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Preface

The 2nd International Conference on Mechatronics and Robotics Engineering,
ICMRE 2016, was held in Nice, France, during February 18–22, 2016. The aim of
ICMRE 2016 is to provide a platform for researchers, engineers, academics as well
as industry professionals from all over the world to present their research results and
development activities in the area of mechatronics and robotics engineering. This
book introduces recent advances and state-of-the-art technologies in the field of
robotics engineering and mechatronics for the advanced and intelligent manufac-
turing. This systematic and carefully detailed collection provides a valuable refer-
ence source for mechanical engineering researchers who want to learn about the
latest developments in advanced manufacturing and automation, readers from
industry seeking potential solutions for their own applications, and those involved
in the robotics and mechatronics industry.

This proceedings volume contains 36 papers that have been selected after review
for oral presentation. These papers cover several aspects of the wide field of
advanced mechatronics and robotics concerning theory and practice for advanced
and intelligent manufacturing. The book contains three parts, the first part focuses
on the Design and Manufacturing of the Robot, the second part deals with the
Mechanical Engineering and Power System, and the third part investigates the
Automation and Control Engineering.

We would like to express grateful thanks to our Program Committee members
and Organization Committee members of the 2nd International Conference on
Mechatronics and Robotics Engineering, special thanks to the keynote speakers:
Prof. Alexander Balinsky, Cardiff University, UK, Prof. Farouk Yalaoui, Université
de Technologie de Troyes, France, Prof. Dan Zhang, York University, Canada, and
Prof. Elmar Bollin, Offenburg University of Applied Sciences, Germany. We would
like to express our deep appreciation to all the authors for their significant contri-
butions to the book. Their commitment, enthusiasm, and technical expertise
are what made this book possible. We are also grateful to the publisher for sup-
porting this project and would especially like to thank Arumugam Deivasigamani,
Anthony Doyle, and Janet Sterritt for their constructive assistance and cooperation,

v



both with the publishing venture in general and the editorial details. We hope that
the readers find this book informative and useful.

Finally, the editors would like to sincerely acknowledge all the friends and
colleagues who have contributed to this book.

Toronto, Canada Dan Zhang
Oshawa, Canada Bin Wei
February 2016
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Part I
Design and Manufacturing

of the Robot



Critical Review and Progress of Adaptive
Controller Design for Robot Arms

Dan Zhang and Bin Wei

Abstract Recent progress of adaptive control, particularly the model reference
adaptive control (MRAC) for robotic arm is illustrated. The model reference
adaptive controller design issues that researchers face nowadays are discussed, and
its recent methodologies are summarized. This paper provides a guideline for future
research in the direction of model reference adaptive control for robotic arms.

Keywords Adaptive control � Robot arm � Model reference approach

1 Introduction

In general terms, the robot control problem is formulated as follows, given a desired
trajectory, a mathematical model of the manipulator and its interactions with the
environment, find the control algorithm which sends torque commands to the
actuators so that the robot can achieve expected motion. Control the robot to
perform in a certain way is one of the most challenging problems because the robot
mechanism is highly nonlinear, i.e. the robot dynamic equation is expressed by
nonlinear dynamics that include couplings between the variables, and also the
dynamic parameters of the robot vary with position of the joint variables (when the
joint moves). Conventional control methods model the manipulator as uncoupled
linear subsystems, these methods can produce satisfactory performances at low
speeds, but it is not efficient anymore when used for high speed and high accuracy
operations. In order to address the above problem, adaptive control can be relied on.
Model reference adaptive approach is most popular and established technique.

Adaptive control is the control method used by a controller which must adapt to a
controlled system with parameters which vary, or are initially uncertain. For
non-adaptive controller, the controller is designed based on the priori information of
the system, i.e. one knows the system and designs the controller (e.g. PID controller)

