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Introduction

In physics, many phenomena result from the activity of specific mutual interac-
tions. An important example is the relation between the uncorrelated thermal
motion of the atomic building blocks of matter and the ordering forces between
these building blocks. With increasing temperature, the thermal motional energy
eventually becomes sufficiently large compared to some relevant ordering inter-
action energy that the ordered state of matter, established at low temperatures,
breaks down. All phase transitions, say, from the liquid to the gaseous state, as
well as the construction of the atoms themselves from the elementary constituents
of matter, follow this rule. Therefore, it is not surprising that often unexpected
new properties of matter, which subsequently also may become important for
technology, are discovered in experiments performed under extreme conditions.
Superconductivity is an example of such a discovery.

In the year 1908, Kamerlingh-Onnes [1],” Director of the Low-Temperature
Laboratory at the University of Leiden, finally achieved the liquefaction of helium
as the last of the noble gases. He had founded this laboratory, which became
world-famous under his leadership. At atmospheric pressure the boiling point of
helium is 4.2 K. It can be reduced further by pumping. The liquefaction of helium
extended the available temperature range near to the absolute zero point. The first
successful experiment still needed the total combined manpower of the Institute.
However, earlier Kamerlingh-Onnes was able to perform extended experiments
at these low temperatures. At first, he started an investigation of the electrical
resistance of metals.

At that time, ideas about the mechanism of electrical conduction were only
poorly developed. It was known that it must be electrons affecting the charge
transport. Also the temperature dependence of the electrical resistance of many
metals had been measured, and it had been found that near room temperature the
resistance decreases linearly with decreasing temperature. However, at low tem-
peratures, this decrease was found to become weaker and weaker. In principle,
there were three possibilities to be discussed:

1) A biography can be found in Spektrum der Wissenschaft, May 1997, pp. 84—89 (German edition
of Scientific American).

Superconductivity: An Introduction, Third Edition. Reinhold Kleiner and Werner Buckel.
© 2016 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2016 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 1 Schematics of the temperature dependence of electrical resistance at low
temperatures. See text for details of curves.

1) The resistance could approach zero value with decreasing temperature (James
Dewar, 1904; Figure 1, curve 1).

2) It could approach a finite limiting value (Heinrich Friedrich Ludwig
Matthiesen, 1864; Figure 1, curve 2).

3) It could pass through a minimum and approach infinity at very low tempera-
tures (William Thomson = Lord Kelvin, 1902; Figure 1, curve 3).

In particular, the third possibility was favored by the idea that at sufficiently
low temperatures, the electrons are likely to be bound to their respective atoms.
Hence, their free mobility was expected to vanish. The first possibility, according to
which the resistance would approach zero at very low temperatures, was suggested
by the strong decrease with decreasing temperature.

Initially, Kamerlingh-Onnes studied platinum and gold samples, since at that
time he could obtain these metals with high purity. He found that during the
approach to zero temperature, the electrical resistance of his samples reached a
finite limiting value, the so-called residual resistance, a behavior corresponding
to the second possibility discussed earlier. The value of this residual resistance
depended on the purity of the samples. The purer the samples, the smaller was
the residual resistance. After these results, Kamerlingh-Onnes expected that in
the temperature range of liquid helium ideally pure platinum or gold should have
a vanishingly small resistance. In a lecture at the Third International Congress
of Refrigeration in Chicago in 1913, he reported on these experiments and argu-
ments. There he said [2]: “Allowing a correction for the additive resistance I came
to the conclusion that probably the resistance of absolutely pure platinum would
have vanished at the boiling point of helium.” These ideas were supported further
by the quantum physics rapidly developing at that time. Albert Einstein had pro-
posed a model of crystals, according to which the vibrational energy of the crystal
atoms should decrease exponentially at very low temperatures. Since the resis-
tance of highly pure samples, according to the view of Kamerlingh-Onnes (which
turned out to be perfectly correct, as we know today), is only due to this motion
of the atoms, his hypothesis mentioned above appeared obvious.
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In order to test these ideas, Kamerlingh-Onnes decided to study mercury, the
only metal at the time that he hoped could be extremely well purified by means
of multiple distillation. He estimated that at the boiling point of helium he could
barely just detect the resistance of mercury with his equipment, and that at still
lower temperatures it should rapidly approach a zero value.

