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Preface

Toss a symmetric coin twice. What is the probability that both tosses will
yield a head?

This is a well-known problem that anyone can solve. Namely, the proba-
bility of a head in each toss is 1/2, so the probability of two consecutive heads
is 1/2 · 1/2 = 1/4.

BUT! What did we do? What is involved in the solution? What are the
arguments behind our computations? Why did we multiply the two halves
connected with each toss?

This is reminiscent of the centipede1 who was asked by another animal
how he walks; he who has so many legs, in which order does he move them
as he is walking? The centipede contemplated the question for a while, but
found no answer. However, from that moment on he could no longer walk.

This book is written with the hope that we are not centipedes.
There exist two kinds of probabilists. One of them is the mathematician

who views probability theory as a purely mathematical discipline, like algebra,
topology, differential equations, and so on. The other kind views probability
theory as the mathematical modeling of random phenomena, that is with a
view toward applications, and as a companion to statistics, which aims at
finding methods, principles and criteria in order to analyze data emanating
from experiments involving random phenomena and other observations from
the real world, with the ultimate goal of making wise decisions. I would like
to think of myself as both.

What kind of a random process describes the arrival of claims at an in-
surance company? Is it one process or should one rather think of different
processes, such as one for claims concerning stolen bikes and one for houses
that have burnt down? How well should the DNA sequences of an accused
offender and a piece of evidence match each other in order for a conviction? A

1Cent is 100, so it means an animal with 100 legs. In Swedish the name of the
animal is tusenfoting, where “tusen” means 1000 and “fot” is foot; thus an animal
with 1000 legs or feet.
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milder version is how to order different species in a phylogenetic tree. What
are the arrival rates of customers to a grocery store? How long are the service
times? How do the clapidemia cells split? Will they create a new epidemic or
can we expect them to die out? A classical application has been the arrivals
of telephone calls to a switchboard and the duration of calls. Recent research
and model testing concerning the Internet traffic has shown that the classical
models break down completely and new thinking has become necessary. And,
last but (not?) least, there are many games and lotteries.

The aim of this book is to provide the reader with a fairly thorough treat-
ment of the main body of basic and classical probability theory, preceded by
an introduction to the mathematics which is necessary for a solid treatment
of the material. This means that we begin with basics from measure theory,
such as σ-algebras, set theory, measurability (random variables) and Lebesgue
integration (expectation), after which we turn to the Borel-Cantelli lemmas,
inequalities, transforms and the three classical limit theorems: the law of large
numbers, the central limit theorem and the law of the iterated logarithm. A
final chapter on martingales – one of the most efficient, important, and useful
tools in probability theory – is preceded by a chapter on topics that could
have been included with the hope that the reader will be tempted to look fur-
ther into the literature. The reason that these topics did not get a chapter of
their own is that beyond a certain number of pages a book becomes deterring
rather than tempting (or, as somebody said with respect to an earlier book
of mine: “It is a nice format for bedside reading”).

One thing that is not included in this book is a philosophical discussion
of whether or not chance exist, whether or not randomness exists. On the
other hand, probabilistic modeling is a wonderful, realistic, and efficient way
to model phenomena containing uncertainties and ambiguities, regardless of
whether or not the answer to the philosophical question is yes or no.

I remember having read somewhere a sentence like “There exist already so
many textbooks [of the current kind], so, why do I write another one?” This
sentence could equally well serve as an opening for the present book.

Luckily, I can provide an answer to that question. The answer is the short
version of the story of the mathematician who was asked how one realizes that
the fact he presented in his lecture (because this was really a he) was trivial.
After 2 minutes of complete silence he mumbled

I know it’s trivial, but I have forgotten why.

I strongly dislike the arrogance and snobbism that encompasses mathematics
and many mathematicians. Books and papers are filled with expressions such
as “it is easily seen”, “it is trivial”, “routine computations yield”, and so on.
The last example is sometimes modified into “routine, but tedious, computa-
tions yield”. And we all know that behind things that are easily seen there
may be years of thinking and/or huge piles of scrap notes that lead nowhere,
and one sheet where everything finally worked out nicely.
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Clearly, things become routine after many years. Clearly, facts become, at
least intuitively, obvious after some decades. But in writing papers and books
we try to help those who do not know yet, those who want to learn. We wish
to attract people to this fascinating part of the world. Unfortunately though,
phrases like the above ones are repellent, rather than being attractive. If a
reader understands immediately that’s fine. However, it is more likely that he
or she starts off with something that either results in a pile of scrap notes or in
frustration. Or both. And nobody is made happier, certainly not the reader. I
have therefore avoided, or, at least, tried to avoid, expressions like the above
unless they are adequate.