D. Zhang � B. Wei (&)
University of Ontario Institute of Technology, Oshawa, ON, Canada
e-mail: Bin.Wei@uoit.ca

© Springer International Publishing Switzerland 2017
D. Zhang and B. Wei (eds.), Mechatronics and Robotics Engineering
for Advanced and Intelligent Manufacturing, Lecture Notes
in Mechanical Engineering, DOI 10.1007/978-3-319-33581-0_1
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gears to that system and assume there is no change in the system. Whereas for the
adaptive controller, the controller does not necessary need to depend on previous
information of the system, and if there is sudden change in environment, the con-
troller can cope with it to adapt to the changed conditions. If we consider a system
that we know its transfer function, we design a fixed classical controller, that con-
troller will remain fixed parameters as long as it applies to the system, so we say that
this controller depends on its structure and designed on a priori information, that is
non-adaptive controller. However, if the controller is depending on posteriori
information, for example, if one is changing the parameters of the controller, because
of the changes of the parameters of the system or because of the disturbances coming
from the environment, that controller is called adaptive. If the system is subject to
unknown disturbances, or the system is expected to undergo changes in its param-
eters in a way which is not pre-determined from the beginning, in that case we use
adaptive control. However, in some cases we know how the system operating
condition will change, for example, for an aircraft, we know that the aircraft con-
troller is determined by its altitude and speed, and we expect that aircraft to fly at
specific value for altitude and speed, in that case one can design a controller for each
expected operating point and we switch between the different controllers, this is
called gain-scheduling. In other cases we know that the parameters of the system
change, but we know also a range for the change of every parameter, in that case it is
possible to design a fixed controller that can cope with different changes of the
parameters, and guarantee the stability and performance, this kind of controller is
robust controller.

From Fig. 1, one can see that for non-adaptive control, firstly when one needs to
improve the performance error, the modelling accuracy will also be increased,
secondly it cannot improve itself, and thirdly it is assumed that future will be much
like present, ignoring environment changes and change in dynamics. So adaptive
controller is needed to address the above problem. Now for the adaptive control, it
improves itself under unforeseen and adverse conditions, and it achieves a given
system performance asymptotically, it does not trade performance for modelling
accuracy, as shown in Fig. 1.

Modeling accuracy

Pe
rf

or
m

an
ce

er
ro

r

Fixed-gain controller requires greater 
modeling accuracy

Adaptive controller tunes itself to 
the physical system

Fig. 1 Adaptive control
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The adaptive control can be categorized into the following, model reference
adaptive control, self-tuning adaptive control and gain-scheduled control. With the
model-reference adaptive control, an accurate model of the system is developed.
The set value is used as an input to both the actual and the model systems, and
difference between the actual output and the output from the model is compared.
The difference in these signals is then used to adjust the parameters of the
controller to minimize the difference, as shown in Fig. 2.

Compared to other control methods, adaptive control is possible to achieve
good performance over a wide range of motions and payloads. The advantage of
the model reference adaptive control is that the plant parameters need not be
fully known, instead, estimates of the plant parameters are used and the adaptive
controller utilizes past input/output information to improve these estimates.
However there are two drawbacks to MRAC. Stability analysis of the system is
critical as it is not easy to design a stable adaptive law. The other problem is
that MRAC relies on cancellation of the non-linear terms by the reference model
(Sutherland 1987). In reality, exact cancellation cannot be expected, but the
non-linear terms may be made so small so as to be negligible. Model reference
adaptive control method was initially introduced in Whitaker et al. (1958), when
they considered adaptive aircraft flight control systems, using a reference model
to obtain error signals between the actual and desired behavior. These error
signals were used to modify the controller parameters to attain ideal behavior in
spite of uncertainties and varying system dynamics. The goal of an adaptive
control system is to achieve and maintain an acceptable level in the performance
of the control system in the presence of plant parameter variations. Whereas a
conventional feedback control system is mainly dedicated to the elimination of
the effect of disturbances upon the controlled variables. An adaptive control
system is mainly dedicated to the elimination of the effect of parameter
disturbances/variations upon the performance of the control system.

Controller process

Reference
model

Adjustment
mechanism

+
_

_
+

Measurement
Feedback

Set value
Output

Fig. 2 Diagram of MRAC system
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2 General Adaptive Control

In traditional control system, feedback is used to reject the disturbance effect that
are acting on the controlled variables in order to bring the controlled variables back
to their desired value. To do that, the variables are measured and compared to the
desired values and the difference is fed into the controller. In these feedback sys-
tems, the designer adjusts the parameters of the controller so that a desired control
performance is achieved. This is done by having a priori knowledge of the plant
dynamics. When the parameters of the plant dynamic models change with time due
to disturbances, the conventional control cannot deal with it anymore as the control
performance will be degraded. At this time, one needs to resort to the adaptive
control. A structured approach for the design of distributed and reconfigurable
control system is presented in Valente and Carpanzano (2011). Distributed archi-
tectures are conceived as interconnected independent modules with standard
interfaces which can be modified and reused without affecting the overall control
structure. Whereas for the centralized control architectures, any change of the
machine structure requires an extensive replacement of the control system. In RMS,
modular and distributed architecture is essential to guarantee the capability of each
single module or portions of the control to be adapted when a hardware reconfig-
uration occurs. But the paper did not explain in details on how the distributed and
adaptive controller have been designed.