The initial experiments carried out by Kamerlingh-Onnes, together with his
coworkers Gerrit Flim, Gilles Holst, and Gerrit Dorsman, appeared to confirm
these concepts. At temperatures below 4.2 K the resistance of mercury, indeed,
became immeasurably small. In his lecture of 1913, Kamerlingh-Onnes sum-
marized this phase of his experiments and ideas as follows: “With this beautiful
prospect before me there was no more question of reckoning with difficulties.
They were overcome and the result of the experiment was as convincing as
could be.”

However, during his further experiments using improved apparatus, he soon
recognized that the observed effect could not be identical to the expected decrease
in resistance. The resistance change took place within a temperature interval of
only a few hundredths of a degree and, hence, it resembled more of a resistance
jump than a continuous decrease.

Figure 2 shows the curve published by Kamerlingh-Onnes [3]. As he himself
commented [2]: “At this point (slightly below 4.2 K) within some hundredths of a
degree came a sudden fall not foreseen by the vibrator theory of resistance, bring-
ing the resistance at once to less than a millionth of its original value at the melting

0.15 T T T

0.125

©

o

o
T

0.075

Resistance in Q ——

0.05 -

0.025

0.00 '
4.00 410 4.20 4.30 4.40
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Figure 2 The superconductivity of mercury. (After Ref. [3].)
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point. ... Mercury had passed into a new state, which on account of its extraor-
dinary electrical properties may be called the superconductive state.”

In this way, also the name for this new phenomenon had been found. The
discovery came unexpectedly during experiments that were meant to test
some well-founded ideas. Soon it became clear that the purity of the samples
was unimportant for the vanishing of the resistance. The carefully performed
experiment had uncovered a new state of matter.

Today we know that superconductivity represents a widespread phenomenon.
In the Periodic Table of the elements, superconductivity occurs in many metals.
Here, at atmospheric pressure, niobium is the element with the highest transition
temperature of about 9 K. Thousands of superconducting compounds have been
found, and this development is by no means closed.

The scientific importance of the discovery of superconductivity can be seen
from the fact that in 1913 Kamerlingh-Onnes was awarded the Nobel Prize in
physics. At that time, hardly anybody could have foreseen the richness in funda-
mental questions and interesting concepts resulting from this observation, and
it took nearly half a century until superconductivity was understood at least in
principle.?

The vanishing of the electrical resistance below a “critical temperature” or
“transition temperature” T is not the only unusual property of superconductors.
An externally applied magnetic field can be expelled from the interior of super-
conductors except for a thin outer layer (“ideal diamagnetism” or “Meissner—
Ochsenfeld effect”), or superconductors can concentrate the magnetic field in
the form of “flux tubes.” Here, the magnetic flux is quantized® in units of the
“magnetic flux quantum,” ®,=2.07x 107> Wb. The ideal diamagnetism of
superconductors was discovered by Walther Meissner and Robert Ochsenfeld in
1933. It was a big surprise, since based on the induction law one would only have
expected that an ideal conductor conserves its interior magnetic field and does not
expel it.

The breakthrough in the theoretical understanding of superconductivity was
achieved in 1957 by the theory of John Bardeen, Leon Neil Cooper, and John
Robert Schrieffer (“BCS theory”) [4]. In 1972, they were awarded the Nobel Prize
in physics for their theory. They recognized that at the transition to the supercon-
ducting state the electrons condense pairwise into a new state, in which they form
a coherent matter wave with a well-defined phase, following the rules of quantum
mechanics. Here the interaction of the electrons is mediated by the “phonons,”
the quantized vibrations of the crystal lattice.

2) For a summary of the history of superconductivity, we refer to monograph [M1].

