Springer Proceedings in Mathematics & Statistics

Lluis Alseda i Soler

Jim M. Cushing
Saber Elaydi
Alberto A. Pinto Editors

I Difference
Equations, Discrete
Dynamical Systems
and Applications

ICDEA, Barcelona, Spain, July 2012

@ Springer



Springer Proceedings in Mathematics & Statistics

Volume 180



Springer Proceedings in Mathematics & Statistics

This book series features volumes composed of selected contributions from
workshops and conferences in all areas of current research in mathematics and
statistics, including operation research and optimization. In addition to an overall
evaluation of the interest, scientific quality, and timeliness of each proposal at the
hands of the publisher, individual contributions are all refereed to the high quality
standards of leading journals in the field. Thus, this series provides the research
community with well-edited, authoritative reports on developments in the most
exciting areas of mathematical and statistical research today.

More information about this series at http://www.springer.com/series/10533


http://www.springer.com/series/10533

Lluis Alseda i1 Soler - Jim M. Cushing
Saber Elaydi - Alberto A. Pinto
Editors

Difference Equations,
Discrete Dynamical Systems
and Applications

ICDEA, Barcelona, Spain, July 2012

@ Springer



Editors

Lluis Alseda i Soler

Departament de Matematiques
Universitat Autonoma de Barcelona
Cerdanyola del Valleés, Barcelona
Spain

Jim M. Cushing
Department of Mathematics
University of Arizona

Saber Elaydi

Department of Mathematics
Trinity University

San Antonio, TX

USA

Alberto A. Pinto
Faculty of Sciences, Department of
Mathematics,

Tucson, AZ University of Porto
USA Porto
Portugal

ISSN 2194-1009 ISSN 2194-1017 (electronic)
Springer Proceedings in Mathematics & Statistics

ISBN 978-3-662-52926-3 ISBN 978-3-662-52927-0 (eBook)
DOI 10.1007/978-3-662-52927-0

Library of Congress Control Number: 2016944486
Mathematics Subject Classification (2010): 37-XX, 39-XX, 58-XX

© Springer-Verlag Berlin Heidelberg 2016

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made.

Printed on acid-free paper

This Springer imprint is published by Springer Nature
The registered company is Springer-Verlag GmbH Berlin Heidelberg



Group picture of the participants of the ICDEA 2012 on the main stairs of Casa de Convalescéncia
(venue of the meeting)



Preface

This volume contains the proceedings of the 18th International Conference on
Difference Equations and Applications held in Barcelona (Catalonia, Spain) from
July 23rd to 27th, 2012. The conference was organized by the Departament de
Matematiques of the Universitat Autonoma de Barcelona (UAB), under the aus-
pices of the International Society of Difference Equations (ISDE).

The purpose of the conference was to bring together experts and novices in the
theory and applications of difference equations and discrete dynamical systems. The
main theme of the meeting was the interplay between difference equations and
dynamical systems.

The plenary speakers were experts chosen from many different areas of differ-
ence equations, broadly defined, and discrete dynamical systems and their interplay
with nonlinear science.

There were 129 presentations which included 14 plenary talks (including the
Special talk of the winner of the “Best JDEA paper” prize), 39 contributed talks,
and 87 special sessions talks. The main topics of the meeting were represented by
the six special sessions which were organized during the conference. They cover
the theory of difference equations and discrete dynamical systems and their
applications to biology and economics and are described below.

e Combinatorial and Topological Dynamics (14 talks organized by S. Kolyada
and L’. Snoha);

e Complex Dynamics (23 talks organized by B. Devaney, N. Fagella and
X. Jarque);

e Applications of Difference Equations to Biology (10 talks organized by
J. Cushing, S. Elaydi and J. Li);

e Asymptotic Behavior and Periodicity of Difference Equations (20 talks orga-
nized by I. Gyéri and M. Pituk);

e Chaotic Linear Dynamics (9 talks organized by J.P. Bes, P. Oprocha and
A. Peris); and

e Economic Dynamics and Control (11 talks organized by A.A. Pinto and
A. Yannacopoulos).
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viii Preface

There were 157 participants (120 male and 37 female) from Austria, Belarus,
Belgium, Bosnia-Herzegovina, Brazil, Canada, Chile, Czech Republic, Denmark,
Finland, France, Germany, Greece, Hungary, India, Iran, Ireland, Israel, Italy,
Jamaica, Japan, Latvia, Mexico, Oman, Poland, Portugal, Russia, Serbia, Slovakia,
Spain, Sweden, Ukraine, United Kingdom, and USA.

