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Preface

This book is intended for technicians, engineers, designers,
students, and teachers working in the fields of engineering
and vocational education. Our main objective is to provide
an assessment of indicators of quality and reliability to aid
in decision making. To this end, we recommend an /intuitive
and practical approach, based on mathematical rigor.

The first part of this series (Volume 1) shows the
fundamental basis of data analysis in both quality control
and in studying the mechanical reliability of materials and
structures. Results from laboratory and workshop are
discussed in accordance with the technological procedures
inherent to the subject matter. We also discuss and interpret
the standardization of manufacturing processes as a causal
link with geometric and dimensional specifications (GPS, or
Geometrical Product Specification). This is moreover the
educational novelty of this work, which is compared here
with consulted praiseworthy publications.

We discuss many laboratory examples, thereby covering a
new industrial organization of work. We also use mechanical
components from our own real mechanisms, which we built
and designed at our production labs. Finite element
modification is thus relevant to real machined pieces,
controlled and soldered in a dimensional metrology
laboratory.

We also discuss mechanical component reliability. Since
statistics are common to both this field and quality control,
we will simply mention reliability indices in the context of
using the structure for which we are performing the
calculations.

Scientists from specialized schools and corporations often
take interest in the quality of measurement, and thus in the



measurement of uncertainties. The so-called cutting-edge
endeavors, such as the aeronautics, automotive and nuclear
industries, to only mention a few, put an increasing
emphasis on the just measurement. This text's educational
content is noteworthy due to the following:
1) the rigor of the probabilistic methods which support
statistical-mathematical treatments of experimental or
simulated data;

2) the presentation of varied lab models which come at
the end of each chapters: this should help the student to
better understand how to:
- define and justify a quality and reliability control
target;
- identify the appropriate tools to quantify reliability
with respect to capabilities;
- interpret quality (capability) and reliability (reliability
indices) indicators;
- choose the adequation test for the distribution
(whether justified or used a priori);

- identify how trials can be accelerated and their

limits;

- analyze the quality and reliability of materials and
structures;

- size and tolerance (GPS) design structures and
materials.

What about uncertainty calculations in applied
reliability?

The fracture behavior of structures is often characterized (in
linear mechanics) by a local variation of the material’s
elastic properties. This inevitably leads to sizing calculations
which seek to secure the structures derived from the
materials. Much work has been, and still is, conducted in a
wide range of disciplines from civil engineering to the



different variants of mechanics. Here, we do not consider
continuum mechanics, but rather probabilistic laws for
cracking. Some laws have been systematically repeated to
better approach reliability.

Less severe adequation tests would confirm the fissure
propagation hypothesis. In fields where safety is a priority,
such as medicine (surgery and biomechanics), aviation, and
nuclear power plants, to mention but three, theorizing
unverifiable concepts would be unacceptable. The relevant
reliability calculations must therefore be as rigorous as
possible.

Defining safety coefficients would be an important (or
even major) element of structure sizing. This definition is
costly and does not really offer any real guarantee on safety
previsions (unlike security previsions). Today, the
interpretation and philosophy of these coefficients is
reinforced by increasingly accurate probabilistic
calculations. Well-developed computer tools largely
contribute to the time and effort of calculation. Thus, we will
use software commonly found in various schools (Auto Desk
Inventor Pro and ANSYS in modelization and design;
MathCAD, GUM, and COSMOS in quality control, metrology,
and uncertainty calculations).

Much work has been done to rationalize the concept of
applied reliability; however, no “united method” between
the mechanical and statistical interpretations of rupture has
been defined as yet. Some of the many factors for this non-
consensus are unpredictable events which randomly create
the fault, its propagation, and the ensuing damage. Many
researchers have worked on various random probabilistic
and deterministic methods. This resulted in many simulation
methods, the most common being the Monte Carlo
simulation.