3) The magnetic flux ® through a loop of area F D= fF Bdf. The unit of magnetic flux is the
carrying a perpendicular and spatially weber (Wb), and the unit of magnetic field is
homogeneous flux density B is given by the tesla (T). Frequently, the unit gauss (G) is
® =BF. In the following, we denote B simply used also (1 G =10"*T). We have
by “magnetic field.” In the general case of an 1Wb=1Tm?. Ifaloop is placed at a large
arbitrarily oriented and spatially distance around the axis of an isolated flux
inhomogeneous magnetic field B one must tube, we have @ =®,.

integrate over the area of the loop,
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The formation of a coherent matter wave, often referred to as a “macroscopic
wave function,” represents the key property of the superconducting state. We
know similar phenomena from other branches of physics. The laser is based on
a coherent wave represented by photons. In the phenomenon of superfluidity
below the so-called lambda point, the helium atoms condense into a coherent
matter wave [5, 6]. For the isotope *He the lambda point is 2.17 K, and for >He it
is about 3 mK. Under the proper conditions, these superfluids can flow without
any friction. Furthermore, recently the condensation of gases of alkali atoms such
as rubidium or potassium into a coherent quantum state has also been achieved.
This “Bose—Einstein condensation” was predicted by Bose and Einstein in 1925.
Only in 1995 could such condensates consisting of a few thousand atoms be
prepared by means of special optical and magnetic refrigeration techniques at
temperatures below 1 puK [7]. Also the discoveries of the laser, of superfluidity,
and of the Bose—Einstein condensation were honored by the awards of Nobel
Prizes.”

For more than 75years, superconductivity represented specifically a
low-temperature phenomenon. This changed in 1986, when J. G. Bednorz
and K. A. Miiller discovered superconductors based on copper oxide. For their
discovery, the two scientists were awarded the Nobel Prize in physics in 1987 [8].
In the September 1986 issue of the journal Zeitschrift fiir Physik B, Bednorz and
Miiller published a paper with the cautionary title “Possible high 7', superconduc-
tivity in the Ba—La—CuO system” [9]. In this paper the authors reported that this
material loses its resistance at about 30 K. Surprisingly, the paper received only
little attention. There were doubts that superconductivity was really observed.
The samples consisted of mixtures of several phases among which there were
also electrically insulating substances. Therefore, they had large values of the
specific electrical resistance. It could well be possible that some phase transition
within the texture caused the drop in resistance.” Hence, a convincing proof of
superconductivity in these samples was still needed.

This proof was achieved by Bednorz, et al. [11] by demonstrating the existence
of the Meissner—Ochsenfeld effect. Figure 3 shows the key measurement of this
paper. Above 40 K both samples displayed the well-known paramagnetism of met-
als, which is nearly independent of temperature. Around 30K, that is, in the same
temperature range where the drop in resistance appears, during cooling in a mag-
netic field, an increasing diamagnetism due to the Meissner—Ochsenfeld effect
can be seen, and the magnetic susceptibility turns negative.

This result was highly surprising for the scientific community, because already in
the mid-1960s Bernd Matthias and his coworkers had started a systematic study of
the metallic oxides (see [12]). They searched among the substances based on the

4) To Landau in 1962 (*He); to Townes, Basov, and Prokhorov in 1964 (laser); to Lee, Osheroff, and
Richardson in 1996 (*He); and to Cornell, Wieman, and Ketterle in 2001 (Bose— Einstein conden-
sation).

5) In the mid-1940s during cooling below about 70 K, sharp drops of the resistance in metallic sodium
ammonia solutions were observed, which initially were interpreted in terms of superconductivity.
However, in fact, they were due to sodium threads precipitating from the solution [10].

5
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Figure 3 The magnetic susceptibility of two samples of the Ba-La-Cu-O system versus
temperature [11].

transition metal oxides, such as W, Ti, Mo, and Bi. They found extremely inter-
esting superconductors, for example, in the Ba—Pb—Bi-O system; however, no
particularly high transition temperatures were found.

During the turn of 1986/1987 the “gold rush” set in, when it became known that
the group of S. Tanaka in Japan could exactly reproduce the results of Bednorz
and Miiller. Now scientists in countless laboratories all over the world began to
study these new oxides. Soon this extraordinary scientific effort yielded success-
ful results. One could show that within the La—Sr—Cu-O system, superconduc-
tors with transition temperatures above 40 K could be produced [13]. Only a few
weeks later, transition temperatures above 80 K were observed in the Y-Ba—Cu-O
system [14, 15]. During this phase, new results were more often reported in press
conferences than in scientific journals. The media anxiously followed this devel-
opment. With superconductivity at temperatures above the boiling point of liquid
nitrogen (7 =77 K), one could envision many important technical applications of
this phenomenon.

