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Introduction

0.1 The finite element method

0.1.1 GENERAL REMARKS

Modern technological advances challenge engineers to carry out increasingly
complex and costly projects, which are subject to severe reliability and safety
constraints. These projects cover domains such as space travel, aeronautics and
nuclear applications, where reliability and safety are of crucial importance. Other
projects are connected with the protection of the environment, for example
control of thermal, acoustic or chemical pollution, water course management,
management of groundwater and weather forecasting. For a proper
understanding, analysts need mathematical models that allow them to simulate
the behavior of complex physical systems. These models are then used during
the design phase of the projects.

Engineering sciences (mechanics of solids and fluids, thermodynamics, etc.) are
used to describe the behavior of physical systems in the form of partial differential
equations. Today, the finite element method has become one of the most
frequently used methods for solving such equations. This method requires intensive
use of a computer, and can be applied to solve almost all problems encountered in
practice: steady or transient problems in linear and nonlinear regions for one-,
two- and three-dimensional domains. Moreover, it can be successfully adapted
for use in the heterogeneous environments and domains of complex forms often
encountered in practice by engineers.

The finite element method consists of using a simple approximation of unknown
variables to transform partial differential equations into algebraic equations. It
draws on the following three disciplines:

— engineering sciences to describe physical laws (partial differential equations);

— numerical methods for the elaboration and solution of algebraic equations;

— computing tools to carry out the necessary calculations efficiently using a
computer.
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0.1.2 HISTORICAL EVOLUTION OF THE METHOD

Structural mechanics allows us to analyze frames and trusses. The behavior of
each truss or beam element is represented by an elementary stiffness matrix
constructed using knowledge of the strength of materials. Using these matrices,
we are able to construct a system of algebraic equations verifying the conditions
of displacement continuity and balance of forces at the nodes. The solution of
the system of equations corresponding to applied loads leads to the displacements
ofall nodes in the structure. The emergence of computers and the requirements
of the aeronautical industry led to rapid developments in the field of structural
mechanics in the 1950s. The concept of finite elements was introduced by
Turner, Clough,Martin and Topp [TUR 56] in 1956:they represented an elastic
two-dimensional domain by an assembly of triangular panels across which
displacements are presumed to vary in a linear manner. The behavior of each
panelisrepresented by an elementary stiffness matrix. Structural mechanics tools
are then employed to obtain nodal displacements under different applied loads
and boundary conditions.

We should also highlight the work carried out by Argyris and Kelsey [AR G 60],
who employed the notion of energy in structural analysis. The basic ideas
involved in the finite element method, however, appeared earlier, in an article
published by Courant in 1943 [COU 43].

From 1960 onward, finite element method developed rapidly in a number of
directions:

— The method was reformulated, based on energetic and variational
considerations, in the general form of weighted residuals or weak
formulations [ZIE 65; GRE 69; FIN 75; AR A 68].

— A number of authors created high-precision elements [FEL 66], curved
elements and isoparametric elements [ER G 68;IRO 68].

— The finite element method was recognized as a general method of solution
for partial differential equations. It thus came into use in solving nonlinear
and transient problems of structures, as well as in other fields, such as soil
and rock mechanics (geomechanics), fluid mechanics and thermodynamics
[PRO 01-PRO 13].

— A mathematical basis for finite element method was established using
concepts of functional analysis [PRO 14-PRO 15].

Since 1967, many books have been published on the finite element method

[MON 01-MON 29].We wish to highlight, in particular, the three editions

of the book by Zienkiewicz [MON 02], which are available throughout

the world. We may refer to Pironneau, Géradin, Imbert, Batoz-Dhatt and
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Dhatt-Touzot, among others, for books available in French.An exhaustive list
of reference works in the domain of finite elements may be easily obtained using
an Internet search engine.

0.1.3 STATE OF THE ART

The finite element method (FEM) is nowadays widely used in industrial
applications, including aeronautical, aerospace, automobile, naval and nuclear
construction fields,and in applications of fluid mechanics,including tidal studies,
sedimentary transportation, the study of thermal or chemical pollution
phenomena and fluid-structure interactions. A number of general-purpose
computer codes are available for industrial users of the finite element method,
such as IDEAS, SAMCEF, NASTR AN, ABAQUS, FIDAP, MARC, ANSYS,
ADINA, LSDYNA, ASTER and CASTEM.