In this book, we present some documented applied cases
to help teachers succinctly present probabilistic problems



(reliability and/or degradation). The intuitive approach takes
on an important part in our problem-solving methods, and it
is moreover one of the important considerations to present
as one contribution through this volume. Many
commendable works and books have talked about reliability,
quality control, and uncertainty perfectly well, but as
separate entities. However, our task here is to verify
measurements and ensure that the measurand is well-
taught. As Lord Kelvin said, “if you cannot measure it, you
cannot improve it”. Indeed, measuring identified quantities
is an unavoidable part of laboratory life. Theoretical
confirmation of physical phenomena must go through
measurement reliability and its effects on the function are
attributed to the material and/or structure, among other
things.

Mechanical models (rupture criteria) of continuum
mechanics discussed in Chapter 1, Volume 2 make up a
reference pool of work used here and there in our case
studies, such as the Paris-Erdogan law, the Manson-Coffin
law, S-N curves (Wohler curves), Weibull law (solid
mechanics), etc. We could probably (and justly) wonder in
what way this chapter is appropriate in works dedicated to
reliability. The reason is that these criteria are deliberately
targeted. We used them here to avoid the reader having to
“digress” into specialized books.

Establishing confidence in our results is critical. Measuring
a characteristic does not simply mean finding the value of
the characteristic. We must also give it an uncertainty so as
to show the measurement’'s quality. In this book, we will
show educational laboratory examples of uncertainty (GUM:
Guide to the Expression of Uncertainty in Measurement).

Why then publish another book dedicated to
quality control, uncertainties, and reliability?



Firstly, why publish a book which covers two seemingly
distinct topics (quality control and reliability including
uncertainties)? Because both these fields rely on
probabilities, statistics, and a similar method in describing
their hypothesis. In quality control, the process is often
already known or appears to be under control beforehand,
hence the intervention of capability indices (MSP or SPC).
Furthermore, the goal is sometimes the competitiveness
between manufactured products. Security is shown in
secondary terms. Indeed, it is in terms of maintainability
and durability that quality control joins reliability as a means
to guarantee the functions attributed to a mechanism,
component, or even the entire system.

When considering the mechanical reliability of materials
and structures, the reliability index is inherently a safety
indicator. It is often very costly in terms of computation time
and very serious in matters of consequence. The common
aspect between both fields is still the probabilistic approach.
Probabilities and statistical-mathematical tools are
necessary to supply theoretical justifications for the
computational methods. Again, this book intends to be
pragmatic and leaves reasonable room for the intuitive
approach of the hypotheses stated throughout.

Finally, we give a brief glossary to standardize the
understanding of terms used in dimensional analysis (VIM:
Vocabulaire International de Métrologie) and in structural
mechanical reliability. This is the best way of having a good
agreement on the international terminology of words used
to indicate a mesurand, reliability index or even a succinct
definition of the capability indicators largely used in quality
control.

A. GROUS November 2012



Chapter 1l

Elements of Analysis of
Reliability and Quality
Control

1.1. Introduction

The past few decades have been marked by a particularly
intense evolution of the models of probability theory and of
the theory of applied statistics. In terms of the reliability of
materials and structures, the fields of application studying
the future or replacement of traditional coefficients of
security are complicating the empirical and economic sides
of the laws of calculation. Regarding the approach to fatigue
by fracture mechanics, practice in the laboratory and in
construction produces a broad range of problems for which
the use of probabilistic and statistical methods proves to be
fruitful and sometimes even indispensable. The
development of probability theory and of applied statistics,
the abundance of new results, and unforeseen catastrophes
cause us to pay particular attention to security matters, but
with an acute technical and economical sense of concern.
From this, comes the abounding introduction of reliability
analysis methods.

Numerous studies of research have turned toward
probability mechanics, which aim to predict the behavior of
components and to establish a decision-making support
system (expert systems). This text commits itself to using
the criteria of fracture mechanics to predict, decipher,



analyze, and model the reliability of mechanical
components. The reliability of structural components uses
an ensemble of mathematical and numerical links, which
serve to estimate the probability that a component
(structure) will reach a certain state of conventional failure.
This is achieved using the probabilistic property of resistant
elements of a structure as well as the load that is applied to
it.

Contrary to a prescriptive classical approach, risk is
estimated while maintaining that however conservative a
regulation may be, it cannot be guaranteed to ensure
complete safety. On the other hand, it is necessary for the
user of reliability techniques to define what they consider
the failure of a structure or of a component to entail. If in
certain cases that could effectively correspond to the
formation of a mechanism of failure, we will define many
components and structures as failure criterion, a certain
degree of which we will call damage.