Today we are familiar with a large series of “high-temperature superconduc-
tors” based on copper oxide. Here the most studied compounds are YBa,Cu,O,
(also “YBCO” or “Y123”) and Bi,Sr,CaCu,Oq (also “BSCCO” or “Bi2212”),
which display maximum transition temperatures around 90 K. Many compounds
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Figure 4 Evolution of the superconducting transition temperature since the discovery of
superconductivity. (After Ref. [16].)

have transition temperatures even above 100K. The record value is claimed
by HgBa,Ca,Cu;Oyq, having a T, value of 135K at atmospheric pressure and
a value as high as T, =164 K at a pressure of 30 GPa. Figure 4 shows the evo-
lution of transition temperatures since the discovery by Kamerlingh-Onnes.
The jump-like increase due to the discovery of the copper oxides is particularly
impressive.

In this figure, we have included the metallic compound MgB,, as well as the
group of the iron pnictides. It is surprising that in the case of MgB, superconduc-
tivity with a transition temperature of 39 K was discovered only in the beginning
of 2000, although this material has been commercially available for a long time
[17]. This discovery also generated much activity in the physics community, and in
the two following years important properties of this material were clarified. MgB,
shows similar behavior as the “classical” metallic superconductors. The excite-
ment at the discovery of the iron pnictides in 2008 was also large [18]. These
are compounds in the form LaFeAsO, 4oF ;; or Ba, (KFe,As,, showing transition
temperatures up to 55 K. In the case of these materials, layers of iron —arsenic rep-
resent the central building block, analogous to the copper-oxide planes in the case
of the cuprates.

Many properties of the cuprates, and also of other superconducting compounds,
are very unusual, as we will see during the course of this book. More than 25 years
after their discovery; it is still unclear how Cooper pairing is accomplished in these
materials. However, magnetic interactions are likely to play an important role.
Perhaps we can learn more from a comparison with the iron pnictides.

7
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Another important aspect concerns the maximum electric current, the “critical
current,” which a superconductor can carry without electrical resistance. We
will see that the property “zero resistance” is not always valid. In the case of
AC, the resistance remains finite and increases with increasing frequency of
the alternating current. However, the critical current is limited also in the
case of DC. It depends on the temperature and the magnetic field, and also
on the material and the geometry of the conductor. Even today, it is still a
special art to develop a conductor that hundreds of amperes can flow without
resistance.

Due to the discovery of the high-temperature superconductors, the phe-
nomenon of superconductivity is not restricted anymore to a temperature range
far away from that relevant for all organic life. One hopes that one day materials
are found showing this phenomenon at room temperature or even above it.

On the other hand, low temperatures become more and more accessible for
day-to-day utilization. Refrigerators and cold boxes are regular household items.
Just recently, large advances have been achieved in refrigeration techniques.
Modern cryo-coolers today reliably reach temperatures of 30K, or in some
cases even 4.2 K and lower [19].¢ Also cooling with liquid nitrogen is a standard
procedure in many branches of industry. Hence, superconductivity will enter our
daily lives more and more in the fields of energy technology or microelectronics,
for example.

By using liquid helium as a cooling liquid, for sometime one uses metallic
superconductors in medical applications, say, for the generation of high magnetic
fields in nuclear-spin tomographs or in magnetic-field sensoric. Also voltage
standards are based on superconducting devices. In the case of these applica-
tions, the compounds NbTi, Nb;Sn, and the elementary superconductor Nb are
particularly important. Also the high-temperature superconductors are more
and more utilized. In the field of energy technology, the first superconducting
cables are operating. Superconducting motors, say, for the driving of ships are
being fabricated. Superconducting filters made of YBa,Cu;O, are applied in
communication technology. Magnetic-field sensors made of this material are
utilized in the field for the detection of minerals or for nondestructive testing of
materials. High-temperature superconductors can levitate above magnets or can
hang even under the magnets. This provides the possibility of a contact-free and
nearly frictionless mounting and motion, which is attractive in the case of many
areas of technology.

This book is meant to provide an initial exposure to the phenomenon of super-
conductivity. Only selected aspects could be dealt with. Some subjects have had to
be summarized only briefly in order to keep the size of the book within reasonable
limits. However, it is hoped that the book transmits some of the fascination that
superconductivity has offered now for nearly a century.

