Fig. 1.5 PDFs f3,3(x)—black, f3,5(x)f—red, f1.19(x)—green
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and

fn;nðxÞ ¼ 2n
x3

1� 1
x2

;

� �n�1

; x� 1

The pdfs pf X1.n and Xn,n are given respectively in Figs. 1.7 and 1.8 for n = 3, 5
and 10.

The joint pdf fr,s,n of two order statistics X1,n and Xn,n (1 ≤ r < s < n) is given by

fr;s;nðx; yÞ ¼ cr;s;nðFðxÞÞr�1ðFðyÞ FðxÞÞs�r�1ð1� FðyÞÞn�sf ðxÞ f ðyÞ

where cr;s;n ¼ n!
ðr�1Þ!ðs�r�1Þ!ðn�sÞ! ; 1� r\s� n.

The conditional distribution of Xs,n|Xr,n.
Let fs|r,n be the pdf of Xs,n|Xr,n, then

fs j r;nðy j xÞ ¼
fr;s;nðx;yÞ
Fr;nðxÞ

¼ cr;s;n
cr;n

ðFðyÞ � FðxÞÞs�r�1ð1� FðyÞn�sf ðyÞ
ð1� FðxÞÞn�r ;

where 1\r\s\n; �1\x\y\1 and cr;n ¼ n!
ðr�1Þ!ðn�rÞ!.

The distribution of the difference between two order statistics.
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0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

x

PDF

Fig. 1.6 PDFs f3,3(x)—black, f5,5(x)—red, f10.19(x)—green
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Fig. 1.8 PDFs f3,3(x)—black, f5,5(x)—red, f10.19(x)—green
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Fig. 1.7 PDFs f3,3(x)—black, f3,5(x)f—red, f1.19(x)—green
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