In order for the finite element method to be effective in industrial applications,
computer codes must be used to assist in the preparation of data and the
interpretation of results. These pre- and post-processing tools are usually
integrated into more general computer-aided design (CAD) software packages,
such as IDEAS, CASTOR or CATIA.

0.2 Object and organization of the book

0.2.1 TEACHING THE FINITE ELEMENT METHOD

The finite element method is now widely taught at both undergraduate and
postgraduate level. The teaching of the finite element method requires a
multidisciplinary approach involving different aspects:

— understanding of the physical problem and intuitive knowledge of the nature
of the solution being sought;

— representation of the physical phenomenon in the form of partial differential
equations and weak “variational” or “integral” formulations;

— discretization techniques to produce a discrete or algebraic model;

— matricial organization of data;

— numerical methods for integration of functions with several variables
solution of linear and nonlinear algebraic equations;

— computer programming tools for handling massive data files and for creating
user friendly graphic interface.
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It is hard to conceive a balanced formation in all these diverse disciplines.
Moreover, suitable teaching software must be used that includes certain
characteristics of general industrial codes. Finally the practical aspects of
implementing the finite element method in computer codes must not be
overlooked.

0.2.2 OBJECTIVES OF THE BOOK

This book attempts to simplify the teaching of the finite element method by
smoothing out certain difficulties. It has been developed by engineers to solve
engineering problems. Thus, the presentation of the book is primarily addressed
to this audience. The mathematical knowledge required is limited to the domains
of differential and matrix calculus.

This book is intended for readers who wish to understand the finite element
method and apply it to solve engineering problems using a computer. Moreover,
it should be of use to students and researchers in applied sciences and as well as
to practicing engineers who wish to go beyond the basic level of knowledge
implied by the use of “black box” programs.

0.2.3 ORGANIZATION OF THE BOOK

This volume is organized into six chapters, each providing a relatively
independent presentation of various concepts of the finite element method as
well as the corresponding numerical and programming techniques. Examples
are provided for illustrative purposes,accompanied by simple programs written
using Matlab®.

Chapter 1

This chapter presents the approximation of continuous functions over subdomains
in terms of nodal values and introduces the concepts of interpolation functions,
reference elements, geometrical transformations and approximation error.

Chapter 2

This chapter presents the interpolation functions for classical elements in one,
two and three dimensions.
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Chapter 3

This chapter gives a description of the weighted residual method that allows us
to obtain weak formulations (known as integral formulations) associated with
partial differential equations (known as strong formulations).

Chapter 4

This chapter presents the matrix formulation of the finite element method, which
consists of discretizing the integral formulation from Chapter 3, using the
approximations of unknown functions from Chapters 1 and 2. We introduce
notions of elementary matrices and vectors, assembly and global matrices and
vectors.

Chapter 5

This chapter describes the numerical methods needed to construct and solve
the systems of algebraic equations formed in Chapter 4: numerical methods
of integration, methods for the solution of linear and nonlinear algebraic
systems domain, methods for integrating first- and second-order propagation
systems in time domain and methods for calculating the eigenvalues and vectors.

Chapter 6

This chapter provides a brief overview of the finite difference and finite volume
methods as well as the computing techniques that are characteristic of the finite
element method using a simple program written in Matlab®.

Figure 0.1 shows the logical sequence of these chapters. Note that Chapters 1,
3 and 4 are devoted to the fundamental concepts underlying the finite element
method, while Chapters 2 and 5 are intended as reference chapters, and finally
Chapter 6 presents a simple program for illustrative purposes.
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Chapters 1 and 2 Chapter 3

Transformation of

Approximation of the ,
equations

unknowns
(Integral formulation)

\ /

Chapter 4 Chapter 5
Discretization < Numerical
methods

(Matrix formulation)

l —

Chapter 6

Computer
implementation

(Solution)

Figure 0.1. Logical flow of the chapters

0.3 Numerical modeling approach

0.3.1 GENERAL ASPECTS

This section gives a brief introduction to the different concepts to be covered
in the following chapters.

