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Preface

The 2015 Joint 24th International Chinese Statistical Association (ICSA) Applied
Statistics Symposium and 13th Graybill Conference was successfully held from
June 14 to June 17, 2015, in Fort Collins, Colorado, USA. The conference covers
a variety of exciting and state-of-the-art statistical application topics (over 400
presentations) from the bio-pharmaceutical applications, e.g., clinical trials and
personalized medicine, to non-bio-pharmaceutical applications, e.g., finance and
business analytics, with attendees from industry, government, and academia.

The 24 papers were selected from the presentations in the annual meeting with
a broad range of topics so that readers of this book could not only enjoy the topics
close to their own research areas but also from other different areas. All papers have
gone through the peer review process and parts covered in the book include:

* Dbiomarker and personalized medicine

* Bayesian methods and applications

* dose ranging studies in clinical trials

* innovative clinical trial designs and analysis

¢ clinical and safety monitoring in clinical trials

* statistical applications in nonclinical and preclinical drug development
* statistical learning methods and applications with large-scale data

* statistical applications in business and finance

We are very grateful to the authors who contributed their papers to these
proceedings and carefully prepared their manuscripts within a tight timeline.
These proceedings would also not be possible without the successful symposium,
which gave us the opportunity to share, learn, and choose so many high-quality
papers. Our deep gratitude goes to the leadership of Naitee Ting and the executive
organizing committee, the program committee, and many other volunteers of the
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24th ICSA Applied Statistics Symposium and 13th Graybill Conference. We also
thank Michael Penn of Springer for the assistance through the entire process of
completing the book.

Cambridge, MA, USA Jianchang Lin
Ridgefield, CT, USA Bushi Wang
Fort Collins, CO, USA Xijaowen Hu
Storrs, CT, USA Kun Chen

Cambridge, MA, USA Ray Liu
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Biomarker and Personalized Medicine



Optimal Biomarker-Guided Design for Targeted
Therapy with Imperfectly Measured Biomarkers

Yong Zang and Ying Yuan

Abstract Targeted therapy revolutionizes the way physicians treat cancer and other
diseases, enabling them to adaptively select individualized treatment according to
the patient’s biomarker profile. The implementation of targeted therapy requires
that the biomarkers are accurately measured, which may not always be feasible in
practice. In this article, we propose two optimal biomarker-guided trial designs in
which the biomarkers are subject to measurement errors. The first design focuses
on a patient’s individual benefit and minimizes the treatment assignment error so
that each patient has the highest probability of being assigned to the treatment
that matches his/her true biomarker status. The second design focuses on the group
benefit, which maximizes the overall response rate for all the patients enrolled in the
trial. We develop a likelihood ratio test to evaluate the subgroup treatment effects
at the end of the trial. Simulation studies show that the proposed optimal designs
achieve our design goal and obtain desirable operating characteristics.

Keywords Biomarker-guided design ¢ Measurement error * Optimal design °
Personalized medicine

1 Introduction

With accumulating knowledge on cancer genomics and rapid developments in
biotechnology, targeted therapy (or personalized medicine) provides an unprece-
dented opportunity to battle cancer. Targeted therapy is a type of treatment that
blocks the growth of cancer cells by identifying and attacking specific functional
units needed for carcinogenesis and tumor growth while sparing normal tissue
(Sledge 2005). Targeted therapy is based on the notion that the genetic mechanism of
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cancer is heterogeneous across patients. In order to treat patients more effectively,
the treatment should be matched to the individual’s genetic profile or biomarker
status (e.g., a certain gene mutation or oncologic pathway activation).

The biomarker-guided design (Mandrekar and Sargent 2009; Freidlin et al.
2010) provides an essential framework for determining whether the agents under
investigation are effective in the corresponding marker subgroups, compared to the
effectiveness of untargeted treatments in historical controls. Under this design, when
a new patient is enrolled, we first measure his/her biomarker, based on which we
then adaptively assign the patient to one of the targeted treatments that matches the
patient’s marker status.