The main aim of a book is to be helpful to the reader, to help her or him
to understand, to inform, to educate, and to attract (and not for the author
to prove himself to the world). It is therefore essential to keep the flow, not
only in the writing, but also in the reading. In the writing it is therefore of
great importance to be rather extensive and not to leave too much to the
(interested) reader.

A related aspect concerns the style of writing. Most textbooks introduce
the reader to a number of topics in such a way that further insights are gained
through exercises and problems, some of which are not at all easy to solve,
let alone trivial. We take a somewhat different approach in that several such
“would have been” exercises are given, together with their solutions as part
of the ordinary text – which, as a side effect, reduces the number of exercises
and problems at the end of each chapter. We also provide, at times, results
for which the proofs consist of variations of earlier ones, and therefore are
left as an exercise, with the motivation that doing almost the same thing as
somebody else has done provides a much better understanding than reading,
nodding and agreeing. I also hope that this approach creates the atmosphere
of a dialogue rather than of the more traditional monologue (or sermon).

The ultimate dream is, of course, that this book contains no errors, no
slips, no misprints. Henrik Wanntorp has gone over a substantial part of
the manuscript with a magnifying glass, thereby contributing immensely to
making that dream come true. My heartfelt thanks, Henrik. I also wish to
thank Raimundas Gaigalas for several perspicacious remarks and suggestions
concerning his favorite sections, and a number of reviewers for their helpful
comments and valuable advice. As always, I owe a lot to Svante Janson for
being available for any question at all times, and, more particularly, for always
providing me with an answer. John Kimmel of Springer-Verlag has seen me
through the process with a unique combination of professionalism, efficiency,
enthusiasm and care, for which I am most grateful.

Finally, my hope is that the reader who has digested this book is ready and
capable to attack any other text, for which a solid probabilistic foundation is
necessary or, at least, desirable.

Uppsala Allan Gut
November 2004
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Outline of Contents

In this extended list of contents, we provide a short expansion of the headings
into a quick overview of the contents of the book.

Chapter 1. Introductory Measure Theory

The mathematical foundation of probability theory is measure theory and the
theory of Lebesgue integration. The bulk of the introductory chapter is de-
voted to measure theory: sets, measurability, σ-algebras, and so on. We do not
aim at a full course in measure theory, rather to provide enough background
for a solid treatment of what follows.

Chapter 2. Random Variables

Having set the scene, the first thing to do is to forget probability spaces (!).
More precisely, for modeling random experiments one is interested in cer-
tain specific quantities, called random variables, rather than in the underly-
ing probability space itself. In Chapter 2 we introduce random variables and
present the basic concepts, as well as concrete applications and examples of
probability models. In particular, Lebesgue integration is developed in terms
of expectation of random variables.

Chapter 3. Inequalities

Some of the most useful tools in probability theory and mathematics for prov-
ing finiteness or convergence of sums and integrals are inequalities. There exist
many useful ones spread out in books and papers. In Chapter 3 we make an
attempt to present a sizable amount of the most important inequalities.

Chapter 4. Characteristic Functions

Just as there are i.a. Fourier transforms that transform convolution of func-
tions into multiplication of their corresponding transforms, there exist proba-
bilistic transforms that “map” addition of independent random variables into
multiplication of their transforms, the most prominent one being the charac-
teristic function.



XVIII Outline of Contents

Chapter 5. Convergence
Once we know how to add random variables the natural problem is to in-
vestigate asymptotics. We begin by introducing some convergence concepts,
prove uniqueness, after which we investigate how and when they imply each
other. Other important problems are when, and to what extent, limits and
expectations (limits and integrals) can be interchanged, and when, and to
what extent, functions of convergent sequences converge to the function of
the limit.

Chapter 6. The Law of Large Numbers
The law of large numbers states that (the distribution of) the arithmetic mean
of a sequence of independent trials stabilizes around the center of gravity of
the underlying distribution (under suitable conditions). There exist weak and
strong laws and several variations and extensions of them. We shall meet some
of them as well as some applications.