6) In the laboratory, by means of various refrigeration methods, temperatures down to only a few mil-
likelvins can be sustained continuously. Based on nuclear spin demagnetization, final temperatures
in the microkelvins range and below are reached. For a summary, see the monographs [M32] and
[M33].
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1
Fundamental Properties of Superconductors

The vanishing of the electrical resistance, the observation of ideal diamagnetism,
or the appearance of quantized magnetic flux lines represent characteristic prop-
erties of superconductors that we will discuss in detail in this chapter. We will see
that all of these properties can be understood, if we associate the superconducting
state with a macroscopic coherent matter wave. In this chapter, we will also learn
about experiments convincingly demonstrating this wave property. First we turn
to the feature providing the name “superconductivity.”

1.1
The Vanishing of the Electrical Resistance

The initial observation of the superconductivity of mercury raised a fundamen-
tal question about the magnitude of the decrease in resistance on entering the
superconducting state. Is it correct to talk about the vanishing of the electrical
resistance?

During the first investigations of superconductivity, a standard method for mea-
suring electrical resistance was used. The electrical voltage across a sample car-
rying an electric current was measured. Here, one could only determine that the
resistance dropped by more than a factor of a thousand when the superconducting
state was entered. One could only talk about the vanishing of the resistance in that
the resistance fell below the sensitivity limit of the equipment and, hence, could no
longer be detected. Here, we must realize that in principle it is impossible to prove
experimentally that the resistance has exactly zero value. Instead, experimentally,
we can only find an upper limit of the resistance of a superconductor.

Of course, to understand such a phenomenon, it is highly important to test with
the most sensitive methods to see whether a finite residual resistance can also be
found in the superconducting state. So we are dealing with the problem of measur-
ing extremely small values of the resistance. Already in 1914 Kamerlingh-Onnes
used by far the best technique for this purpose. He detected the decay of an electric
current flowing in a closed superconducting ring. If an electrical resistance exists,
the stored energy of such a current is transformed gradually into joule heat. Hence,
we need to only monitor such a current. If it decays as a function of time, we can
be certain that a resistance still exists. If such a decay is observed, one can deduce

Superconductivity: An Introduction, Third Edition. Reinhold Kleiner and Werner Buckel.
© 2016 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2016 by Wiley-VCH Verlag GmbH & Co. KGaA.
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First cool down — than take magnet away

T>T, T<T,

Normal conducting ring Superconducting ring
with persistent current /g

Figure 1.1 The generation of a permanent current in a superconducting ring.

an upper limit of the resistance from the temporal change and from the geometry
of the superconducting circuit.

This method is more sensitive by many orders of magnitude than the usual
current—voltage measurement. It is shown schematically in Figure 1.1. A ring
made from a superconducting material, say, from lead, is held in the normal state
above the transition temperature 7. A magnetic rod serves for applying a mag-
netic field penetrating the ring opening. Now we cool the ring below the transition
temperature 7', at which it becomes superconducting. The magnetic field” pene-
trating the opening practically remains unchanged. Subsequently we remove the
magnet. This induces an electric current in the superconducting ring, since each
change of the magnetic flux ®@ through the ring causes an electrical voltage along
the ring. This induced voltage then generates the current.

If the resistance had exactly zero value, this current would flow without any
change as a “permanent current” as long as the lead ring remained superconduct-
ing. However, if there exists a finite resistance R, the current would decrease with
time, following an exponential decay law. We have

I(t) = [e”®/L! (1.1)

Here, I, denotes the current at some time that we take as time zero; I(t) is the cur-
rent at time £; R is the resistance; and L is the self-induction coefficient, depending
only upon the geometry of the ring.”

1) Throughout we will use the quantity B to describe the magnetic field and, for simplicity, refer to
it as “magnetic field” instead of “magnetic flux density.” Since the magnetic fields of interest (also
those within the superconductor) are generated by macroscopic currents only, we do not have to
distinguish between the magnetic field H and the magnetic flux density B, except for a few cases.