In Valentea and Mazzolinib (2015), a control approach is developed which
consists of control conceptual design, application development and evaluation of
solution robustness. In order to enable the control system reconfiguration, an
essential feature of the control architecture is the modularity and distribution of the
control decisions across various entities. The control system should be conceived as
a set of independent and distributed control modules, capable of nesting one to each
other.

The basic concept of adaptive control and several kinds of categories are
introduced in Landau (2011), i.e. open-loop adaptive control, direct adaptive con-
trol, indirect adaptive control, robust control, and conventional control, etc. The
design of a conventional feedback control is oriented to the elimination of the effect
of disturbances on the controlled variables, controlled variables are, for examples,
temperature if one controls the temperature, position if one controls the position of
the end-effector, etc.; whereas the design of adaptive control is oriented to the
elimination of effect of parameter disturbances on the performance of the control
system. Simply put, the adaptive control can be seen as a conventional feedback
control system but where the controlled variable is the performance index. So there
are two loops for the adaptive control, one is the conventional feedback loop and
the other is the adaptation loop.

The neural networks is used in Wilson and Rock (1995) for the control recon-
figuration design for a space robot. The traditional controller was presented, and by
using the neural networks, the traditional controller is updated to a reconfigurable
controller. Two neural-network-control were developed to achieve quick adaptation
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controller. Firstly, a fully-connected architecture was used that has the ability to
incorporate an a priori approximate linear solution instantly, this permits quick
stabilization by an approximate linear controller. Secondly, a back-propagation
learning method was used that allows back-propagation with discrete-valued
functions. This paper presents a new reconfigurable neural-network-based adaptive
control system for the space robot, but it did not explain in details.

3 Adaptive Control for Robotic Manipulators

Non-adaptive controller designs often ignores the nonlinearities and dynamic
couplings between joint motions, when robot motions require high speed and
accelerations, it greatly deteriorate its control performance. Furthermore, non-
adaptive controller designs requires the exact knowledge and explicit use of the
complex system dynamics and system parameters. Uncertainties will cause
dynamic performance degradation and system instability. There are many uncer-
tainties in all robot dynamic models, model parameters such as link length, mass
and inertia, variable payloads, elasticities and backlashes of gear trains are either
impossible to know precisely or varying unpredictably. That is why adaptive
control is needed to address the above problem.

Model reference adaptive control and its usage to robotic arms were introduced
in Neuman and Stone (1983) and Amerongen (1981). Some design problems in
adaptive robot control are briefly stated. Dubowsky and Desforges (1979) is the first
one that applies the model reference adaptive control in the robotic manipulator.
The approach follows the method in Donalson and Leondes (1963). A linear,
second-order, time-invariant differential equation was used as the reference model
for each degree of freedom of the manipulator arm. The manipulator was controlled
by adjusting the position and velocity feedback gains to follow the model.
A steepest-descent method was used for updating the feedback gains. Firstly the
reference model dynamics was written, but the paper did not explain how the author
had the reference model dynamic equation, subsequently the nonlinear manipulator
(plant) dynamic equation was written, but how this equation is related to the
Lagrange equation is not clear, thirdly an error function was written and the paper
follows the method of steepest descent and derived the a set of equations for the
parameter adjustment mechanism, which will minimize the difference between the
actual closed-loop system response and the reference model response.

An adaptive algorithm was developed in Horowitz and Tomizuka (1986) for
serial robotic arm for the purpose of compensating nonlinear term in dynamic
equations and decoupling the dynamic interaction among the joints. The adaptive
method proposed in this paper is different from Dubowsky’s approach (Dubowsky
and Desforges 1979). Three main differences are concluded as follows: firstly, in
Horowitz’s paper, the overall control system has an inner loop model reference
adaptive system controller and an outer loop PID controller, whereas the control
system in Dubowsky’s method is entirely based on the model reference adaptive
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controller; secondly, in Dubowsky’s paper, the coupling among joints and non-
linear terms in the manipulator equations are ignored whereas this is considered in
Horowitz’s method; thirdly, in Horowitz’s paper, the design method is based on the
hyper-stability method whereas the adaptive algorithm design in Dubowsky and
Desforges (1979) is based on the steepest descent method.

Model reference adaptive control, self-tuning adaptive control and linear per-
turbation adaptive control are briefly reviewed in Hsia (1986). For the model ref-
erence adaptive control, the main idea is to synthesize/design a control signal u to
the robot dynamic equation, which will force the robot to behave in a certain
manner specified by the reference model, and the adaptive algorithm is designed
based on the Lyapunove stability criterion.