An essential requirement for using the biomarker-guided design is that, after
a patient is enrolled, we are able to quickly and accurately assess his/her marker
status and then use that information to assign him/her to an appropriate treatment
in a timely fashion. Modern high-throughput methods, such as microarrays and
next-generation sequencing technology, provide accurate and high-fidelity ways to
measure a patient’s gene profile and biomarker status. However, these methods are
time-consuming and logistically complicated. In addition, high-throughput methods
are relatively expensive and therefore it may be financially infeasible to apply them
to all patients in a trial. To avoid these issues, we can measure patient biomarker
status using surrogate marker information, such as immunohistochemistry or his-
tology. These methods are fast and cheap, but are often less reliable and prone to
measurement errors, leading to inefficient trial design and biased estimates. One
solution to this dilemma is to use a two-stage approach: at stage I, we enroll n;
patients and measure their biomarkers using both the expensive error-free method
and cheap error-prone method; and then at stage II, we enroll additional n, patients
and measure their biomarkers only using the error-prone method. By doing so, we
(partially) avoid the cost and logistic issues associated with measuring all patients
using the expensive error-free method. At the same time, we can use the data from
the stage I patients to learn the relationship between the error-free measure and the
error-prone measure, based on which make appropriate adjustment to assign the
stage II patients and obtain consistent estimates. This is the strategy we adopt here.

In this article, we propose two optimal biomarker-guided designs for the scenario
in which some patients’ biomarkers are measured with the surrogate marker infor-
mation. The first design focuses on the patients’ individual benefit and minimizes the
treatment assignment error, so that each patient has the largest probability of being
assigned to the treatment that matches his/her true biomarker status. The second
design focuses on the group benefit and maximizes the total number of responses in
the trial. We propose a likelihood ratio test for subgroup analysis at the end of the
trial.
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2 Methods

2.1 Optimal Allocation Rules

Let X denote a continuous error-free measure for the marker of interest, which
follows a normal distribution N(u,,0?2). Based on the value of X, we classify
patients into two subgroups: a marker-positive subgroup (denoted by M = 1) if
X > 1 and a marker-negative subgroup (denoted by M = 0) otherwise, where t
is a prespecified cutoff (e.g., the median of X). Let 7 = 1 denote the treatment
targeting the marker-positive subgroup (i.e., M = 1), and T = 0 denote the
treatment targeting the marker-negative subgroup (i.e., M = 0). Let Y denote the
binary response outcome, with ¥ = 1 indicating a response. Under the biomarker-
guided design, patients are treated according to their marker status. Specifically, for
a newly enrolled patient, we first measure his/her marker status M and then assign
the patient to treatment 7 = 1 if M = 1 and to treatment 7 = 0 if M = 0.

Suppose that cost and logistic issues limit the measurement of X to only the first
n; out of a total of n patients, while an easy-to-obtain but error-prone surrogate
marker measure, W, is available for all n patients. We assume that W follows the
classical measurement error model (Fuller 1987; Carroll et al. 2006) as W = o +
BX + U, where U is a random error that is independent of X and follows N (0, 03 .
For convenience, according to how the marker is measured, we divide the trial into
two stages: stage I consists of the first n; patients, for which both X and W are
measured, and stage II consists of the remaining n, = n — n; patients, for which
only W is measured.

As X (thus M) is not observed for stage II patients, the difficulty of conducting the
biomarker-guided design is determining how to assign these patients to appropriate
treatments in real time based on W. To address this issue, we propose an optimal
design, denoted as MinError design, that minimizes the probability of incorrect
treatment assignment (pr(7 # M|W)) during the trial conduct. The basis of the
MinError design is the following optimal treatment assignment rule.

Theorem 1. The probability of treatment misassignment pr(T # M|W) is mini-
mized by assigning a patient with an error-prone measure W to treatment T = 1
if ®(W) < 1/2 and otherwise to T = 0, where 1(W) = pr(M = O0|W) is the
predictive probability that the patient’s true marker status is negative given the
error-prone measure W.

With this result at hand, we develop the two-stage MinError design. At stage I, we
enroll n| patients and measure their biomarkers, including the error-free measure X
and error-prone measure W. If X > 7 (i.e., M = 1), we assign the patientto 7 = 1
and otherwise to T = 0. At stage II, we enroll additional n, patients, and obtain
their biomarker measures W. If 7(W) < 1/2, we assign the patient to treatment
T = 1 and otherwise to T = 0. In addition, Implementing the MinError design
requires the evaluation of (W), which can be done by transforming the classical
error model into a regression calibration model as X = «* + B*W + U* where U*
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follows a normal distribution N (0, auz*). To estimate 7 (W), we can fit stage I data to
the regression calibration model to obtain &*, ,3*, 6,+, and then estimate (W) by
CI)(T a&u*ﬁ w )