We would like to acknowledge the financial support of the following institu-
tions: Centro Internacional de Matematica, Institut de Matematiques de la
Universitat de Barcelona, Centre de Recerca Matematica, Ministerio de Economia y
Competitividad, Generalitat de Catalunya, Grup de Sistemes Dinamics de la
Universitat Autonoma de Barcelona. Also, we would like to thank the organizing
committee that ensured a good organization and the success of the conference as
well as the scientific committee that took care of the high scientific standards and
the quality of the conference.

We warmly thank all the speakers and participants of the meeting for their
contributions and helping to create a wonderful, friendly, and fruitful atmosphere.

All participants of ICDEA2012 were invited to submit a contribution to these
proceedings, and all papers that were accepted had to pass through a refereeing
process appropriate for a mathematical research journal.

Cerdanyola del Valles, Spain Lluis Alseda i Soler
Tucson, USA Jim M. Cushing
San Antonio, USA Saber Elaydi

Porto, Portugal Alberto A. Pinto
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On the Second Order Rational Difference

. _ 1
Equation x,+1 = 8 + T

Aija Anisimova

Abstract The author investigates the local and global stability character, the periodic
nature, and the boundedness of solutions of the second-order rational difference
equation

1

, n=0,1,...,
XnXn—1

Xn+1 =,3+

with parameter 8 and with arbitrary initial conditions such that the denominator is
always positive. The main goal of the paper is to confirm Conjecture 8.1 and to
solve Open Problem 8.2 stated by A.M. Amleh, E. Camouzis and G. Ladas in On the
Dynamics of a Rational Difference Equations I (International Journal of Difference
Equations, Volume 3, Number 1, 2008, pp.1-35).

Keywords Boundedness * Periodicity * Rational difference equations + Stability

AMS Subject Classifications 39A10 - 39A20 - 39A30

1 Introduction and Preliminaries

The author investigates the local and global stability character, the periodic nature,
and the boundedness of solutions of the second-order rational difference equation in

the form {

Xnt+1 = IB + s
XnXn—1

n=0,1,..., (D

with parameter 8 and with arbitrary initial conditions such that the denominator is
always positive.

A. Anisimova (<)
University of Latvia, Zellu 8, Riga, Latvia
e-mail: aija-anisimova@inbox.lv
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2 A. Anisimova

In the paper [1] have been given several open problems and conjectures about
such equations:

Conjecture 8.1 ([1]) Every positive solution of (1) has a finite limit.

Open Problem 8.2 ([1]) Assume that 8 is a real number. Determine the set G of
real initial values x_1, xo for which the equation (1) is well defined for all n > 0, and
investigate the character of solutions of (1) with x_;, xg € G.

In this paper the author investigates the local and global stability character of the
difference equation (1), describes the periodic nature of the difference equation (1),
investigates the boundedness of solutions of (1) and poses some ideas how to confirm
Conjecture 8.1 and to solve Open Problem 8.2.

Equation (1) is a special case of the second-order quadratic rational difference
equation
o+ ,anxn—l + Y Xn—1

, n=0,1,2,... (2)
A+ B)Can,l + anfl

Xn+1 =

with non-negative parameters and with arbitrary non-negative initial conditions such
that the denominator is always positive.

Related non-linear second order rational difference equations have been investi-
gated in [1, 2, 5-9].

Now we give well-known results, which will be useful in the investigation of (1).

For the next results, we consider the difference equation defined by
Xne1 = f(xp, x0—1), n=0,1,.... 3)
Let I be some interval of real numbers and let
fiIxI—1
be a continuously differentiable function.

Then for every set of initial conditions x_;, xo € I, the difference equation (3)
has a unique solution {x,}°

n=—1-
A point x € [ is called an equilibrium point of (3) if

x=f(x,Xx)

that is,
X, =x, Yn>0

is a solution of (3), or equivalently, X is a fixed point of f.