The MRAC methods presented in Srinivasan (1987) is based on the theory of
partitioning control, which makes them capable of compensating for non-linear
terms in the dynamic equations and also to decouple the dynamic interactions
between the links. It followed and used Horowitz’s method (Horowitz 1983) and
Sutherland’s method (Sutherland 1987). Future research would focus on further
simplification of MRAC schemes since the implementation of MRAC methods for
the real time control of manipulators has proven to be a challenging task. There is
no contribution in this thesis as it just followed and summarized the Horowitz’s
method and Asare and Wilson’s method (Asare and Wilson 1987), and it did not
propose its own method or theory.

A MRAC system of 3-DOF serial robotic manipulator was presented in
Horowitz (1983), but derivation for the adaptive algorithm is not explained. It was
concerned with the application of MRAC to mechanical manipulators. Due to the
dynamic equations of mechanical manipulators are highly nonlinear and complex,
and also the payload sometimes varies or unknown, the author applied the MRAC
to the mechanical manipulators. An adaptive algorithm was developed for com-
pensating nonlinear terms in the dynamic equations and for decoupling the dynamic
interactions. Finally a 3-DOF serial manipulator was used as computer simulation
and the results show that the adaptive control scheme is effective in reducing the
sensitivity of the manipulator performance to configuration and payload variations.
The core content of Horowitz’s method can be concluded as four steps: first step,
deterministic nonlinearity compensation and decoupling control. Because one needs
to calculate the inertia matrix Mp and nonlinear term V, the second step is pro-
posed, i.e. adaptive nonlinearity compensation and decoupling control, which is to
adaptively adjust the inertia matrix Mp and nonlinear term V instead of calculating
them, and the adaptive algorithm was developed; final step, complete the overall
control system by adding the feedback gain Kp, Kv and KI. In Horowitz (1983), it
did not entirely use the Landau’s hyperstability design (Landau 1979), he used
some part of it, and he himself developed the adaptive algorithm. Because
according to Hsia (1986), Horowitz’s method was separated from the Landau’s
hyperstability design. And also from Sutherland (1987), it is stated that “While
Landau’s method replied on a pre-specified parameter matrix for a model and
continuous adaptation of the plant parameters, it will be seen later that it is possible
to estimate the model parameters and adapt them continuously”, from this
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statement, it is obvious that Horowitz has his own theory to derive the adaptive
algorithm, he did not use Landau’s method to derive the adaptive algorithm, but
how the adaptive algorithm was derived was not explicitly addressed. In Sutherland
(1987), it used the same approach with Horowitz’s to a 2-DOF serial robotic
manipulator and a flexible manipulator.

In Tomizuka et al. (1986) and Tomizuka and Horowitz (1988), the experiment
on the continuous time and discrete time adaptive control on 1-DOF test stand robot
arm and Toshiba TSR-500 V robot were briefly conducted. Horowitz et al. (1987)
is the continuation of Tomizuka et al. (1986) on a single axis direct drive robotic
arm. It applies to a two axis direct drive robotic arm.

In Tomizuka et al. (1985), it presented the experiment evaluation of model
reference adaptive controller and robust controller for positioning of a robotic arm
under variation of payload. The results show that both method can be insensitive of
the payload variation. Four adaptive control methods for the robotic arm were
summarized in Jarnali (1989), i.e. computed torque technique, variable structure
systems, adaptive linear model following control, and adaptive perturbation control,
and the adaptive nonlinear model following control was proposed subsequently,
which combines the self-tuning regulator and the model reference adaptive control.

Paper (Sadegh and Horowitz 1987) proposed a modified version of Horowitz’s
method and the assumption that matrix M and N is constant during adaptation can
be removed by modifying the control law and parameter adaptation law. It is
demonstrated that by modifying the control law (i.e. making the Coriolis and
centripetal acceleration compensation controller a bilinear function of the joint and
model reference velocities instead of a quadratic function of the joint velocities) and
by modifying the parameter adaptation law (i.e. decomposing the nonlinear
parameters in the manipulator dynamic equations into the product of two quantities:
one constant unknown quantity, which includes the numerical values of the masses
and moments of inertia of the links and the payload and the link dimensions, and
the other a known nonlinear function of the manipulator structural dynamics. The
nonlinear functions are then assumed to be known and calculable. The parameter
adaptation law is only used to estimate the unknown constant quantities), the
assumption that matrix M and N is constant during adaptation can be removed.
Finally the stability of the above adaptive control law is proved. The above called
“exact compensation adaptive control law (ECAL)”. In the conclusion, the author
found that in order to implement the adaptive controller, one needs to calculate the
elements of W(xp, xv, xv) (Sadegh and Horowitz 1987), this procedure is exces-
sively time consuming since it involves computations of highly nonlinear functions
of joint position and velocities, to overcome this difficulty, later in Sadegh and
Horowitz (1990) and Sadegh (1987), he proposed further modified version. The
modification consists in utilizing the desired joint positions and velocities in the
computation of the nonlinearity compensation controller and the parameter adap-
tation law instead of the actual quantities, this is known as “desired compensation
adaptive control law (DCAL)” The above whole modification process is shown in
Fig. 3.
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Nader Sadegh applied Craig’s method (Craig et al. 1986) to the Horowitz’s
method, so the condition M and N assumed constant during adaptation can be
removed.