2) The self-induction coefficient L can be temporal change of this energy is exactly
defined as the proportionality factor between equal to the joule heating power RI?
the induction voltage along a conductor and dissipated within the resistance. Hence, we
the temporal change of the current passing have —(d/d#)((1/2)LI?) = RI*. One obtains
through the conductor: U , = —L(dI/d?). the differential equation —(dI/d¢) = (R/L)I,
The energy stored within a ring carrying a the solution of which is Eq. (1.1).

permanent current is given by (1/2)LI%. The



1.1 The Vanishing of the Electrical Resistance

For an estimate, we assume that we are dealing with a ring of 5cm diameter
made from a wire with a thickness of 1 mm. The self-induction coefficient L of such
a ring is about 1.3 x 1077 H. If the permanent current in such a ring decreases by
less than 1% within an hour, we can conclude that the resistance must be smaller
than 4 x 10713 Q.» This means that in the superconducting state the resistance has
changed by more than 8 orders of magnitude.

During such experiments the magnitude of the permanent current must be
monitored. Initially [1] this was simply accomplished by means of a magnetic
needle, its deflection in the magnetic field of the permanent current being
observed. A more sensitive setup was used by Kamerlingh-Onnes and somewhat
later by Tuyn [2]. It is shown schematically in Figure 1.2. In both superconducting
rings 1 and 2, a permanent current is generated by an induction process. Because
of this current both rings are kept in a parallel position. If one of the rings (here
the inner one) is suspended from a torsion thread and is slightly turned away
from the parallel position, the torsion thread experiences a force originating
from the permanent current. As a result, an equilibrium position is established
in which the angular moments of the permanent current and of the torsion
thread balance each other. This equilibrium position can be observed very
sensitively using a light beam. Any decay of the permanent current within the
rings would be indicated by the light beam as a change in its equilibrium position.
During all such experiments, no change of the permanent current has ever been
observed.

A nice demonstration of superconducting permanent currents is shown in
Figure 1.3. A small permanent magnet that is lowered toward a superconducting
lead bowl generates induction currents according to Lenz’s rule, leading to
a repulsive force acting on the magnet. The induction currents support the
magnet at an equilibrium height. This arrangement is referred to as a levitated
magnet. The magnet is supported as long as the permanent currents are flowing
within the lead bowl, that is, as long as the lead remains superconducting.
For high-temperature superconductors such as YBa,Cu;O,, the levitation can
easily be performed using liquid nitrogen in regular air. Furthermore, it can also
serve for levitating freely real heavyweights such as the Sumo wrestler shown in
Figure 1.4.

The most sensitive arrangements for determining an upper limit of the resis-
tance in the superconducting state are based on geometries having an extremely
small self-induction coefficient L, in addition to an increase in the observation
time. In this way, the upper limit can be lowered further. A further increase in the
sensitivity is accomplished by the modern superconducting magnetic field sensors
(see Section 7.6.4). Today, we know that the jump in resistance during entry into
the superconducting state amounts to at least 14 orders of magnitude [3]. Hence,
in the superconducting state, a metal can have a specific electrical resistance that

3) For a circular ring of radius » made from a wire of thickness 24 also with circular cross-section
(r>d), we have L=y r [In(8r/d) — 1.75] with p; =47 x 1077 Vs/A m. It follows that
-In0.99x1.3x1077 Vs

R 222222 1% ~36x10710 Q
3.6x 103 Am
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Figure 1.2 Arrangement for the observation of a permanent current. (a) side view, (b) top
view. (After [2].) Ring 1 is attached to the cryostat.

(a) (b)

Figure 1.3 The “levitated magnet” for demonstrating the permanent currents that are gen-
erated in superconducting lead by induction during the lowering of the magnet. (a) Starting
position. (b) Equilibrium position.
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Figure 1.4 Application of free levitation The superconductor is YBa,Cu30,. (Photo-
by means of the permanent currents in a graph kindly supplied by the International

superconductor. The Sumo wrestler (includ-  Superconductivity Research Center (ISTEC)

ing the plate at the bottom) weighs 202kg.  and Nihon-SUMO Kyokai, Japan, 1997.)

is at most about 17 orders of magnitude smaller than the specific resistance of
copper, one of our best metallic conductors, at 300 K. Since hardly anyone has a
clear idea about “17 orders of magnitude,” we also present another comparison:
the difference in resistance of a metal between the superconducting and normal
states is at least as large as that between copper and a standard electrical insulator.