On the Second Order Rational Difference Equation x,1 =  + —— 3

XnXn—1

Let Dom(f) be a domain of function f of (1). The Forbidden set (denote
with F) of function f is a set such that:

F::{(c,d)eR2: dneN:(xg,x_1) =(c,d), (X, xx—1) € Dom(f) Vk=0,1...,n,

and  (xn, Xp11) € Dom(f)}.
Letp = %(Tc, X)andg = %—i(f, X) denote the partial derivatives of f (u, v) eval-
uated at the equilibrium X of (3). Then the equation

Y+l = PYn +qYn—1, n=0,1,... “4)

is called the linearized equation associated with (3) about the equilibrium point x
and the equation

M —pr—gqg=0 6)
called the characteristic equation of (4) about x.

Theorem 1 ([7])

1. If both roots of quadratic equation (5) lie in the open unit disk |A| < 1, then the
equilibrium X of (3) is locally asymptotically stable.
2. If at least one of the roots of (5) has absolute value greater than one, then the
equilibrium X of (3) is unstable.
3. A necessary and sufficient condition for both roots of (5) to lie in the open unit
disk M| < 1, is
pl<1—gq<2. (©)

In the next theorem we make use of the following notation associated with a
function f(z, z2), which is monotonic in both arguments. For each pair of numbers
(m, M) and for each i € {1, 2}, define

M, if f is increasing in z;

Mi(m, M) = H m, if f is decreasing in z;

and
mi(m, M) = M;(M,m).

Theorem 2 ([4, 7]) Let [a, b] be a closed and bounded interval of real numbers
and let f € C([a, b]?, [a, b]) satisfy the following conditions:

1. f(zi, z2) is monotonic in each of its arguments.
2. If (m,M) is a solution of the system

M = f(Mi(m, M), My(m, M))
m = f(ml(mv M)7m2(m, M))
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then M = m.

Then the difference equation (3) has a unique equilibrium point X € [a, b] and every
solution of (3), with initial conditions in [a, b], converges to X.

A solution {x,}52 _, of (3) is said to be periodic with period p if
Xpyp =X, for all n>—1. (7)

A solution {x,}52 _, of (3) is said to be periodic with prime period p, or a p-cycle
if it is periodic with period p and p is the least positive integer for which (7) holds.

With the change of variables

1
Xpn = (8)
yn\/E
difference equation (1) can be transformed to the difference equation in the form
¢ 0.1 )
n+1 =7, n=0U,1,...,
Yt 1+ Yayn1

where

1 1 1
=7 Xn-1= 7= n+l = =
yn\/B ynfl\/lg yn+1\/3

and by these equalities we obtain that

1
yn+1\/E B IB * y”\/lgynfl\/g -

Xn

1
1 5B
= Yn =S V=T,
N BA+ vy " T T v

where
__1
= ,3«/3'

Equality (10) and transformation to the difference equation (9) are true for all 8 > 0
(ora > 0).
In paper [1] had been proved that:

(10)

1. Every solution of (9) is bounded by positive constants, precisely

o o
< = <&, Vn>1; 11
e (an




On the Second Order Rational Difference Equation x,1 =  + —— 5

XnXn—1

2. Assume that
0<a <2 (12)

Then the positive equilibrium of (9) is globally asymptotically stable.
These characteristics of (9) can be useful in the investigation of (1).

2 Boundedness

In this section we investigate the boundedness of (1).

Theorem 3 Every positive solution of (1) is bounded from above and below by
positive constants.

Proof Obviously we can estimate equation (1) from below by

Xn41 :/3+

>B Vn> 1.
XnXn—1

Set that 8 < x,, and in equation (1) replacing it with a smaller value, the fraction
increases and we get the estimation from above

1
<B+—, Vn=>1

Xpn+1 = .8 + s
XnXn—1 B>

Finally we obtain

1
B<xp1=pB+ Sﬂ+ﬁ, Vn=1. 0 13)

XnXpn—1

3 Local and Global Asymptotic Stability

In this section we investigate the local and global stability of the solutions of the
difference equation (1) where the parameter § and the initial values x_;, x( are arbi-
trary real numbers, such that denominator is not equal to zero.

Assume x_1, xo € I, where [ is the set of all real initial values x_;, xo for which
the difference equation (1) is well defined for all n > 0.