Numerical modeling is used to simulate the behavior of physical systems using
computers. This involves:

— description, in engineering terms, of the physical system in question and
the problem under study (physical model);

— translation of the engineering problem into a mathematical form

(mathematical model);

— construction of a numerical model (or algebraic model) that can be solved
using a computer, and which uses discretization methods such as the finite
element method;

— development of'a computer code to simulate the behavior of the physical
system (computer model).
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A variety of errors may be introduced into different models or during the passage
from one model to another. Three main types of errors are encountered:

— Errorsin the choice of the mathematical model, representing the difference
between the exact solution to the mathematical model and the real behavior
of the physical system.

— Discretization errors, representing the difference between the exact solution
to the mathematical model and the exact solution to the numerical model.

— Computer-based errors due to the limited precision of the calculations

carried out by the computer and, potentially, programming errors.

Modeling specialists should be able to master these errors so that the solution
provided by the software is reasonably close to the real behavior of the physical
system under study (a priori unknown). In practice, it is often necessary to carry
out the steps described above more than once until a satisfactory solution is
produced.

0.3.2 PHYSICAL MODEL

The description of a physical system includes:

— arepresentation of its geometry;
— the selection of unknown variables for which we wish to evaluate spatio-
temporal variations;

— the physical laws governing the system’s behavior;
— wvalues for the physical properties that are assumed to be known;

— applied forces,boundary conditions and, where applicable, initial conditions
for transient problems.
EXAMPLE 0.1. Thermal equilibrium of a truss (physical model)

—  Geometry:rectilinear truss of length L and rectangular section A oriented in the
direction x (Figure 0.2).
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eClion; A
§

Figure 0.2. Rectilinear truss of constant section

— Unknown variables:
- the temperature (in degrees Celsius or Kelvin), T(x);
- the thermal flux component as a function of x (W/m?), q(x);

The problem represents steady state flow; variables are thus independent of time.

— Physical laws:
- conservation of thermal flow as a function of x;

- Fourier’s law of thermal behavior relating the temperature gradient to

the flow.
— DPhysical properties: thermal conductivity, k (W/°C-m).
— Thermal load from the Joule effect (electrical current): f (W/m?).

— Boundary conditions:

- Imposed temperature: T (0)=T,.

- Imposed flux: q(L) =q, W/m?.

Objectives

Obtain T(x) and ¢q(x) that verify the physical laws and boundary conditions.
One possible application would be to estimate heat loss through the wall
of'a dwelling for which we wish to improve the insulation, i.e. limit the
thermal flow.
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0.3.3 MATHEMATICAL MODEL

This modelis obtained by expressing the laws of conservation and constitutive
laws in the form of partial differential equations. As this problem is to be solved
using the finite element method, it will also be necessary to give an integral

formulation (or weak formulation).

EXAMPLE 0.2. Application to the thermal equilibrium of a truss (mathematical

model)

— Law of conservation of thermal flow written as a function of x for Example 0.1:

d(qA
(j )_ foA =0, f,>0: source of volumetric heat
x
dT
— Fourier’s constitutive law: q(x) =—k (x) .
dx
— Boundary conditions:
T(x=0)=T,, : Dirichlet
_y=_pdl| _ loss) -
g(x=1L)= kd =q; >0 (loss): Neumann
x=L

These relations may also be written in the form (for a constant section A):

e

The exact solution to the mathematical model in the present case (where k is
constant) is:

2
T(x)zTo—%x+%( _%)

The integral form obtained using the weighted residual method is written as:

W= j ATy dT oy, — j ST fudx =0,
dx

Wltl/l WNeu = 5T( L)qL cmd 6T(x = O) =0
where 0T (x) is any test function.
The solution to the problem is the function T'(x), such that W = 0 for all test functions.
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0.3.4 NUMERICAL MODEL

The numerical model associated with the mathematical model is obtained using
a discretization method, such as:

— the finite difference method, or
— the finite element method.