The MinError design minimizes the probability that a patient will be misassigned
to an incorrect treatment. It can be viewed as a procedure that optimizes the patients’
individual benefit. From another perspective, we may regard the patients enrolled in
the trial as a group for which we are interested in optimizing the overall benefit, for
example, maximizing the overall response rate, i.e., pr(Y = 1). Let py = pr(Y =
1|M = j,T = k) denote the response rate for patients with marker M = j under
treatment 7 = k. Hence, p11 — p1o (o1 poo — po1) presents the penalty of incorrectly
assigning patients with M = 1 (or M = 0) to treatment 7 = 0 (or 7 = 1). When the
targeted therapy are effective in the marker subgroup M = 1 (or M = 0), we have
P11 > pio (or poo > po1). The following theorem provides the treatment assignment
rule that maximizes the overall response rate. We refer to the resulting design as the
MaxResp design.

Theorem 2. Define w = poo + p11 — p1o — po1 and & = (p11 — p1o)/ (Poo — po1)-
The overall treatment response rate pr(Y = 1) is maximized by assigning a patient
with an error-prone measure W to treatment T = I(w > 0) if 1(W) < 6/(1 + 93),
and otherwise to T = 1 — I(w > 0), where 1(-) is the indicator function.

The MaxResp design has the same structure as the MinError design, except that
in stage II, the MaxResp design uses the treatment assignment rule as described
in Theorem 2 to assign patients, while the MinError design uses the treatment
assignment rule as described in Theorem 1. However, in the case for which § = 1,
the MaxResp design is identical to the MinError design.

2.2 Likelihood Ratio Test Based on EM Algorithm

We have proposed two optimal rules for assigning patients to appropriate treatments
during the trial. At the end of the trial, the goal is to determine whether the targeted
treatments are effective in the corresponding subgroups. Specifically, assuming a
two-sided test, we are interested in the following two subgroup analyses: testing
Hy : p11 = Y versus Hy : py1 # Y for the M = 1 subgroup, and testing Hy :
poo = VYo versus Hy : poo # Yo for the M = 0 subgroup, where v and v, are
prespecified response rates. Hereafter, we focus on the treatment arm 7" = 1, noting
that the test for the treatment arm 7" = 0 can be done similarly.

We propose a likelihood ratio test based on the EM algorithm (Dempster et al.
1977; Ibrahim 1990) to evaluate the subgroup treatment effect. Let nj; denote the
number of patients allocated to stage j in treatment k with response [ (j = 1,2;k =
0,1;1=0,1), and define ny. = njo + nj1. Let y;, x;, w; and m; denote the response,
error-free and error-prone measures and true marker status for the ith patients. We
employ the EM algorithm to solve the MLEs of py1, po1, @*, B* and o,+. At the
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E-step, we substitute the missing values of m; with its conditional expectation

i (1 =pi)' (1 = 7 (wi))
P (L= pi)! (1 = (wi) + poy (1 = por)! =iz (wi)
At the M-step, we update

5y, = i v i s = 1y
nn+ 3 Lom; = 1)

SR I(m; = 0)y;

por = o, ,
S Ko = 0)

nyp.+no.

and update &*, ,3* and G,+ by maximizing Y 17" {mlog(1 — w(wy)) + (1 —
m;)log(mw(w;))}. Similarly, the MLEs of py, o*, 8* and o, under the null
hypothesis can be obtained using the EM algorithm with the constraint p;; = ¥.
We denote the resulting MLESs as po;, @*, 8* and G,,+.

With the MLEs at hand, we can build the likelihood ratio test. The observed
log-likelihood function can be written as

L= Zyilog(l’n) + (m1. — Zy,-)log(l —pi1)
i=1 i=1
niy.+noy.
+ Y {ylog(gw) + (1 —yplog(l — g(w)} .

i=ny1.+1

where g(w;) = pr(y; = 1w, T = 1) = p11 {1 — 2w (w;)} + porw(w;). Thus, the
likelihood ratio test is given by

Z - 2{L@llsﬁ017&*55*76—u*) _L(wlvi)ols&*vﬁ*s&u*)}-

Given a significance level of €, we reject Hy if Z > y2(df = 1) where y2(df = 1)
is the upper € quantile of a x> distribution with one degree of freedom.