The important parameters, which include resistance (R) of
structure or stresses (S) applied to it, cannot be defined
uniquely in terms of nominal or weighted values, but in
terms of random variables characterized by their means,
their covariance-variances, and their laws of distribution.
The estimation of the reliability of a real structure
(components) can generally only be approached using an
intermediary of a model that is more or less simplified. The
analysis of the model will be carried out with the help of
mathematical algorithms, which are often given as
approximation techniques where rigorous calculation leads
to detrimental calculation times.

To evaluate the weak probabilities of component failure, it
is normal to begin with the arbitrary integration of
probability densities in the domain of failure, i.e. using
simulation techniques. The advantage of this way of going
about things resides in the necessity of knowing a form



explicit to the domain of failure. The disadvantage is the
weakness of the speed of convergence. Added to this is the
high cost in calculation time. Numerous distribution laws
have been used to model the reliability of components and
structures. These distributions have not appeared with
reliability but with fundamental research relative to diverse
fields of application. We will present a few of these. The
principal laws of distribution to model the reliability of the
components are:

Table 1.1. Main distributions of probability used in reliability
and in quality control

Title Ordinary by distribution of

Discrete Bernoulli, discrete uniform, binomial, hypergeometric (Pascal
distributions distribution)

with finite

support

Discrete Geometric, Poisson negative binomial, logarithmic

distributions
with countable
support

Continuous Continuous uniform, triangular, beta
distributions
with compact
support

Continuous Exponential, gamma (or Erlang), inverse gamma, Chi square

distributions | (pearson, x2), Weibull (2 and 3 parameters), Rayleigh, log-
with semi- normal (Galton), Fisher, Gibbs, Maxwell-Boltzmann, Fermi-
infinite support |pirac, Bose-Einstein, negative binomial, etc.

Continuous Normal (Gauss-Laplace), asymmetric normal, Student,
distributions uniform, stable, Gumbel student (maxi-mini), Cauchy

with infinite (Lorentz), Tukey-lambda, Birnbaum-Saunders (fatigue), double
support Density |exponential (Laplace), logistics

laws

We present below some educational pathways to choose
the distributional law correctly and to better model the
lifespan of a component or of a structure. Correctly choosing
a probabilistic model or experimental data would be in
greater harmony with the theoretical justification imposed



by distribution law, but is not always a straightforward thing
to do. We have, as a test, the exaggeration surrounding
Gauss distribution, which is used in almost all theories.
Distribution models of lifespan are chosen according to:
- a physical/statistical argument which corresponds
theoretically to a mechanism of failure inherent to a
model of life distribution;

- a particular model previously used with success for the
same thing or a mechanism with a similar fault;

- a model which ensures a decent theory/practice
applicable to the data relating to the failure.

Regardless of the method chosen for a significant
probabilistic model, it is important to justify the choice fully.
For example, it would be inappropriate to approach a model
of which the rate of ruin (failure) was constant with an
exponential distribution, as this final law is better suited to
the sorts of faults that occur when damage is accidental.
Galton’s (log-normal) and Weibull’'s models are flexible and
fit in well with the fault trends even in cases of weak
experimental data. This applies especially when they are

projected via the models of accelerationl when they are
used in very different conditions from test data. These two
models are very useful in reducing the failure rates at
different magnitudes.

1.1.1. The importance of true
physical acceleration life
models (accelerated tests =
true acceleration or
acceleration)



Physical acceleration indicates that the functioning of a
component produces the same faults, but at a faster rate.
Faults can be due to fatigue, corrosion, diffusion, migration,
etc. A factor of acceleration is the constant product between
two levels of constraints. True acceleration occurs when the
variation of the constraint is equivalent to the
transformation of the timescale in the case of failure. The
transformations used are often linear, which implies that
“the time of failure” at the high level of constraints will be
multiplied by a constant, i.e. by the factor of acceleration, in
view of obtaining the time equivalent of failure under the
constraint used. We will use the following notations:

Zg = time-to-fail at stress

Ty = time-to-fail at use

Fs(T) = cumulative distribution function (CDF) at stress
Fu(t) = CDF at use

fs(t) = PDF = (probability density function) at stress
fu(t) = PDF at use

Zg( 1) = failure rate at stress

Z, (1) = failure rate at use

1.1.2. Expression for linear
acceleration relationships

Acceleration factor, F5, affects constraints according to the
following proportions:
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Each failure mode possesses its own true acceleration. The
failure data must be equally separated by a failure mode
according to the pertinence of their inherent true
acceleration. If there is acceleration, the data from different
units of constraint have the same mode in sampling
probability data. True acceleration demands the constraint
of the physical process causing the change or the
degradation that leads to failure. As a rule, different modes
of failure will be affected differently by constraints and will
have different acceleration factors. It is improbable that a
simple factor of acceleration would apply to more than one
mechanism of failure. Generally, different modes of failure
will be affected by constraints in different ways. They will
have different factors of acceleration.

A consequence of the linear acceleration relations shown
above is that the form parameter for the key models of life
distribution (Weibull and log-normal) does not change for
the units functioning under different constraints. The
compilations on the probability paper of data of units of
different constraints align themselves (form a line) roughly
in parallel. Some parametric models have successfully been
used as population models for time-to-fail resulting in a vast
range of failure mechanisms. Sometimes, there are



probabilistic contradictions based on the physics of failure
modes, which tend to justify the choice of model.

1.2. Fundamental
expression of the
calculation of reliability

Introducing reliability as an essential tool in the quality of a
component begins at the stage of its very design. It is
undeniable that reliability imposes itself as a discipline that
rigorously analyzes faults, as it is based on experimental
data. As reliability is directly linked to quality, the
distributional laws used are often the same or related to
each other. We know instinctively that components are
numerous and complex in a mechanism (structures). As a
result, calculations of reliability become less easily
recognizable, as restrictive hypotheses mask them.

The fact that a component is of good quality does not
indicate that it is reliable. There is no correlation between
the two, just as reliability is not a synonym of quality. When
it comes to reliability, we make use essentially of the failure
rate, of the probability of failure, of security margins, or of
reliability indicators. When testing quality, we essentially
use machine capabilities [Cm, Cmk] or process capabilities
[Cp, Cpk]. In the following section, we will present the
common criteria for reliability, where F(7) indicates the
function of the probability of failure (or of breakdown) of a
component or of a structure assembled in parallel or in
series. It represents the probability of having at least one
fault before time (7).

F(r)= :f{u'}.:?’u
[1.2] I” '



where R(71) indicates reliability [0 = R(T) = 1] associated
with F(T1). R(7) is also known as the survival function and
represents the function probability (service) without fault
during period [0, T]. Reliability is defined as the complement
of the CDF. Hence, the second term of the following
equation:

[1.3] R(r) =1—F{r}=l—JDrf[ﬂ}a’u

The failure rate Z(7) is in fact the relationship between the
density of probability of failure in comparison with reliability:
AT)/R(T). It is the expression of the probability that a faulty
component will fail during (A1) under the condition that it
does not present a fault before t. To put it another way, it is
the frequency of appearance of failure of a component. The
expression of the failure rate is:

@) (1) (er(e))
Zlr)=--7— = | —— = — | =
R(r) l R{r}; | 8T
 aml[R(7) ( 1 (ar(r)’
hence Z( 1) =— [3 ( ] = I_Rl . }{| &[T]
[1.4] : \ &(r)) { & |

]nR[:r:] = —:[-E[:u}a‘u . 50 [1.3] will take the form: R (7 )= Exp| —}-Z[u}rﬂ{ |
[#] 4]

Average lifetime 6 (average time until failure, mean time
between failures [MTBF]) is:
6=|rxf(r)dr=|R(r)dr
sy 10
The essential property of useful life A according to an
exponential distribution is:

" - e

éR (1)

x‘ ie. R(r)= E;xp_‘?'”‘_

[1.6] _,\ 3{ij | or
MTBF 6 is expressed as:




8 = T?xf{r]dr =TR{ r)dr =.TExp_”"“dr=%
0 0 i

[1.7]

Probability density function [ T) represents the probability
of failure (fault) of a component at time 7. It is, in fact, the
derivative of the CDF F(71).