The Equilibrium equation of (1)

X —pxt—1=0 (14)
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=]

o

local maximum point

of function 8

Fig. 1 Graph of function 8

can be easily considered as a function of x:

-1

p="m (15)

Equilibrium equation (14) has three roots, the real roots can be obtained from the
graph of the function (15) (see Fig.1). From Fig. 1 we see that the parameter S is
related to the equilibrium point and the function B has one local maximum point
(=2 ~ —1.26; —% ~ —1.89), and behaviour of function f is as follows:

1. If B > 0 the function g is increasing and difference equation (1) has an unique
real equilibrium point;

2. In the interval —%4 < B < 0 function is increasing. In this interval difference
equation (1) has only one real equilibrium point;

3. Incase 8 < _3/11 function B is decreasing and difference equation (1) has three
real equilibrium points;

4. There exists vertical asymptote at zero (x = 0).

We can make an assertion that the only local maximum point of function g is a
very important point of reference when analysing character of solutions of differ-
ence equation (1), so further we will investigate behaviour of (1) depending on the
different values of the parameter .



On the Second Order Rational Difference Equation x,,+; = 8 + ﬁ 7

Looking at many different examples and analysing the equilibrium equation for
different values of the parameter 8 and investigating the function of 8 it can be
concluded that the behaviour of solutions of (1) is very sensitive to different values
of parameter §, and if we take arbitrary initial conditions such that the denominator
is not equal to zero we can make the following hypotheses:

1. If B > 0, then the equilibrium equation has one real root and two complex con-
jugate roots. The solution of difference equation (1) converges to the unique real
equilibrium point.

2. If B = 0, then the equilibrium equation has one real root and two complex conju-
gate roots. The solution of difference equation (1) is periodic with prime period
3.

3. If —% < B < 0, then the equilibrium equation has one real root and two com-
plex conjugate roots, but solution of difference equation (1) is with oscillating
character.

4. If g = — \3% , then the equilibrium equation has three real equilibrium points (two
equal and one different). The solution of difference equation (1) converges to the
double root X, = —+/2 of the equilibrium equation.

5018 < _3/11’ then the equilibrium equation has three real roots. The solution of

difference equation (1) converges to the root that is greatest by the absolute value.

In numerical calculations we have observed that in these four situations behaviour
of solutions of difference equations (1) is similar with arbitrary initial values such
that difference equation (1) is well defined.

In our investigation we have established the following results.

Theorem 4 Assume x_1, xg € I, where I isthe set of all real initial values x_, x for
which the difference equation (1) is well defined for alln > 0. If B € (—o0; —%] U

[E/LZ; o0), then the solution of difference equation (1) is locally asymptomatically
stable.

Proof The proof is based on the theorem of linearized stability of second order
difference equation (see Theorem 1). Let write the characteristic equation of (1)
about x:

1
f=p+—
uvy

U =X, Vi=2X_1

, , , 1
fi=B+@)™, =— S pP=LED=-5

v
(uv)?

, , , 1
K=Gru) = s g = [ED =

(uv)

o
P=q4=-=
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Zntl = PZn +qZp—1, n=0,1,...

1 1
Zn = ——=<n — —=<3n-1- (16)
+1 73 73 1

Equation (16) is the linearized equation associated with (1) about the equilibrium
point X. The characteristic equation of (1) about X is in the form:

1 1
M+ S+ =5=0 (17
X X

By Condition 1 of Theorem 1 if both roots of (17) lie in the open unit disk |A] < 1
then the equilibrium X of (1) is locally asymptotically stable. Roots of (17) lie in the
open unit disk if Condition 3 of Theorem 1 holds, that is,

<1l—-—= <?2.
f3

If x > 0, we have

w<l-=
lx X

f—3>—1+%3 :>Y>\3/§.
1—%3<2

Since B can be expressed from (15) we obtain that

1 3 1 1
L R LI
P=x—2 Vi~V
‘We have established Condition 3 of Theorem 1 when 8 > 3%/1 and this means that in

this case the equilibrium point X is locally asymptotically stable.
If x < 0, we have

1 1

z<l-5
%3>—1+%3 :>7<—«3/§
1—%3<2

and by Eq. (15) we get that

f—% 1 /3 1 3
=X -5 <—V2——==———.
= Vi~ A
In this case we see that Condition 3 of Theorem 1 holds, that is, the equilibrium point
x is locally asymptotically stable when f < —==. (]

i



On the Second Order Rational Difference Equation x,,+; = 8 + ﬁ 9
Theorem 5 Assume x_1, xo € I, where I is the set of all real initial values x_1, x
for which the difference equation (1) is well defined for alln > 0 and B € [?Z; 00).