3 Simulation Studies

We carried out simulation studies to investigate the operating characteristics of
the proposed optimal designs. We compared the proposed MinError and MaxResp
designs to a naive design that ignores the measurement error for the treatment
assignment during the trial conduct (i.e., directly uses W to classify the stage
II patients into marker-positive and -negative patients.). In all three designs, the
proposed likelihood ratio test was used to test the subgroup treatment effects at the
end of the trial.
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We simulated the error-free biomarker measure X from N (0, crf) and the error-
prone measure W based on the classical measurement error model. We set the
threshold 7 = 0 so that half of the patients are positive for the marker and half
are negative. We assumed that n; = 50 and n, = 150 patients were enrolled in
stages I and II, respectively. To assess the type I error rate and power of the designs,
we considered the null hypothesis that targeted therapies were not effective with
Poo = p11 = p1o = po1 = m = 0.2, and the alternative hypothesis (i.e., the targeted
therapies were effective) with (poo, po1,p10,p11) = (0.3,0.2,0.2,0.4). We fixed
o = —1 and investigated different configurations of the measurement error model
parameters S, o, and o,. Under each of the simulation configurations, we conducted
10,000 simulated trials.

Table 1 shows the simulation results, including the treatment misassignment rate,
overall response rate, type I error rate and power. Across various simulation settings,
the naive design led to the highest misassignment rate among the three designs.
As a result, the response rate under the naive design was lower than those under
the MinError and MaxResp designs. For example, when o, = 0.5, 0, = 0.25
and B = 0.6, the misassignment rate under the naive design was double those
under the MinError and MaxResp designs, and the response rate was about 5 %
lower than those of the optimal designs. The empirical type I error rates of the
MinError, MaxResp and naive designs were generally close to the nominal level of
5 %, suggesting that the proposed likelihood ratio test effectively accounted for the
measurement errors. The MinError and MaxResp designs had the same type I error
rates because the designs were equivalent under the null hypothesis.

Compared to the naive design, the MinError and MaxResp designs generally had
higher average statistical power to detect the treatment effect. For example, when
oy = 0.5,0, = 0.25 and B = 1.0, the average power of the MinError and MaxResp
designs was about 14 % higher than that of the naive design. In general, the two
proposed designs, MinError and MaxResp designs, performed rather similarly,
although the MinError design had a slightly lower misassignment rate while the
MaxResp design had a slightly higher response rate because they optimize different
objective functions. Figures 1 and 2 show how the misassignment rate and overall
response rate change with the simulation parameters for the three designs. We
consistently observed that the MinError design had the lowest misassignment rate
and the MaxResp design had the highest response rate.

In Table 1, we fixed n; = 50, which represents the number of patients whose
biomarker profiles are precisely measured. The proposed optimal designs and the
naive design perform better when n; increased. However, larger n; requires an
increment of the budget for the biomarker-guided design. Also, in addition to all
the proposed design in Table 1, an error-free design which uses the fist stage
patients only can be adopted as well. However, this error-free design discards all
the information from the patients with imperfectly measured biomarkers. Hence, it
is consistently less powerful than the optimal designs.
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Table 1 Simulation results for the Naive, MinError and MaxResp designs, with @ = —1,
ny = 50 and n, = 150
Misassignment| Response| Type I error | Power