In this case, we will illustrate the numerical model using the finite difference
method.

EXAMPLE 0.3. Application to the thermal equilibrium of a truss (numerical
model based on the finite difference method)

For cases where “k” is constant, the differential equation governing the thermal
equilibrium of the truss is written as:

d°T (x)

kT"‘fo:O,

T(x=0)=0 and Rl =—q;.
XL

Let us take a set of equidistant discretization points (known as nodes) across the
domain. This may be illustrated using three equidistant nodes.

1 Ax 2 3 4 X
- - --- -
x=0 x=0.5L x=L x=15L

This set of nodes is known as a mesh. A fourth, “fictional” node has been added in
order to give the same level of spatial precision for the boundary condition at x = L.

«,
1

The equilibrium relationship is applied at each node,

dzT(x)

dx? |

1

k

+f,=0, i=1,2,3.

Let us associate an unknown variable with each node in the mesh, so that:

T(X1:O):Tl, T(.X'Z:AX)ZTZ,
T(x;=L)=Ts, T(x,= L+ Ax)="T,

where Ax = L /2 is the distance between two successive nodes.
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The finite difference method consists of rewriting the derivatives in discrete form, so
that:

d2T| _ d2T| - T 2T+ T,

dx? |x dx? |i Ax? ’
dr| _dr| _Twi—Ti,
dx |, dx |; 2Ax

We thus obtain the discrete form of the thermal equilibrium equation at node “i”:
T, —2T,+T.,
Ax?

Its application to nodes 2 and 3, associated with the boundary condition on node 1,
translates as:

k

+ f,=0, i=2,..,3.

T, =T,

A 2
T1—2T2+T3+fo°:O,

A 2
T, -1, +T, + 20 _ g,

k
The boundary condition for x = L gives
T,-T, —q. 2Ax.q,
—=— = T,=T,——.
2Ax k ! ? k

Organizing these relations in a matrix form leads to

10 ollr T,
12 -l b= FoAx )k
0 =1 1||T;s 0.5 foAx*/ k—q;Ax/ k

>

which gives

T, Ty+1.5 fAx?/ k—q,Ax/ k
T, | T,+2fAx%/ k=2q,Ax/ k|
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Remark
In this case (where f, is constant), we observe that the solution to the
numerical model coincides with that of the mathematical model at the nodes.
EXAMPLE 0.4. Approach based on the finite element method

The finite element method consists of constructing a discrete representation of the integral
form W of Example 0.2. To do this, we first select a set of two elements as illustrated

below.

Element Element
W o2 @ s X
G

x=0 x=0.5L x=L

The integral form is written as:

w =iW"+WM,M:O,
e=1

where W ¢ = 'r dBZZ;C(x) k d?;ix)

X

dx — f 5T(x).f0dx and W, = 5T(L)-qL.

For each element, we choose a linear approximation of the solution function T(x)
and the test function 8T (x) J with 6T (x =0)=0.

For element 1: L =x,—x; = %

X, — X X —x
T(x)=|=2 T, + LTy, %, =0, x,=L/2
(e (5 e e

ST (x) =(x2_x)5ir1 +("‘_xl j5T2.
L L
where T, =T, and 6T, = 0.

The elementary integral form associated with element 1 is then written as:

. k. 1 1T B El
w —<6T]6T2>(U[_1 1}{3} f“z{1 .
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For element 2: L = x5 —x, = L

2
The approach taken is equivalent to that used for element 1. The elementary
integral form is written as:

. el )
w —<5T26T3>(UL1 IHQ} f“z{1 '

The flow term is expressed as Wy, = 0T5.q,.
After assembly, the integral form W is written as:

1 -1 o]r 1] (o
W =< 8T, 8T, 8T, > ZL—k -1 2 -1{1, —f(,% 20440t |=0.
o -1 1)1, 1) la

Introducing the boundary condition at node 1, we obtain the following system:

ol 2 1] pf2] [k L
Li-1 1 T3_f041 o |

| T,| |To+15 fdx?/ k—q,Ax/ k
leading to T, = To+2fAx2/ k—2q,Ax/ k|

Remark

13

In this particular case, the finite difference and finite element methods

provide exactly identical solutions at the nodes.