Then every positive solution {x,}o- _, of difference equation (1) has a finite limit.

n=

Proof With the change of variables x, = —~ difference equation can be trans-
formed to the difference equation (1) in the form

o
Yn+1 = — I’l:O,l,...,
" 1+ynyn71

where x,, = #ﬂ, Xpo] = 71\/3, Xntl = S 1f anda = —
In the paper [1] it has been shown that every positive solution of (9) converges to

y for all values of 0 < o < 2. Since o = ﬁf then

O<W§2=>oo>,8f>—=>,3 >%=>ﬂz%. O

4 Periodicity

In this section we discuss the periodicity of equation (1). We will show that difference
equation (1) has no periodic solutions with period 2 and difference equation (1) has
periodic solution with period 3 if and only if 8 = 0.

Assume x_1, xo € I, where [ is the set of all real initial values x_;, xo for which
the difference equation (1) is well defined for all n > 0 then that next two results are
true.

Theorem 6 Difference equation (1) has no periodic solutions with period 2.

Proof Assume that x_;, x( are initial conditions such that difference equation (1)
is well defined and solution of difference equation (1) is periodic with period 2
(x_1 # x9), that is,

o X1, X0, X1, X0y o v e

Then it must be that

B+ =Xx_1
X0oX_—1
1 1
X, =B+ =B+ =X_] = Xg = X_|
X1X0 X_1X0

which is a contradiction from which follows that equation (1) has no periodic solu-
tions with period 2. (]
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Theorem 7 Difference equation (1) has periodic solution with period 3 if and only
if B =0.

Proof Assume that x_;, xo are well defined initial conditions and the solution of
difference Eq. (1) is periodic with period 3, that is,

e X1, X0, X1, X1, X0y Xy o v v s

1. Assume S # 0. Then it must be that

1
X =B+
XoX—1
=+ —=x
X1X0
1
x3=p+—=x
X2X1
1
Xg=p+—=x
X3X2
From which follows that
B+ ! B+ ! =
x2 = —_— —_—m X,]
X1X0 (B + t)%o0
_ 1 _
B(Bxox—1 + 1) +x_4 & =0,

Bxox_1 +1

which is a contradiction from which follows that if 8 # 0 then (1) has no periodic
solutions with period 3.
2. Assume B = 0. Then we can write that

1
X =
XoX_—1
1 X0X—1
x2 = = — = x_]
X1X0 X0
1 X_1X0
)C3 = —_—= = xo
X2X1 X1
1 1
Xy = — = = X1
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XnXn—1

1
Xn—1 =
Xpn—2Xn-3
1 Xn—2Xn—3
Xn = = = Xp-3
Xn—1Xpn—2 Xn—2
1 Xn—2Xp—3
Xn+1 = = = Xp-2
XnXn—1 Xn—3
1 1
Xp42 = = = Xn—1

Xn+1Xn Xn—2Xn—3

1 1
Xn43 = = = Xp-3
Xn4+2Xn+1 Xn—1Xn—-2

From which follows that if 8 = 0, then (1) has a periodic solution with period 3. [

After these two last results we obtain the following conclusions.

Corollary1 1. If B > E/LZ and B < _yiz then (1) has no periodic solutions with
period p > 1, because in these cases can be obtained that the solution of (1) is

locally asymptotically stable.

2. If B=0, x_1,x0 > 0,x_1 # xq then (1) has a periodic solution with period 3
and solution is bounded in interval [ﬁ; max {x_1, xo}].

3. IfB=0 x_1 =x0>0,x_1 =x9 # | then the solution of (1) is periodic with
period 3 and bounded in interval [x+; x_1]. If x_y = xo = 1 then the solution of
(1)is x, = {1}y>—1 and it is periodic] with period 1.

4. If B =0, x_1,x0 <0, x_1 # x0 then the solution of (1) is periodic with period 3
and bounded from below by min {x_1, xo} and from above by o }LI .