oy |0, |B |Design |rate rate T=0T=1T=0/T =1 Average
0.5/ 0.25| 0.6| Naive 37.1 27.6 4.7 52 |48.7 [63.0 |559
MinError| 16.8 32.5 54 |47 36.2 |86.3 [61.3
MaxResp| 18.6 32.7 54 |47 320 |90.1 |6l.1
0.8| Naive 36.2 27.8 4.8 52 53.0 659 |595
MinError| 13.5 33.0 49 |46 |412 (912 |66.2
MaxResp| 14.9 332 49 |46 37.6 | 93.6 |65.6
1.0{ Naive 34.8 28.0 53 5.0 552 |69.8 |62.5
MinError| 11.2 333 49 |54 555 |97.9 |76.7
MaxResp| 12.3 335 49 |54 540 |98.4 |76.2
0.5 | 0.6| Naive 35.0 28.0 50 |54 348 | 65.0 |49.9
MinError| 25.1 31.3 53 50 [27.0 [72.9 |50.0
MaxResp| 28.3 31.8 53 50 225 |78.3 |50.4
0.8| Naive 33.6 28.3 54 |51 39.9 168.9 |54.4
MinError| 21.8 31.8 55 4.6 30.0 |78.5 [543
MaxResp| 24.3 32.1 55 46 248 |83.8 |54.3
1.0| Naive 32.1 28.6 54 |48 43.6 |72.8 |58.2
MinError| 19.1 322 46 |46 493 |96.1 |72.7
MaxResp| 21.2 32.5 46 |46 |451 |96.9 |71.0
1.0/ 0.25] 0.6| Naive 32.9 28.4 5.1 4.7 56.7 |74.9 |65.8
MinError| 9.5 33.6 5.1 46 |474 [953 |71.4
MaxResp| 10.5 33.7 5.1 46 [452 (964 |70.8
0.8| Naive 28.8 29.2 49 |51 58.7 823 |70.5
MinError| 7.3 33.9 5.1 5.4 51.0 |96.7 |73.9
MaxResp| 8.0 34.0 5.1 5.4 50.1 |97.4 |73.8
1.0| Naive 25.0 30.0 52 |45 59.6 |88.0 [73.8
MinError| 5.9 34.1 52 |55 59.6 | 98.7 |79.2
MaxResp| 6.5 343 52 |55 59.4 198.9 |79.2
0.5 | 0.6| Naive 30.4 28.9 4.8 52 462 |77.3 |61.8
MinError| 16.8 32.3 54 |50 36.2 |86.3 [61.3
MaxResp| 18.6 32.7 54 |50 32.0 |90.1 |61.1
0.8| Naive 27.0 29.6 53 49 509 |84.1 |67.5
MinError| 13.5 33.0 5.5 4.8 412 |91.2 [66.2
MaxResp| 14.9 332 55 4.8 37.6 | 93.6 |65.6
1.0| Naive 23.8 30.2 5.1 4.8 545 |88.5 |[71.5
MinError| 11.2 333 53 49 |555 (979 |76.7
MaxResp| 12.3 335 53 49 540 |98.4 |76.2

All values are in percentages
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Fig. 1 The misassignment rates of the naive, MinError and MaxResp designs

4 Conclusion

We have proposed two optimal biomarker-guided designs when the biomarkers are
subject to measurement errors. The first design focuses on the patients’ individual
benefit and minimizes the treatment assignment error, so that each patient has
the highest probability of being assigned to the treatment that matches his/her
true biomarker status. The second design focuses on the group benefit, which
maximizes the total number of responses in the trial. We developed a likelihood
ratio test to evaluate the treatment effects for marker subgroups at the end of the
trial. Simulation studies showed that the proposed optimal designs have desirable
operating characteristics. We investigate the binary outcome in this article. It is
also of interest to extend the optimal designs by handling other outcomes (e.g.,
progression-free survival or overall survival). Future research in this area is required.



Optimal Biomarker-Guided Design for Targeted Therapy with Imperfectly. . . 11

Response rate

Response rate

0.42 0. 0.50

0.38

0.45 0.50 0.55

0.40

—— Naive
= = MinError
MaxResp

FrrrTrrTrrTrTTTTrTITTTTTrTT Tl
-1.0 -06 -02 02 05 08

o

—— Naive
= = MinError
MaxResp

FrrrrrrrrrrrrTrTTrTTTTl
0.05 025 045 065 0.85

Oy

Response rate

Response rate

0.44 0.48

0.40

0.35 040 045 0.50 0.55

0.50 0.70 0.90

0.05

RERA-
e

-
-

—— Naive
= = MinError
MaxResp

FTTTTTTTTT T T T T T T T T Tl
1.10 1.30 1.50

B

—— Naive
= = MinError
MaxResp

FTTTrrrrrrrrTTTTTrTTrTTd
025 045 065 0.85

Ox

Fig. 2 The response rates of the naive, MinError and MaxResp designs when p;g = po; = 0.1
and pgp = 0.2

Appendix

Proof of Theorem 1

For stage II patients, the treatment assignment is solely determined by W, therefore,
conditional on W, T and M are independent. It follows that the probability of
misassignment for subjects assessed with the error-prone measure W is given by

pr(T #MW)=1—pr(T =M = 1|W) —pr(T =M = 0|W)