Craig’s method is re-parametrization, i.e. decompose the manipulator dynamic
equation’s nonlinear parameters into the product of two quantities: one constant
unknown quantity, which includes the numerical values of the masses and moments
of inertia of the links and the payload and link dimensions, and a known nonlinear
function of the manipulator structural dynamics. The nonlinear functions are
assumed to be known and calculable. The parameter adaptation law is only used to
estimate the unknown constant quantities.

One method of reparametrizing the manipulator’s dynamic equations consists in
decomposing each element of the matrices M(x), N(x)’s and the vector g(x) into
products of unknown constant terms and known functions of the joint displacement
vector. Or a second method consists in the re-parametrization of dynamic equation
into the product of unknown constant vector, and a matrix formed by known
functions of joint position.

Horowitz’s method

Nader Sadegh’ first 
modified version

(Exact 
compensation 

adaptive control 
law

ECAL)

Nader Sadegh’ 
second modified 

version
(Desired 

compensation 
adaptive control 

law
DCAL)

Fig. 3 Modification process
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4 Conclusion

Recent progress of model reference adaptive control for robotic arm is presented.
The model reference adaptive controller design issues are discussed, and its recent
methodologies are summarized. This paper provides a guideline for future research
in the direction of model reference adaptive control for robotic arms.
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Stiffness Analysis of a Planar 3-RPS
Parallel Manipulator

Bo Hu, Chunxiao Song and Bo Li

Abstract This paper studied the stiffness model and characteristics of a planar
3-RPS PM with 3-DOF. The 6 × 6 form stiffness matrix of the planar 3-RPS PM is
derived with both active and constrained wrenches considered. To characteristic the
stiffness of the planer 3-RPS PM, two decomposition methods including the eigen-
screw decomposition and the principle axes decomposition are applied to the stiffness
matrix. The stiffness matrix decomposition provides a physical interpretation and
allows the identification of the compliant axes of the planar 3-RPS PM.

Keywords Planar parallel manipulator � Stiffness � Eigenscrew decomposition �
Principle axes decomposition � Compliant aixs

1 Introduction

In recent years, the planar 3 degree of freedom (DOF) parallel manipulators
(PMs) have attracted much attention (Angeles 2014). Merlet et al. (1998) presented
some definitions such as constant orientation workspace, reachable workspace and
dexterous workspace for the planar PMs. Binaud et al. (2010) compared the sen-
sibility of five 3-DOF planar PMs including the 3-RPR, 3-RPR, 3-RRR, 3-RRR and
3-PRR PMs. Mejia et al. (2015) derived a mathematical closed-form solution to
obtain the maximum force with a prescribed moment in 3-DOF planar mechanisms.
Kucuk (2009) performed dexterity comparison for seven 3-DOF planar PMs with
two kinematic chains using genetic algorithms and indicated that the PPR planar
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robot manipulator is the best configuration with the best dexterous maneuverability
among the others. Dong et al. (2016) proposed a piezoelectric actuated 3-RPR
planar micro-manipulator with orthogonal structure and developed its prototype.

Stiffness analysis plays an important role in design of planar 3-DOF PMs. In this
aspect, Gosselin (1990) derived general n × n stiffness matrix for n-DOF PMs by
only considering the elastic deformation of actuator factor. Wu et al. (2010)
compared the stiffness performance of 4-RRR, 3-RRR and 2-RRR PMs. Zhao et al.
(2007) investigated the stiffness performance of planar parallel 3-RRR mechanism
with flexible joints.