5. If B=0, x_1 = x9 <0 then the solution of (1) is periodic with period 3 and
bounded in interval [x_,, x+l].

6. If B=0, x_1 >0,x90 <0 or x_; <0, xp > 0 then the solution of (1) is peri-
odic with period 3 and bounded from below by min {x_1, xo} and from above by
max {x_p, Xo}.

7. If B = 0, then difference equation (1) can be written in the form

n=0,1,..., (18)
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and the positive solution of difference equation (18) can be written in the form

s (2 . 27
3y = eerin (e (1) o o, e R (13

and it is periodic with prime period 3 for all positive well defined initial conditions.

5 Forbidden Set

Open Problem 8.2 ([1]) Assume that 8 is a real number. Determine the set / of
real initial values x_j, xo for which the difference equation (1) is well defined for
all n > 0, and investigate the character of solutions of difference equation (1) with
X_1,X0 € I.

Let Dom( f) be domain of function f(x,, x,—1) = 8 + o XIH of difference equa-
tion (1).

If there exist initial values (xo, x_;) and suchn € N for which difference equation
(1) is well defined and in iteration n + 1 difference equation (1) becomes equal to
zero then initial values (xg, x_;) belong to forbidden set (F). This holds if

1
B=— n=0,1,...., XpXn1#0= Brut,i+1=0. (20)

9
XnXn—1

If initial values (xo, x_;) belong to the forbidden set then holds one of these
conditions:

. B € R and x_; or xg is equal to zero;
.Be€Randx_| =xy=0;

. B<—land x,x,_; € (0; 1);

. B=—-land x,x,_; = 1;

. —1 < B <0and x,x,_; € (1; +00);
B =0and x,x,_1 =0;

.0< B <landx,x,_ € (—o0; —1);
B=1and x,x,_ | = —1;

. B> 1land x,x,_; € (—1;0).

Let 8 #0, x_;x9 # 0. Now we determine the forbidden set in each iteration.
.n=0: x1=0&Bxpx_1+1=0=xy=—
In this step initial conditions (x_y, —i) eF.
22n=1: x,=0% Bxox_1 +B+x_; =0=> xo = L=

Bx-1
(1, B e F.

_9. _ 3 2 _ _ =B —Bx
3.n=2: x3=0% Bxox_1+ B+ Bx_1 +x0x_1=0=x9 =

5 B3x_i+x_;
(o, Fho) € F.

_1
Bx_i
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XnXn—1

4. n=3: x4=0<:>,34x0x_1+,33+,32x_|+2ﬁx0x_]+1=O=>xo=

—p -1
Brx_1+2Bx_y
—B—px_ -1
(x—ls /34x_|+2/3)lc_| ) eF.
5.n=4: xs=0< Bxox_i + B*+ B3x_1 +3B8%xpx_1 +28+x_1=0=
o = BB

Bx_1+3B%x_1
(v, Lt ¢ F
6n=5:A@=0©ﬁ?%43€2+ﬁ14+4ﬁML4+%V+%h4+
XoX—1 250 T} X0 :2 ﬂﬂﬁﬁlﬁﬁjﬁffq
oo ) € F
7.n=6: x3=0<¢ B7xox_, ;I— /%6 +f353x;12+ 5/134x0x_1 +483 +38%x_ +
3,336036—;64-/33 = 253;3 = l’ﬁ e e
(x_y, LS oly o
8. n="7: ﬁ;;:f)X;Jriﬂ%;(;xq + B+ ,376x_6| + 6€5x0§—1 + 584 +483x_ +
w%mq+w+x4fo:m=—Wgﬁjgﬁgfﬁ“
(o, P e g ) € F.
9.n=8: x9=0¢ Bxx_1 + B+ BTx_1 + 7B ox_1 + 6B +58*x_1+10
B3xox_1 +6B% +3Bx_ 1 +xox_1 =0= x9 = "38;,é‘;f;;g?;ﬁfgg;;ffﬁﬁ’“'
o e e .

The general case (whenn =k :  x;4; = 0) is still in investigation process.