=1—prM = 1{W)pr(T = 1|W) — (1 — pr(M = 1|W))(1 — pr(T = 1|W))
=pr(M = 1|W) + pr(T = 1|W) — 2pr(M = 1|W)pr(T = 1|W)
=pr(M = 1|W) + pr(T = 1|W)(2pr(M = 0|W) — 1).
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Therefore, if 2pr(M = 0|W) — 1 < 0, i.e., 7(W) = pr(M = 0|W) < 1/2, the
misassignment probability pr(7 # M|W) is minimized when pr(T = 1|W) = 1,
that is, assigning the patient to the treatment 7 = 1. Similarly, if pr(M = 0|W) >
1/2, pr(T # M|W) is minimized when pr(7 = 0|W) = 1, that is, assigning the
patient to the treatment 7 = 0.

Proof of Theorem 2

Let f(W) denote the density function of W, and define C = poipr(M = 0) +
piopr(M = 1), Dy = poo — po1, D1 = p11 — p1o, @ = Do + Dy and § = D1 /Dy. It
follows that

1 1

pr(Y =1) =) "% pr(M =j,T = k)pi

=0 k=0

C+ Dy f pr(M = O|W)pr(T = O|W)f(W)dW

+D; fpr(M = 1[[W)pr(T = 1|W)f (W)dW

C—I—Do/(l —prM = 1W)(1 — pr(T = 1|W))f (W)dW
+D; fpr(M = 1[W)pr(T = 1|W)f (W)dW
=C+ / [Do {1 —pr(M = 1|W)} + pr(T = 1|W) {D; — wpr(M = O|W)}] f(W)dW.

As a result, when @ > 0 which indicates a positive predictive marker effect, if
7(W) = pr(M = 0|W) < Di/ow = §/(1 4+ §), pr(Y = 1) is maximized when
pr(T = 1|W) = 1, that is, assigning the patient to the treatment 7 = 1; and if
x(W) > §/(1 + §), pr(Y = 1) is maximized when pr(7 = 1|W) = 0, that is,
assigning the patient to the treatment 7 = 0. Similarly, when w < 0 which indicates
a negative predictive marker effect, if 7(W) = pr(M = 0|W) < §/(1 4+ §), pr(Y =
1) is maximized when assigning the patient to the treatment 7 = 0; and if 7 (W) >
8/(1 4+ §8), pr(Y = 1) is maximized when assigning the patient to the treatment
T = 1. In general, if 7(W) < §/(1 4+ §), pr(Y = 1) is maximized when assigning
the patient to the treatment 7' = I(w > 0); and otherwise to T = 1 — I(w > 0).
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Statistical Considerations for Evaluating
Prognostic Biomarkers: Choosing Optimal
Threshold

Zheng Zhang

Abstract The use of biomarker is increasingly popular in cancer research and
various imaging biomarkers have been developed recently as prognostic markers. In
practice, a threshold or cutpoint is required for dichotomizing continuous markers to
distinguish patients with certain conditions or responses from those who are without.
Two popular ROC based methods to establish “optimal” threshold are based on
Youdan index J and closest top-left criterion. We have shown in this paper the
importance to acknowledge the inherent variance of such estimates. In addition,
a purely data-driven approach to search for optimal threshold can produce estimates
that are not necessarily meaningful due to the large variance in such estimates.
Instead, we propose to estimate the threshold through pre-specified criterion, such as
a fixed level of specificity. The confidence intervals of the threshold and sensitivity at
the pre-specified specificity are much narrower compared to the quantities measured
through either Youdan index J or closest top left criterion. We suggest to estimate the
threshold at a pre-specified level of specificity, and the sensitivity at that threshold,
all the estimates should be accompanied by appropriate 95 % confidence intervals.