F g g
[18] flr)=AxExp

The distribution function (probability of failure, fault) F(T7)
is written as:

[1 9] T} 1- .Exp
Reliability (probability of survival) R(T) is written as:

[110] R( r}=£1p_’13‘~'
The failure rate (fau/t) is represented oo

; R(r
Z(1)=A=Constant = ‘ ‘ )

[1.11]

Mean Variance Standard deviation

u=8=1/A=MTBFV=02=62=1/A|c=6=1/A

As an example, exponential distribution allows the
calculation of lifespan without fault. What is generally
referred to as probability survival is the first term of the
Poisson distribution with (k = 0).

Estimate: if 7r is the duration for which an assembly of

components will work and k is the number of faults
observed, we will propose the following estimator g:
o-(2)ori-(3)z)
[1.12]
Example of direct application: if k = 0, we will consider
an estimator of g the value corresponding to a probability of
0.5, finally obtaining:
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Interval of confidence if the trial is censored at the
threshold {1 - (a1 + a2)} :
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Where ., Is the )(2 test at v = 2 dof (Degree of freedom)

Interval of confidence if the trial is truncated at the
threshold {1 - (a1 + a2)}:

] Ixty i 2xtg

173 <— . where Xl:}-!i"a’-."l is the X: test at v =2 dof
l A (241, A(2v)1-a W

Numerical application: At 90% confidence level, hence
ay = 0.05 and 1-aj = 0.95, in the censored trial, we will

obtain:

i

2x 2700 2x2700 2% 2700

. <8<

12.6 B

o EVEg
_2%2700 _, 1r8 . 6<3203
1.64

3 3
| 4(6; 0.05) Xi6; 095)

. &

Using the statistical tables of Karl Pearson’s distribution )(2
(see Appendices, Volume 2 and 3), for the censored trial, we
will obtain the following:

) -
Z{a095) = 0.711=> 365 < 6 < 6470

The most frequently used distribution laws in our case
studies are:

- Continuous uniform distribution, U (T, a, B)

- Discrete uniform distribution U (k, a, B, n)

- Triangular distribution



- Beta distribution B (T, p, q)

- Normal distribution (Laplace-Gauss)

- Log-normal distribution (Galton)

- Gumbel distribution (Emil Julius)

- Random variable according to one of the Gumbel’s
distributions (Eq1 Maximum and/or E1 Minimum)

- Weibull distribution (with two parameters also known
as E> Min)

- Weibull distribution (with three parameters also known
as E3 Min)

- Birnbaum-Saunders distribution (fracture by fatigue)

- Rayleigh distribution (Lord Rayleigh)

- Rice distribution (signal treatment)

- Cauchy distribution (Lorentz)

- Tukey-lambda distribution

- Binomial distribution (Bernoulli’'s schema)

- Polynomial distribution

- Geometrical distribution

- Hypergeometric distribution (Pascal’s)

- Exponential distribution

- Double exponential distribution (Laplace)

- Logistic distribution

- Log-logistic distribution

- Poisson distribution

- Gamma distribution (Erlang)

- Inverse gamma distribution

- Frechet distribution

1.3. Continuous uniform
distribution



Continuous uniform distribution is a form of distribution that
has continuous density where all intervals with the same
length possess the same probability. In terms of its form, it
is in fact a generalization of the rectangle function and is
often marked as U (a, ). The function of uniform
distribution is defined as (a, B) € [-», +»>] hence the
writing of the support a = T = B when the function is written
as f(1) = [1/(B - a)]. The following are the main functions of
reliability and of quality control that characterize it:

4 i ; .
: A~ |e+B] _ | cx+,€1 _ 2
Median (center) = [\TJ_ Mean = pg _L—E | . Mode = {a.b}
[ﬁ‘ ]2 P
—a (6
Variance = G; = 5 ~— . Skewness = 0 Kurtosis = —| T|
[1.13] \3)

1.3.1. Distribution function of
probabilities (density of
probability)

" 1 if asxsp

A—a

ff[r}="
[114] |0 if t<a, orts=f

Graph and calculation of (T, a, B)