Example I If g = —%, then with the change of variables x,_; = —v/2y,_; equa-
tion (1) can be written in the form without irrationality
3 ! 0,1 2D
=————— n=0,1....
T2 Dy

yi=-05 Yy,=y;=1

Let assume

ok k-1
B ES AR

1
_ , ke N =y, =—, =0.
Y-1 a Yk B YVi+1
As we can take k as big as we like initial points y_, yy will be close to the equilibrium
point y = 1, but after limited amount of iterations we get y;;+; = 0. Hence

kK k—1

Ly)=|— —— F, keN.
(y-1, y0) (k+1 k)e €
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Moment Vanishing of Piecewise Solutions
of Linear ODEs

Dmitry Batenkov and Gal Binyamini

Abstract We consider the “moment vanishing problem” for a general class of
piecewise-analytic functions which satisfy on each continuity interval a linear ODE
with polynomial coefficients. This problem, which essentially asks how many zero
first moments can such a (nonzero) function have, turns out to be related to several
difficult questions in analytic theory of ODEs (Poincare’s Center-Focus problem)
as well as in Approximation Theory and Signal Processing (“Algebraic Sampling”).
While the solution space of any particular ODE admits such a bound, it will in
the most general situation depend on the coefficients of this ODE. We believe that a
good understanding of this dependence may provide a clue for attacking the problems
mentioned above. In this paper we undertake an approach to the moment vanishing
problem which utilizes the fact that the moment sequences under consideration sat-
isfy a recurrence relation of fixed length, whose coefficients are polynomials in the
index. For any given operator, we prove a general bound for its moment vanishing
index. We also provide uniform bounds for several operator families.

Keywords Moment vanishing : Holonomic ODEs - Recurrence relations
Generalised exponential sums

1 Introduction

Let f : [a, b] — R be a bounded piecewise-continuous function with points of dis-
continuity (of the first kind)
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a=& <& <. <& <& =0,
satisfying on each continuity interval [s X3 j+1] a linear homogeneous ODE
Df =0, (D

where ® is a linear differential operator of order n with polynomial coefficients:

d
D=px)3"+---+pX)d+p(x)L, 9= I deg p;j <dj. (2)
We say thatsuch f belongs to the class Z 2 (©, p). The union of all such 2 (D, p)
is the class PP of piecewise D-finite functions, which was first studied in [2].
Any f € £ has finite moments of all orders:

b
mk(f)=/ xX*f)yde, k=0,1,2,... 3)

We consider the following questions.

Problem 1 Given ® and p, determine the moment vanishing index of 22 (9, p),
defined as

c@.pE  sup {k:mg(f)=--=m (f)=0}+1.
fePP2(D,p), f#0

In Theorem 3 below we shall prove that the moment vanishing index is always finite.
Consequently, the following problem becomes meaningful.

Problem 2 Find natural families . C &% which admit a uniform bound on the
moment vanishing index, i.e. for which

o (F)= sup o (D, p) < +oo.
PYD.p)CF

Our main results, presented in Sect. 4, provide a general bound for o (D, p) in terms
of ®. As aresult, several examples of families .# admitting uniform bound as above
are given. The main technical tool is the recurrence relation satisfied by the moment
sequence, established previously in [2].

Our main application is the problem of reconstructing functions f € &% from
a finite number of their moments. Inverse moment problems appear in some areas
of mathematical physics, for instance heat conduction and inverse potential theory
[1, 11], as well as in statistics. One particular reconstruction technique, introduced
in [2] and further extended to two-dimensional setting in [7], can be regarded as
a prototype for numerous “algebraic” reconstruction methods in signal processing,
such as finite rate of innovation [17] and piecewise Fourier inversion [3, 5]. These
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methods, being essentially nonlinear, promise to achieve better reconstruction ac-
curacy in some cases (as demonstrated recently in [3, 5]), and therefore we believe
their study to be important. In Sect.2 below we show that an answer to Problem 2
would in turn provide a bound on the minimal number of moments (measurements)
required for unique reconstruction of any f € .#. In essence, the results of this pa-
per can be regarded as a step towards understanding the range of applicability of the
piecewise D-finite reconstruction method to general signals in &2 . See Sect. 2 for
further details.

Given a family . C £ 9, consider the corresponding family of moment gener-
ating functions {/, (z)}feg, where 17 (z) = > oo my (f) z7*~!. Obtaining infor-
mation on the moment vanishing index is in fact an essential step towards studying
the analytic properties of /7, in particular a bound on its number of zeros near infinity
(as provided by the notion of “Taylor Domination”, see [4, 6]), as well as conditions
for its identical vanishing. In turn, these questions play a central role in studies of
the Center-Focus and Smale—Pugh problems for the Abel differential equation, see
[8, 9, 16] and references therein.