Keywords Biomarker * ROC ¢ Threshold ¢ Optimal ¢ Youdan index

1 Introduction

From various clinical studies conducted during the past decade, a large collection
of biomarkers have been studied on their abilities to predict important clinical
outcomes such as treatment response, progression-free survival and overall survival
in patients who were diagnosed with cancer and under treatment. One group
of such markers have been derived from advanced imaging procedures, such
as rCBV from dynamic susceptibility contrast-enhanced (DSC) MR perfusion
(Paulson and Schmainda 2008), K" from dynamic contrast-enhanced (DCE) MR
perfusion (Sourbron and Buckley 2013) and ADC values from diffusion-weighted
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imaging (DWI) (Bihan et al. 2006). Those markers are usually measured at
several time-points throughout the study, such as pre-treatment, mid-treatment and
post-treatment. The most frequently used marker values are those either measured
at pre-treatment, or changes in marker values from pre-treatment measurements to
various after treatment measurements. Due to the continuous nature of those values,
the clinical usefulness of such markers often depends on whether a threshold can be
determined to classify the marker. For example, a marker value above that threshold
would predict a favorable outcome (better response to treatment, longer survival,
etc.) and a marker value below that threshold would predict an unfavorable outcome.
For all the possible thresholds that can be found, we would want to determine
whether there is an optimal threshold that offers the best predictive performance.

2 A Brief Review of the ROC Curve

The receiver operating characteristic (ROC) curve (Swets and Pickett 1982; Pepe
2003) is a popular statistical tool to define predictive accuracy, hence it provides
a pathway to determine the optimal threshold. The ROC curve is a collection of
pairs of sensitivities and specificities, each pair is determined by a unique threshold.
Assuming a test is done to diagnose a disease, the ROC curve is a plot of sensitivity
versus 1-specificity, where sensitivity is the probability of the test value to correctly
identify disease and specificity is the probability of it to correctly identify non-
disease cases. The ROC curve can be written as a function of 7 € (0, 1), by letting D
and D denote non-diseased and diseased populations and S; and Sp be the survivor
functions for test result ¥ from D and D, respectively, such as Sp(c) = P[Y > ¢|D],
S5(c) = P[Y > c|D], then the ROC curve is defined as ROC(t) = SD(Sgl(t)), te
0,1).

To estimate the ROC curve empirically from test results ¥ = {Yp;, ¥}, J-}, i =
l,....np,j = 1,...,n5, N = np + np, define sen(c) = > ;2 I[Yp, > c]/np and

m(c) = 2721 1 [ij > c]/nj, then the empirical ROC curve is a plot of sen(c)
Versus @(c) for all possible cut points ¢ on the real line.
The area under the ROC curve (AUC) is commonly used to determine the

discrimination power of the test. It is defined as
AUC =P(Yp > Yj) (1)

The empirical AUC is estimated as a Mann-Whitney U-Statistics

N N
— 1
AUC =3 ) Ul¥o; > Yp )+ 1[Vpi = Yp 1}/ N° 2

i=1 j=1
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3 Criteria Based on the ROC Curve

The criteria based on the ROC curve seek to maximize sensitivity and specificity
simultaneously. Two such criteria are frequently used: The first one is called Youdan
index J (Youdan 1950), which is the threshold corresponding to the point on the
ROC curve that has the longest distance to the identity (diagonal) line. Hence this
threshold is chosen to maximize the sum of sensitivity and specificity. Intuitively,
this point is the point on the ROC curve that is the furthest away from the curve
corresponds to a “useless” test. First define the distance from a point on the ROC
curve to the diagonal line as D and c is the threshold corresponding to that point, then
D= \/ (sen(c) + spec(c) — 1)2/2 and Youdan index J is J = sen(c) + spec(c) — 1.
The second criterion, “closest top left” criterion (Perkins and Schisterman 2006)
identifies the point on the ROC curve that had the shortest distance to the top-left
corner (a point that confers the perfect test). This criterion seeks to minimize the
sum of squares of false positive rate and false negative rate. Intuitively, this point
is the point on the ROC curve that is closest to point with perfect sensitivity and
perfect specificity. Here the distance D = /(1 — sen(c))? + (1 — spec(c))>.

4 Issues When Reporting the Optimal Threshold

The optimal thresholds determined through either Youdan index J or “closest top
left” criteria that were reported in the medical or statistical literature have seldom
been accompanied by any measures of uncertainty. We should be aware that since
either threshold is estimated from the ROC curve, there are inherent variances
associated with the threshold estimates. This motivated our simulation studies to
assess the variability in threshold estimation.

S5 Simulation Study

We had simulated data from normal distribution with 100 or 200 subjects, evenly
distributed between diseased and non-diseased subjects. The parameters of the
normal distribution are chosen with AUC of 0.760 or 0.814. The ROC curve and its
AUC are estimated empirically and the variabilities of the estimations are evaluated
through 1000 bootstrap samples. We report empirical AUC, optimal thresholds and
their associated sensitivities and specificities. For each quantity, we will calculate
the exact 95 % bootstrap confidence intervals (CI).