Figure 1.1. Graph showing the function of the distribution
of the continuous U distribution
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1.3.2. Distribution function

e

(53] reers

Fr(r)=

{l} if x<a
[1.15] FE S A
Graph and calculation showing the distribution function
F(T, a, B):

r=7,71..,10 for c =6 and =10 f{r}=Lﬁ E ]jameﬁ?ﬂﬁf{f}=[ ;—a ]
. —ﬂ’-(_, —a

Inverse distribution function of cumulative probabilities is
given in Figure 1.3:

Figure 1.4. shows random numbers between 0 and T [rnd
(t)] which follow a continuous U distribution.

Figure 1.2. Graph showing the distribution function of the
continuous U distribution
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Figure 1.3. Graph showing the inverse distribution function
of continuous U distribution
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Figure 1.4. Graph of [rnd (T)] between 0 and T [rnd (T)]

following a continuous U distribution
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Random numbers (m) which follow a continuous uniform
distribution:

For m=T— runif (m,c, §) = {7.470; 6.875; 6.962; 9.609; 9.611: 6.321; 6.687}

1.4. Discrete uniform
distribution (discrete U)

This is also a probabilistic distribution, which indicates the
identical realization of probability in this way
(equiprobability) to each value of a finite set of possible
values. This presents itself according to this schema: A
random variable (RV) which can have (n) possible
equiprobable values k31, k2, Kk3,..., kn (i.e. equal

probabilities) follows a uniform distribution. We can see that



at any value kjis equal to (1/n). It is a classic example of the

“throw of the dice” when the score is 1/6. There are cases
when the values of this RV which follows discrete U
distribution are real. We qualify this in deterministic terms
by the application of the distribution function, formalized
below:

Support: ke la, a+ 1, ..., B-1, B]

CE B p S
Mean = p =[ axp | Median =[ a+—|
i 2 /_: '.\ 2 J
§ 6 2 1 ™
Skewness = 0 ; Kurtosis = _‘ (”2 +1)
S5(n° -1)

[1.16] * T

1. %,
F(k;a.B.n) = ZH[I{—R})
[1.17] i=1

From the expression > H(k-k), we get H(t - 7)) the
=1
distribution function in steps (of Heaviside step). It is, in

fact, a determinist distribution centered in 7g, which is

known in (mechanical) physics. It represents the Dirac mass
in T9. The distribution function AT a B) (density of

probability) of a discrete U distribution on the interval [a, ]
is written as:

0 Otherwise |

[1.18]

The distribution function F(t, a, B) discrete U distribution
on the interval [a, B] (cumulative probabilities) is then
written as:



1 forrz g

[1.19]
Parameters of the behavior of discrete U distribution:

fae{ -2, -1,0,1,2 3 };pe{ -2 -1,0,1,2 3 }:in={a-pg+1}}

Density of probability of the discrete U function:
i
k., B.n)= ”E
[1 2 O] { 0 otherwise
Distribution function of the discrete U function:
[ 0 fork<ea '

] fora<k=p

| Fp.: E 1
Ffﬁ:,a’,ﬁ,n}=<i | £ a+1] forazk<pg ;

"

[1.21] |1 fork>p |

1.5. Triangular distribution

Triangular law can be either maximally or minimally
connected to its mode. It has two versions: a discrete
distribution and a continuous distribution.

1.5.1. Discrete triangular
distribution version

The discrete triangular distribution with integer positive
parameters «a is defined for any integers T between -a and
+a by:

_a+l-|r
(a+1)?

()

P
[1.22]



1.5.2. Continuous triangular law
version

Continuous triangular distribution on the support [, 8] and
of mode y is defined by the following density on [a, B]. In
many fields, triangular distribution is considered as a
simplified version of beta distribution.

1.5.3. Links with uniform

distribution

let X1 and X be two variables independently and

identically distributed according to a uniform law, so that
the distribution of the average Y = {(X7 + X2)/2} is a

triangular law of parameters a = 0, 8 =1, and y = */,. The
distribution of the absolute standard deviation Z = | X7 +

X2| is also distributed according to a triangular distribution
of parameters a = 0, =1, and y= 0.