Following this discussion, it appears justified at first to assume that in the
superconducting state the electrical resistance actually vanishes. However, we
must point out that this statement is valid only under specific conditions. So
the resistance can become finite even in the case of small transport currents, if
magnetic flux lines exist within the superconductor. Furthermore, alternating
currents experience a resistance that is different from zero. We return to this
subject in more detail in subsequent chapters.

This totally unexpected behavior of the electric current, flowing without resis-
tance through a metal and at the time contradicting all well-supported concepts,
becomes even more surprising if we look more closely at charge transport through
ametal. In this way, we can also appreciate more strongly the problem confronting
us in terms of an understanding of superconductivity.
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We know that electric charge transport in metals takes place through the elec-
trons. The concept that, in a metal, a definite number of electrons per atom (for
instance, in the alkalis, one electron, the valence electron) exist freely, rather like
a gas, was developed at an early time (by Paul Drude in 1900, and Hendrik Anton
Lorentz in 1905). These “free” electrons also mediate the binding of the atoms
in metallic crystals. In an applied electric field the free electrons are accelerated.
After a specific time, the mean collision time 7, they collide with atoms and
lose the energy they have taken up from the electric field. Subsequently, they
are accelerated again. The existence of the free charge carriers, interacting with
the lattice of the metallic crystal, results in the high electrical conductivity of
metals.

Also the increase in the resistance (decrease in the conductivity) with increas-
ing temperature can be understood immediately. With increasing temperature,
the uncorrelated thermal motion of the atoms in a metal (each atom is vibrat-
ing with a characteristic amplitude about its equilibrium position) becomes more
pronounced. Hence, the probability for collisions between the electrons and the
atoms increases, that is, the time 7 between two collisions becomes smaller. Since
the conductivity is directly proportional to this time, in which the electrons are
freely accelerated because of the electric field, it decreases with increasing tem-
perature and the resistance increases.

This “free-electron model,” according to which electron energy can be deliv-
ered to the crystal lattice only due to the collisions with the atomic ions, provides
a plausible understanding of electrical resistance. However, within this model, it
appears totally inconceivable that, within a very small temperature interval at a
finite temperature, these collisions with the atomic ions should abruptly become
forbidden. Which mechanism(s) could have the effect that, in the superconduct-
ing state, energy exchange between electrons and lattice is not allowed any more?
This appears to be an extremely difficult question.

Based on the classical theory of matter, another difficulty appeared with the
concept of the free-electron gas in a metal. According to the general rules of
classical statistical thermodynamics, each degree of freedom® of a system on
average should contribute k;7/2 to the internal energy of the system. Here,
kp=1.38x10"2 W s/K is Boltzmann’s constant. This also means that the free
electrons are expected to contribute the amount of energy 3k;7/2 per free elec-
tron, characteristic for a monatomic gas. However, specific heat measurements
of metals have shown that the contribution of the electrons to the total energy of
metals is about a thousand times smaller than expected from the classical laws.

Here, one can see clearly that the classical treatment of the electrons in met-
als in terms of a gas of free electrons does not yield a satisfactory understand-
ing. On the other hand, the discovery of energy quantization by Max Planck in
1900 started a totally new understanding of physical processes, particularly on the

4) Each coordinate of a system that appears quadratically in the total energy represents a thermo-
dynamic degree of freedom, for example, the velocity v for E,; = (1/ 2)mv?, or the displacement x
from the equilibrium position for a linear law for the force, E = (1/2)Dx?, where D is the force
constant.
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atomic scale. The following decades then demonstrated the overall importance of
quantum theory and of the new concepts resulting from the discovery made by
Max Planck. Also the discrepancy between the observed contribution of the free
electrons to the internal energy of a metal and the amount expected from the clas-
sical theory was resolved by Arnold Sommerfeld in 1928 by means of the quantum
theory.

The quantum theory is based on the fundamental idea that each physical system
is described in terms of discrete states. A change of physical quantities such as the
energy can only take place by a transition of the system from one state to another.
This restriction to discrete states becomes particularly clear for atomic objects. In
1913, Niels Bohr proposed the first stable model of an atom, which could explain
a large number of facts hitherto not understood. Bohr postulated the existence of
discrete stable states of atoms. If an atom in some way interacts with its environ-
ment, say, by the gain or loss of energy (e.g., due to the absorption or emission of
light), then this is possible only within discrete steps in which the atom changes
from one discrete state to another. If the amount of energy (or that of another
quantity to be exchanged) required for such a transition is not available, the state
remains stable.