Most of the stiffness model of planar PMs only considered the actuator factor
while the constraint factors were not considered. Recently, the stiffness model
considered both active and constrained wrenches has been established for various
spatial lower mobility PMs (Li and Xu 2008; Hu and Lu 2011; Hu et al. 2014). Due
to the consideration of constraints, this stiffness model is more suitable for the lower
mobility PMs. However, up to now, the stiffness models of planar PMs with both
active and constrained wrenches considered have not been studied.

Stiffness characteristic analysis is also an important research content for the
planar PMs. To investigated the stiffness characteristics of PMs, some researchers
proposed effective approaches for the stiffness matrix decomposition (Loncaric
1987; Huang and Schimmels 2000; Chen et al. 2015). Huang and Schimmels
(2000) proposed an alternative synthesis algorithm for realization of an arbitrary
spatial stiffness matrices, which has been widely used in stiffness characteristic
analysis. Chen et al. (2015) presented an alternative decomposition of stiffness
matrices, which can be used in both Plucker’s ray and axis coordinates. And the
compliant axis proposed by Patterson and Lipkin (1993a) is also a better way to
explain the characteristic of stiffness.

For the above reasons, the stiffness model and characteristic of a novel planar
3-RPS PM which have constrained forces is studied in this paper.

2 Stiffness Model of the Planar 3-RPS PM

2.1 Kinematics Description

The planar 3-RPS PM includes a base B, a moving platform m, three identical RPS
(revolute joint-active prismatic joint-spherical joint)-type leg. Here, B is a regular
triangle with O as its center and Ai (i = 1, 2, 3) as its three vertices. m is a regular
triangle with o as its center and ai (i = 1, 2, 3) as its three vertices. For the planar
3-RPS PM, the three R joints are perpendicular with B (see Fig. 1).

Let ⊥ be a perpendicular constraint and || be a parallel constraint. Let {B} be a
frame O-XYZ attached on B at O, {m} be a frame o-xyz attached on m at o. Some
geometrical conditions (X || A1A3, Y ⊥ A1A3, Z ⊥ B, x || a1a3, y ⊥ a1a3, z ⊥ m) for
O-XYZ and o-xyz are satisfied.
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For the planar 3-RPS PM, the unit vectors Ri of Ri (i = 1, 2, 3) in {B} can be
expressed as following:

R1 ¼ R2 ¼ R3 ¼
0
0
1

2
4

3
5 ð1Þ

The position vectors Ai (i = 1, 2, 3) of three vertices Ai in {B} can be expressed
as follows:

A1 ¼ 1
2

qL
�L
0

2
4

3
5, A2 ¼

0
L
0

2
4

3
5, A3 ¼ � 1

2

qL
L
0

2
4

3
5, q ¼

ffiffiffi
3

p
, ð2aÞ

where, L denotes the distance from the center of O to Ai.
The coordinate ai (i = 1, 2, 3) in {m} can be expressed as following:

ma1 ¼ 1
2

ql
�l
0

2
4

3
5, ma2 ¼

0
l
0

2
4

3
5, ma3 ¼ � 1

2

ql
l
0

2
4

3
5 ð2bÞ

where, l denotes the distance from the center of o to ai.
The coordinate ai in {B} can be expressed as following:

Bai ¼
Xai

Yai
Zai

2
4

3
5 ¼ B

mR
mai þ o, B

mR ¼
ca �sa 0
sa ca 0
0 0 1

2
4

3
5, Bo ¼

Xo

Yo
Zo

2
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3
5 ð2cÞ
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Fig. 1 Sketch of the planar 3-RPS PM
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Here, α denotes the angle between B and m.
From Eqs. (2a), (2b) and (2c), the inverse solution can be formulated as

following:

r21 ¼ ðqlca=2þ lsa=2þXo � qL=2Þ2 þðqlsa=2� lca=2þ Yo þ L=2Þ2

r22 ¼ ð�lsa þXoÞ2 þðlca þ Yo � LÞ2

r23 ¼ ð�qlca=2þ lsa=2þXo þ qL=2Þ2 þð�qlsa=2� lca=2þ Yo � LÞ2
ð3Þ

Here ri (i = 1, 2, 3) is the length of ith leg.
Based on the geometrical approach for determining the constrained

forces/torques (Hu et al. 2014), one constrained force Fpi (i = 1, 2, 3) which is
parallel with Ri and passes through the center of S joint in each RPS type leg can be
determined.

As the constrained forces/torques do not work to m, it leads to

ZT (di � Z) T
h i v

x

� �
¼ 0, Z ¼ 0 0 1½ �T , di ¼ ai � o ð4aÞ

where, fi denotes the unit vector of Fpi, ai (i = 1, 2, 3) and o denote the coordinates
of ai and o respect to O, respectively.