0.3.5 COMPUTER MODEL

The two programs given in Figures 0.3 and 0.4 are written in the Matlab®

programming language and cover Examples 0.3 and 0.4, respectively.
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Figure 0.3.

%----- initialization

clear all

%----- geometry

L=1; % length (m)

nnt=20; % number of nodes
dx=L/(nnt-1): % discretization dx
%----- properties

kd=2; % thermal conductivity
f0=50; % heat production per unit of length
%----- boundary conditions

T0=30; % Dirichlet at node 1
qL=10; % Neumann at node nnt
Yo----- construction of system of equations

vkg=zeros(nnt,nnt); % initialization of the vkg global matrix
vfg=zeros(nnt,1); % initialization of the vfg global vector

if(nnt>2)
for i=2:nnt-1
vig(1)=f0*dx"2/kd;
vkg(i,[i-1, 1, i+1])=[-1, 2, -1];
end
end
%----- Dirichlet boundary condition (x=0)
vkg(1,1)=1; vfg(1)=TO0;

%----- Neumann boundary condition (x=L)
vkg(nnt,[nnt-1 nnt])=[-1 1]; vfg(nnt)=0.5*f0*dx"2/kd-qL*dx/kd;
%----- solution

vsol=vkg\vfg;

%----- display numerical solution
plot([0:nnt-1]*dx,vsol)

1D program using the finite difference method (Example 0.3)
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%----- initialization
clear all
%----- geometry
L=1; % length (m)
nnt=20; % number of nodes
Le=L/(nnt-1): % discretization dx=Le
%----- properties
kd=2; % thermal conductivity
f0=50; % heat production per unit of length
Y%----- boundary conditions
T0=30; % Dirichlet at node 1
qL=10; % Neumann at node nnt
Y%----- construction of system of equations

vkg=zeros(nnt,nnt); % initialization of vkg
vfg=zeros(nnt,1); % initialization of vfg
c=kd/Le;
Y%----- elementary matrix and vector
vke=[c, -c; -c c];
vfe=f0*Le/2*[1; 1]
Yo----- element loop
for ie=1:nelt

vig([ie iet+1])= vfg([ie ie+1])+vfe;

vkg([ie ie+1], [ie ie+1])= vkg([ie ie+1], [ie ie+1])+Vvke;
end
%----- Dirichlet boundary condition (x=0)
vkg(1,:)=zeros(1,nnt); vkg(1, 1)=1; vfg(1)=TO
%----- Neumann boundary condition (x=L)
vkg(nnt)= vfg(nnt —qL;
Yo----- solution
vsol=vkg\vfg;
Yo----- display numerical solution and exact solution
plot([0:nnt-1]*Le,vsol)
hold on
x=0:L/100:L;
solexact=-0.5*f0/kd*x."2+(f0*L-qL)/kd*x;
plot(x,solexact)

Figure 0.4.

15

1D program using the finite element method (Example 0.4)
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Figure 0.5. Exact solutions and solutions obtained using the finite
element method

Figure 0.5 shows the results of the program based on the finite element method
for different numbers of nodes. Each illustration shows the exact solution to
the problem (continuous curve) and the numerical solution (dotted line).

Bibliography

[ARA 68] DE ARANTES E OLIVEIRA E.R., “Theoretical foundations of the finite element
method”, International Journal of Solids and Structures, vol. 4, pp. 929-952,1968.

[ARG 60] Arcyris J.H., KELSEY S., Energy Theorems and Structural Analysis, Butterworth,
London, 1960.

[COU 43] CouranT R.,“Variational methods for the solution of problems of equilibrium
and vibrations”, Bulletin of the American Mathematical Society, vol.49,pp.1-23,1943.

[ERG 68] ErcaTOUDIS J.G., IRONs B.M., ZienkiEwicz O.C.,“Three-dimensional analysis
of Arch Dams and their foundations”, Symposium on Arch Dams, Institution of Civil
Engineers, London, March 1968.