The moment vanishing problem has been previously studied in the complex setting
by V. Kisunko [14]. He showed that a uniform bound o (%) exists for families .%#
consisting of non-singular operators, by using properties of Cauchy type integrals. In
contrast, in this paper we consider the real setting only, while proving uniform bounds
for some singular (as well as regular) operator families. Our method is based on the
linear recurrence relation satisfied by the moment sequence. Using this method, in
Sect.5 we provide an alternative proof of Kisunko’s result, stating that the moment
generating function /5 (z) of some f € % (D, p) satisfies a non-homogeneous
ODE

@If (z) = Rf (2)

for a very special rational function R/ (z), which depends on ® and on the values of
f at the discontinuities.

In Sect.6 we provide an interpretation of our main result in the language of
Fuchsian theory of ODE.

2 Moment Reconstruction

We start by defining some preliminary notions.

Definition 1 The Pochhammer symbol (i) ; denotes the falling factorial

), LiG—1)---G—j+1, i€R, jeN

and the expression (i); is defined to be zero fori < ;.
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Definition 2 Given ® of the form (2), the bilinear concomitant [13, p. 211] is the
homogeneous bilinear form, defined for any pair of sufficiently smooth functions
u (x), v (x) as follows (all symbols depend on x):

Py (u,v) Ly {pv—0(p»)+- -+ (= tont (pav)}
+u' {pv =0 (p3v) + -+ (=17 (pav)}
+...
+u” Y (pyv). 4)

Proposition 1 (Green’s formula, [13]) Given® of the form (2), let the formal adjoint
operator be defined by

D E D 18 {p; () ).
j=0

Then for any pair of sufficiently smooth functions u (x) , v (x) the following identity
holds:

b b
/ v (x) (Du) (x) dx —/ u (x) (D*v) (x)dx = Pg (u,v) (b) — Pp (u,v) (a).
a a (5)

Theorem 1 ([2]) Let f € P2 (D, p) with ® of the form (2). Denote the dis-
continuities of f bya =&y < & < --- <&, <&,41 = b. Then the moments m; =

b a1 .
f( , J (x) dx satisfy’ the recurrence relation

n dj

DD D Gk mi =6 k=01, (©)

j=0 i=0

where

h=-y [P (7.5 (57) = Po (£:6) (57) - )

j=0

Proof Apply Green’s formula (5) to the identity

Ejt
/ @ x)dx=0
&

TFor consistency of notation, the sequence {my} is understood to be extended with zeros for
negative k.
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foreach j =0, ..., p and sum up. The result is
P £+l P
Z/é f (x)D* {xk}dx = _Z {Pz) (f, xk) (fﬁr]) - P (f, xk) <§j+)}
j=0"5i j=0

b
/ f(x)D* {xk}dx =&

The left-hand side of the last formula is precisely the linear combination of the
moments given by the left-hand side of (6). This finishes the proof. (]

Now consider the problem of recovering f € % (D, p) C &P from the moments
{mo (f),...,my (f)} (the operator © is assumed unknown in the most general
setting). Based on the recurrence relation (6), we demonstrate in [2] that an exact
recovery is possible, provided that the number N € N is sufficiently large. However,
the question of obtaining an upper bound for N turns out to be non-trivial, as we now
demonstrate.

Definition 3 Given © and p, the moment uniqueness index t (®, p) is defined by

def .
T(®,p) = sup fk:mj(f)=m;(), 0<j<k}+1
[.8€ P2 D(D.p), [#g

In other words, given ® and p, at least 7 (D, p) first moments of f € P (D, p)
are necessary for unique reconstruction of f.

Recalling boundedness of o (®, p) (see Theorem 3 below), we immediately ob-
tain the following conclusion.

Lemma 1 For any operator ® and any p
T(®,p) <0 (D,2p).

Proof LetN = o (D, 2p). Take f1, f> having p jump points each, satisfying ® f; =
0, ® f>» = 0 on each continuity interval such that

mo (f1) = mo(f2)

my (f)) = my(f2).

The function g = f; — f> has at most 2p jumps, and it satisfies ®g = 0 on each
continuity interval. The first N moments of g are zero, therefore g = 0 and thus
fi1 = f>. Therefore t (D, p) < N. ]