From Eq. (4a) and Hu et al. (2014), it leads to

Vr ¼ J6�6
v

x

� �
, J6�6 ¼

dT1 ðd1 � d1ÞT
dT2 ðd2 � d2ÞT
dT3 ðd3 � d3ÞT
ZT ðd1 � ZÞT
ZT ðd2 � ZÞT
ZT ðd3 � ZÞT

2
6666666664

3
7777777775
; Vr ¼

vr1
vr2
vr3
0

0

0

2
666666664

3
777777775
, di ¼ ai � Ai

ai � Aij j ð4bÞ

Here, v and ω denote the linear and angular velocities of m, respectively, and
J6×6 is the Jacobian matrix of the planar 3-RPS PM.

2.2 Stiffness Matrix Establishment

Let Fo = [Fx Fy Fz]
T and To = [Tx Ty Tz]

T be the forces and torques applied on m at
o, respectively. Let Fri and Fpi (i = 1, 2, 3) be the active force and constrained force
of ri, respectively. Using the principle of virtual work, we obtain
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FT
r Vr þ FT

o TT
o

� � v
x

� �
¼ 0 ð5aÞ

Here, Fr = [Fr1 Fr2 Fr3 Fp1 Fp2 Fp3]
T.

From Eqs. (4b) and (5a), it leads to

Fr ¼ �ðJ�1
6�6ÞT

Fo

To

� �
,
Fo

To

� �
¼ JT6�6Fr ð5bÞ

In the RPS type leg, the active force Fri (i = 1, 2, 3) produces a flexibility
deformations along ri and the constrained force Fpi (i = 1, 2, 3) produces a bending
deformation which is perpendicular with ri.

Let δri (i = 1, 2, 3) denotes the flexibility deformations along ri produced by the
active force Fri, it leads to

Fri ¼ kridri, kri ¼
ESi
ri

ð6aÞ

Here, E is the modular of elasticity and Si denotes the ith leg’s cross section of
RPS type leg.

Let δdi (i = 1, 2, 3) denotes the bending deformation of ri produced by the
constrained forces Fpi. It leads to,

Fpi ¼ kpiddi, kpi ¼
3EI
r3i

ð6bÞ

where, I is the moment of inertia.
From Eqs. (6a) and (6b), it leads to

Fr ¼ Kp
dr

dd

� �
, dr ¼

dr1
dr2
dr3

2
64

3
75, dd ¼

dd1
dd2
dd3

2
64

3
75,

Kp ¼

kr1 0 0 0 0 0

0 kr2 0 0 0 0

0 0 kr3 0 0 0

0 0 0 kp1 0 0

0 0 0 0 kp2 0

0 0 0 0 0 kp3

2
666666664

3
777777775

ð7Þ

Let δp and δФ be the position and orientation deformation of m, respectively. By
using the principle of virtual work, the following equation can be derived:
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FT
r

dr
dd

� �
¼ � FT

o TT
o

� � dp
dU

� �
ð8Þ

From Eqs. (5b), (7) and (8), it leads to

Fo

To

� �
¼ K

dp
dU

� �
, K ¼ JT6�6KpJ6�6 ð9Þ

Here, K is the stiffness matrix of the planar 3-RPS PM.

3 Stiffness Characteristics Analysis

To characteristic the stiffness of the planer 3-RPS PM, the eigenscrew decompo-
sition and the principle axes decomposition approaches are applied to the stiffness
matrix. Loncaric (1987) proposed that by using the decomposition, the stiffness
matrix can be realized by several parallel simple or screw springs, which is a direct
correspondence between the mechanism realization and physical appreciation of a
spatial stiffness matrix. In addition, the compliant axis of the planer 3-RPS PM are
also studied in this section to reversal the characteristic of this PM.

3.1 The Eigenscrew Decomposition of Stiffness Matrix

The eigenscrew problem mentioned by Patterson and Lipkin (1993a) of the spatial
stiffness matrix can be expressed as following:

KDe ¼ ke ð10Þ

where λ and the corresponding e are the eigenvalue and eigenvector of KΔ,
respectively. The transformation matrix Δ interchanges the first and last three
components of a screw, which can be expressed as following:

D¼ 03�3 I3�3

I3�3 03�3

� �
ð11Þ

The eigenscrew decomposition proposed by Huang and Schimmels (2000) of
spatial stiffness matrix can be expressed as:

K ¼
X6
i¼1

kiwiwT
i ; ki ¼ ki

2hi
; hi ¼ 1

2
wT
i Dwi ð12Þ
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where, spring wrench wi is the unitization of ei (i = 1, …, 6), hi is the pitch of wi

and wi can be defined as:

wi ¼ ni
qi � ni þ hini

� �
ð13Þ

Here, ni and ρi (i = 1, …, 6) are the direction and position vectors of the ith
spring, respectively.