In the final analysis, this relative stability of quantum mechanical states also
yields the key to the understanding of superconductivity. As we have seen, we need
some mechanism(s) forbidding the interaction between the electrons carrying the
current in a superconductor and the crystal lattice. If one assumes that the “su-
perconducting” electrons occupy a quantum state, some stability of this state can
be understood. Already in about 1930, the concept became accepted that super-
conductivity represents a typical quantum phenomenon. However, there was still
a long way to go for a complete understanding. One difficulty originated from
the fact that quantum phenomena were expected for atomic systems, but not for
macroscopic objects. In order to characterize this peculiarity of superconductiv-
ity, one often referred to it as a macroscopic quantum phenomenon. Below we will
understand this notation even better.

In modern physics another aspect has also been developed, which must be men-
tioned at this stage, since it is needed for a satisfactory understanding of some
superconducting phenomena. We have learned that the particle picture and the
wave picture represent complementary descriptions of one and the same physical
object. Here, one can use the simple rule that propagation processes are suitably
described in terms of the wave picture and exchange processes during the inter-
action with other systems in terms of the particle picture.

We illustrate this important point with two examples. Light appears to us as
a wave because of many diffraction and interference effects. On the other hand,
during the interaction with matter, say, in the photoelectric effect (knocking an
electron out of a crystal surface), we clearly notice the particle aspect. One finds
that independently of the light intensity the energy transferred to the electron only
depends upon the light frequency. However, the latter is expected if light repre-
sents a current of particles where all particles have an energy depending on the
frequency.

17
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For electrons, we are more used to the particle picture. Electrons can be
deflected by means of electric and magnetic fields, and they can be thermally
evaporated from metals (glowing cathode). All these are processes where the
electrons are described in terms of particles. However, Louis de Broglie proposed
the hypothesis that each moving particle also represents a wave, where the
wavelength A is equal to Planck’s constant / divided by the magnitude p of the
particle momentum, that is, A="/h/p. The square of the wave amplitude at the
location (, y, z) then is a measure of the probability of finding the particle at this
location.

We see that the particle is spatially “smeared” over some distance. If we want to
favor a specific location of the particle within the wave picture, we must construct
a wave with a pronounced maximum amplitude at this location. Such a wave is
referred to as a wave packet. The velocity with which the wave packet spatially
propagates is equal to the particle velocity.

Subsequently, this hypothesis was brilliantly confirmed. With electrons we can
observe diffraction and interference effects. Similar effects also exist for other par-
ticles, say, for neutrons. The diffraction of electrons and neutrons has developed
into important techniques for structural analysis. In an electron microscope, we
generate images by means of electron beams and achieve a spatial resolution much
higher than that for visible light because of the much smaller wavelength of the
electrons.

For the matter wave associated with the moving particle, there exists, like
for each wave process, a characteristic differential equation, the fundamental
Schrodinger equation. This deeper insight into the physics of electrons must also
be applied to the description of the electrons in a metal. The electrons within
a metal also represent waves. Using a few simplifying assumptions, from the
Schrodinger equation we can calculate the discrete quantum states of these elec-
tron waves in terms of a relation between the allowed energies E and the so-called
wave vector k. The magnitude of k is given by 2xn/4, and the spatial direction of
k is the propagation direction of the wave. For a completely free electron, this
relation is very simple. We have in this case

h2k2

E= T (1.2)

where m is the electron mass and 7 = /1 /2%

However, within a metal the electrons are not completely free. First, they are
confined to the volume of the piece of metal, like in a box. Therefore, the allowed
values of k are discrete, simply because the allowed electron waves must satisfy
specific boundary conditions at the walls of the box. For example, the amplitude
of the electron wave may have to vanish at the boundary.

Second, within the metal the electrons experience the electrostatic forces orig-
inating from the positively charged atomic ions, in general arranged periodically.
This means that the electrons exist within a periodic potential. Near the positively
charged atomic ions, the potential energy of the electrons is lower than between
these ions. As a result of this periodic potential, in the relation between E and k,