[FEL 66] FeLipra C.A., Refined finite element analysis of linear and non-linear two-
dimensional structures, Report UC SESM 66-22, Department of Civil Engineering,
University of California, Berkeley, CA, October 1966.

[FIN 75] FinLaysoN B.A.,“Weighted residual methods and their relation to finite element
methods in flow problems”, Finite Elements in Fluids, vol. 2, pp. 1-31,1975.

[GRE 69] GREENER.E.,JoNES R.E.,McLay R.W., STROME D.R .,“Generalized variational
principles in the finite-element method, American Institute of Aeronautics and
Astronautics Journal,vol.7,no.7, pp. 1254—1260, 1969.



INTRODUCTION 17

[HEN 43] McHENRY D, “A lattice analogy of the solution of plane stress problems”, Journal
of Institution of Civil Engineers, vol. 21, pp. 59-82, 1943.

[HOF 56] Horr N.J., Analysis of Structures, Wiley, New York, 1956.

[HRE 41] HRENNIKOFFA.,“Solutions of problems in elasticity by the framework Method”,
Journal of Applied Mechanics, vol.8,A169—A175,1942.

[IRO 68] IroNs B.M.., ZienkiEWICZ O.C.,“The isoparametric finite element system —a new
conceptin finite element analysis”, Proceedings, Conference on Recent Advances in Stress
Analysis, Royal Aeronautical Society, London, 1968.

[TUR 56] TURNER M., CLoUGH R.W., MARTIN H.C., Torr L.J., “Stiffness and deflection
analysis of complex structures”, Journal of Aeronautical Science, vol.23, pp.805-823,
1956.

[ZIE 65] ZienkiEwicz O.C., HOLISTER G.S., Stress Analysis, Wiley, New York, 1965.

Conference proceedings

[PRO 01] Proceedings of the 1st, 2nd and 3rd Conferences on Matrix Methods in Structural
Mechanics, Wright-Patterson A.EB., Ohio, 1965, 1968, 1971.

[PRO 02] Horranp 1., Bert K. (eds), Finite Element Methods in Stress Analysis, Tapir,
Trondheim, Norway, 1969.

[PRO 03] Proceedings of the 1st, 2nd, 3rd and 4th Conferences on Structural Mechanics in Reactor
Technology,1971,1973,1975,1977.

[PRO 04] Symposium on Applied Finite Element Methods in Civil Engineering, Vanderbilt
University, Nashville, ASCE, 1969.

[PRO 05] GaLLAGHER R.H.,YAMADAY., ODEN J.T. (eds), Recent Advances in Matrix Methods
of Structural Analysis and Design, University of Alabama Press, Huntsville, 1971.

[PRO 06] pE VEUBEKE B.E (ed.), High Speed Computing of Elastic Structures, University of
Liege, 1971.

[PRO 07] Bressia C.A., ToTTENHAM H. (eds), Variational Methods in Engineering,
Southampton University, 1973.

[PRO 08] FENVEs S.J., PERRONE N., ROBINSON J., ScHNoOBRICH W.C. (eds), Numerical and
Computational Methods in Structural Mechanics, Academic Press, New York, 1973.

[PRO 09] GaLLaGHER R.H., OpeN J.T., TavyLor C., ZieNkiEwicz O.C. (eds), International
Symposium on Finite Element Methods in Flow Problems, Wiley, 1974.

[PRO 10] BaTHE K.J., ODEN J.T., WuNDERLICH W. (eds), Formulation and Computational
Algorithms in Finite Element Analysis (U.S.: Germany Symposium), MIT Press, 1977.

[PRO 11] Gray W.G., PINDER G.E, BreBBIa C.A. (eds), Finite Elements in Water Resources,
Pentech Press, London, 1977.

[PRO 12] RoBINSON]. (ed.), Finite Element Methods in Commercial Environments, Robinson
and Associates, Dorset, England, 1978.

[PRO 13] Growinski R., RopiN E.Y., ZieNkiEwicz O.C. (eds), Energy Methods in Finite
Elements Analysis, Wiley, 1979.