3.2 The Principle Axes Decomposition
of Spatial Stiffness Matrix

In the principle axes decomposition (Chen et al. 2015), the wrench F and δP are
expressed in axis coordinate. The relation between ray and axis coordinate can be
expressed as following:

F ¼ DF, dP ¼ DdP ð14Þ

From Eq. (11), it leads to

DD ¼ E ð15Þ

here E is an identity matrix.
The relation of stiffness matrices between these two systems can be derived from

Eqs. (14) and (15) as following,

K ¼ DKD ¼ A B
BT C

� �
ð16Þ

where the symmetric 3 × 3 block matrices A and C denote the rotational and
translational parts, and B denote the coupling part.

K can be represented in a reduced formKO by applying a pure rotationR = QT to
the current frame in order to translate C to a diagonal form CO, whereQ represents a
3 × 3 orthogonal matrix whose columns are just the eigenvectors of C. Then the
stiffness matrix can be decomposed into two sets of rank-1 symmetric stiffness
matrices as following (Chen et al. 2015):

KO ¼ AO BO

BT
O CO

� �
¼ KOS þKOT ¼

X3
i¼1

kiwiwT
i þ

X6
j¼4

kjwjwT
j ,

AO ¼ QTAQ, BO ¼ QTBQ, AOT ¼ AO � BOC
�1
O BT

O,

wi ¼ 1
ki
bTi eTi

h iT
; wj ¼ aTi 0T3�1

� �T
;

ð17Þ
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where, KOS and KOT are the principal components corresponding to the screw and
torsional springs, respectively. ki (i = 1, 2, 3) and kj (j = 1, 2, 3) are the ith
eigenvalue of C and AOT, respectively. ei (i = 1, 2, 3) denotes the unit vector
associated with the coordinate axis of {O}, namely e1 = [1, 0, 0]T, e2 = [0, 1, 0]T,
e3 = [0, 0, 1]T, bi represents the ith column of BO, ai represents the ith eigenvector
of AOT, and wi (i = 1, 2, 3) is the ith wrench-compliant axis of this elastic system.

From Eq. (17), any spatial stiffness matrix can be uniquely realized by three
screw and three torsional springs connected in parallel, and the screw springs and
torsional springs are orthogonal to each other, respectively.

Let {C} be a frame C-XQYQZQ with the direction of XQ, YQ and ZQ-axis are
along each row of Q, respectively. Then K can be expressed in {C} as following:

KC ¼ A� 0

0 0

� �
þ B�CB� B�C

CB� C

� �
,

A� ¼ A� BC�1BT , B�¼
1
2
(BC�1 þC�1BT )

ð18Þ

Equation (18) is referred to as the central principle frame, and C is also called
the center of stiffness. KC is the simplest form of the spatial stiffness matrices,
which decouples rotational and translational aspects of stiffness to a certain extent.
In (18), there only exists three 3 × 3 symmetric blocks A*, B*, C, which corre-
spond to the rotational, coupling and translational parts, respectively.

The homogeneous transformation matrix is given by,

gK ¼ Q p
0T3�1 1

� �
, p_ ¼ 1

2
(BOC

�1 � C�1BO) ð19Þ

where p is the coordinate of C respected to the original reference frame {B}.
Based on the above analysis, the stiffness matrix of planar 3-RPS PM can be

decomposed into two sets of three rank-1 symmetric matrices, which can also
identify the elastic system’s force-deflection behavior of planar 3-RPS PM.

3.3 Compliant Axis and Center of Compliance

For a compliant axis (Patterson and Lipkin 1993b), a force produces a parallel liner
deformation and a rotational deformation produces a parallel couple. The compliant
axis exists if and only if there are two collinear eigenscrews with eigenvalues of
equal magnitude and opposite sign. Thus, not all the elastic system exhibits com-
pliant axes. Wrench-compliant and twist-compliant axes are the basic of a compliant
axis hierarchy, and most elastic systems exhibit the wrench-compliant/twist-
compliant axes. Wrench-compliant axis exists when a wrench produces a parallel
linear deformation, and a twist-compliant axis exits when a twist produces a parallel
couple. Such kinds of the force-deflection behavior can be interpreted as following:

20 B. Hu et al.