We first generated the data as Y5 ~ N(0,1) and Yp ~ N(1, 1) so that the true
AUC is 0.760.

Table 1 shows the simulation results. For N = 200, we found empirical AUC
to be 0.761(95% CI: 0.693 to 0.827). The optimal threshold is 0.448(95% CI:
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Table 1 Thresholds and the associated accuracy measures

Youdan Top-left Spec=0.70 Spec=0.90
N=(50,50), AUC=0.760
Threshold | 0.428(—0.232,1.104)| 0.496(0.108,0.897)| 0.512(0.176,0.869)| 1.244(0.805,1.712)
Sensitivity| 0.75(0.52,0.94) 0.72(0.58,0.86) 0.69(0.50,0.86) 0.41(0.20,0.64)
Specificity| 0.70(0.44,0.92) 0.72(0.58,0.86) - -
N=(100,100), AUC=0.760
Threshold | 0.448(—0.112,1.005)| 0.491(0.176,0.794)| 0.517(0.263,0.786)| 1.265(0.969,1.592)
Sensitivity| 0.73(0.54,0.90) 0.71(0.60,0.82) 0.69(0.55,0.81) 0.40(0.24,0.56)
Specificity| 0.70(0.50,0.87) 0.71(0.60,0.81) - -
N=(50,50), AUC=0.814
Threshold | 0.568(0.206,0.951) |0.445(0.187,0.714)| 0.256(0.077,0.438)| 0.627(0.404,0.877)
Sensitivity| 0.70(0.52,0.86) 0.74(0.62,0.86) 0.77(0.64,0.88) 0.65(0.48,0.80)
Specificity| 0.89(0.72,1.00) 0.83(0.70,0.94) - -
N=(100,100), AUC=0.814
Threshold | 0.593(0.300,0.893) | 0.445(0.251,0.634)| 0.259(0.123,0.392)| 0.633(0.475,0.805)
Sensitivity | 0.68(0.54,0.80) 0.73(0.63,0.81) 0.77(0.67,0.86) 0.64(0.53,0.73)
Specificity| 0.89(0.77,0.98) 0.83(0.73,0.91) - -

—0.112 to 1.005) using Youdan’s index and 0.491(95 % CI: 0.176 to 0.794) using
the closest top left criterion. The estimated sensitivity is 0.73(95 % CI: 0.54 to 0.90)
or 0.71(95 % CI: 0.60 to 0.82) and the estimated specificity is 0.70(95 % CI: 0.50 to
0.87) or 0.71(95 % CI: 0.60 to 0.81), respectively.

We next simulated data as Y ~ N(0,0.5) and Yp ~ N(1, 1) so that the true AUC
is 0.814. For N=200, the empirical AUC was estimated to be 0.813(95 % CI: 0.743
to 0.872). The optimal threshold is 0.593(95 % CI: 0.300 to 0.893) using Youdan’s
index and 0.445(95 % CI: 0.251 to 0.634) using the closest top left criterion. The
estimated sensitivity is 0.68(95 % CI: 0.54 to 0.80) or 0.73(95 % CI: 0.63 to 0.81)
and the estimated specificity is 0.89(95 % CI: 0.77 to 0.98) or 0.83(95 % CI: 0.73 to
0.91), respectively.

Optimal threshold based on the Youdan index tends to have wider confi-
dence intervals than the threshold estimated through the top-left corner criterion.
Compared to the same quantities estimated from the top left corner criterion,
the associated sensitivity at the Youdan’s threshold is lower, but the associated
specificity is higher, and both have wider confidence intervals.

However, the utility of “optimal threshold” is debatable. As shown above, the
optimal thresholds and their associated sensitivities and specificities all have large
variance and are hard to interpret. We instead propose to estimate the threshold
corresponding to a pre-specified criterion, such as a fixed specificity. As shown in
Table 1, we had estimated he threshold values corresponding to the fixed specificity
level of 70% or 90 %, and the associated sensitivities at those thresholds. For
N=200 and AUC=0.814, the threshold is 0.259(95 % CI 0.123 to 0.392) at 70 %