[PRO 14] Aziz A.X. (ed.), The Mathematical Foundations of the Finite Element Method with
Applications to Partial Differential Equations, Academic Press, New York, 1972.

[PRO 15] WHIiTEMAN].R. (ed.), The Mathematics of Finite Elements and Applications, Academic
Press, London, 1973.



18 FINITE ELEMENT METHOD

Monographs

[MON 01] PrzemIENIECK1].S., Theory of Matrix Structural Analysis, McGraw-Hill, New York,
1968.

[MON 02] Zienkiewicz O.C., The Finite Element Method:The Basis (Vol. 1), Solid Mechanics
(Vol. 2) & Fluid Mechanics (Vol. 3), 5th ed., Butterworth Heinermann, 2000.

[MON 03] Desar C.S., ABeL J.E, Introduction to the Finite Element Method, Van Nostrand
Reinhold, New York, 1972.

[MON 04] OpeN].T., Finite Elements of Non-Linear Continua, McGraw-Hill, New York, 1972.

[MON 05] MarTIN H.C., CArREY G.E, Introduction to Finite Element Analysis, McGraw-Hill,
New York, 1973.

[MON 06] NorRrIED.J.,pDEVRIES G., The Finite Element Method, Academic Press, NewYork,
1973.

[MON 07] RoOBINSON ]J., Integrated Theory of Finite Element Methods, Wiley,London, 1973.

[MON 08] STrRAND G., Fix O.]J., Analysis of the Finite Element Methods, Prentice-Hall,
New Jersey, 1973.

[MON 09] UralL O., Finite Element Method, Basic Concepts and Applications,Intext Educational
Publishers, 1973.

[MON 10] Coox R.D., Concepts and Applications of Finite Element Analysis, Wiley, 1974.

[MON 11] GaLLAGHER R.H., Finite Element Analysis Fundamentals, Prentice-Hall, 1975.

[MON 12] HuesNER K.H., The Finite Element Method for Engineers, Wiley, 1975.

[MON 13] WasHizu K., Variational Methods in Elasticity and Plasticity, Pergamon Press, 1976.

[MON 14] BATHE K.J.,WiLsoN E.L., Numerical Methods in Finite Element Analysis, Prentice-
Hall, 1976.

[MON 15] CHEUNG Y.K., Finite Strip Method in Structural Analysis, Pergamon Press, 1976.

[MON 16] ConNOR].J., BREBBIA C.A., Finite Element Technique for Fluid Flow, Butterworth
Co., 1976.

[MON 17] SEGERLIND L.]., Applied Finite Element Analysis, Wiley, 1976.

[MON 18] MitcHeLL A.R., WaIt R., The Finite Element Method in Partial Differential
Equations, Wiley, 1977.

[MON 19] PinpER G.E, GrRAY G.W., Finite Element Simulation in Surface and Sub-Surface
Hydrology, Academic Press, 1977.

[MON 20] ToNG P, RosseT0s J., Finite Element Method: Basic Techniques and Implementation,
MIT Press, 1977.

[MON 21] CuUNGT.]., Finite Element Analysis in Fluid Dynamics, McGraw-Hill, 1978.

[MON 22] CiarLET P.G., The Finite Element Method for Elliptic Problems, North-Holland,
1978.

[MON 23] IroNs B.M., AHMAD S., Techniques of Finite Elements,Ellis Horwood, Chichester,
England, 1978.

[MON 24] Desal C.S., Elementary Finite Element Method, Prentice-Hall, 1979.

[MON 25] Zienkiewicz O.C., La Méthode des Elements Finis (trans.), Pluralis, France, 1976.

[MON 26] GALLAGHER R.H., Introduction aux Elements Finis (trans.].L. Claudon), Pluralis,
France, 1976.

[MON 27] Rockey K.C., Evans H.R.., GrirriTHS D.W., Elements Finis (trans. C. Gomez),
Eyrolles, France, 1978.

[MON 28] Asst E., Méthode de calcul numérique en élasticité, Eyrolles, 1979.

[MON 29] IMBERT J.E, Analyse des structures par éléments finis, CEPADUES Ed. France, 1979.