Chapter 7. The Central Limit Theorem
The central limit theorem, which (in its simplest form) states that if the vari-
ance is finite, then the arithmetic mean, properly rescaled, of a sequence of
independent trials approaches a normal distribution as the number of ob-
servations increases. There exist many variations and generalizations, of the
theorem, the central one being the Lindeberg-Lévy-Feller theorem. We also
prove results on moment convergence, and rate results, the foremost one being
the celebrated Berry-Esseen theorem.

Chapter 8. The Law of the Iterated Logarithm
This is a special, rather delicate and technical, and very beautiful, result,
which provides precise bounds on the oscillations of sums of the above kind.
The name obviously stems from the iterated logarithm that appears in the
expression of the parabolic bound.

Chapter 9. Limit Theorems; Extensions and Generalizations
There are a number of additional topics that would fit well into a text like
the present one, but for which there is no room. In this chapter we shall
meet a number of them – stable distributions, domain of attraction, infinite
divisibility, sums of dependent random variables, extreme value theory, the
Stein-Chen method – in a somewhat more sketchy or introductory style. The
reader who gets hooked on such a topic will be advised to some relevant
literature (more can be found via the Internet).

Chapter 10. Martingales
This final chapter is devoted to one of the most central topics, not only in
probability theory, but also in more traditional mathematics. Following some
introductory material on conditional expectations and the definition of a mar-
tingale, we present several examples, convergence results, results for stopped
martingales, regular martingales, uniformly integrable martingales, stopped
random walks, and reversed martingales.
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In Addition

A list of notation and symbols precedes the main body of text, and an ap-
pendix with some mathematical tools and facts, a bibliography, and an index
conclude the book. References are provided for more recent results, for more
nontraditional material, and to some of the historic sources, but in general
not to the more traditional material. In addition to cited material, the list of
references contains references to papers and books that are relevant without
having been specifically cited.

Suggestions for a Course Curriculum

One aim with the book is that it should serve as a graduate probability course
– as the title suggests. In the same way as the sections in Chapter 9 contain
materials that no doubt would have deserved chapters of their own, Chapters
6,7, and 8 contain sections entitled “Some Additional Results and Remarks”,
in which a number of additional results and remarks are presented, results
that are not as central and basic as earlier ones in those chapters.

An adequate course would, in my opinion, consist of Chapters 1-8, and
10, except for the sections “Some Additional Results and Remarks”, plus a
skimming through Chapter 9 at the level of the instructor’s preferences.



Notation and Symbols

Ω the sample space
ω an elementary event
F the σ-algebra of events

x+ max{x, 0}
x− −min{x, 0}
[x] the integer part of x
log+ x max{1, log x}
∼ the ratio of the quantities on either side tends to 1

N the (positive) natural numbers
Z the integers
R the real numbers
R the Borel σ-algebra on R

λ( · ) Lebesgue measure
Q the rational numbers
C the complex numbers
C the continuous functions
C0 the functions in C tending to 0 at ±∞
CB the bounded continuous functions
C[a, b] the functions in C with support on the interval [a, b]
D the right-continuous, functions with left-hand limits
D[a, b] the functions in D with support on the interval [a, b]
D+ the non-decreasing functions in D
JG the discontinuities of G ∈ D

I{A} indicator function of (the set) A
#{A} number of elements in (cardinality of) A
|A| number of elements in (cardinality of) A
Ac complement of A
∂A the boundary of A
P (A) probability of A
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X, Y, Z, . . . random variables
F (x), FX(x) distribution function (of X)
X ∈ F X has distribution (function) F
C(FX) the continuity set of FX

p(x), pX(x) probability function (of X)
f(x), fX(x) density (function) (of X)
X, Y, Z, . . . random (column) vectors
X′, Y′, Z′, . . . the transpose of the vectors
FX,Y (x, y) joint distribution function (of X and Y )
pX,Y (x, y) joint probability function (of X and Y )
fX,Y (x, y) joint density (function) (of X and Y )
E, E X expectation (mean), expected value of X
Var , Var X variance, variance of X
Cov (X,Y ) covariance of X and Y
ρ, ρX,Y correlation coefficient (between X and Y )
med (X) median of X

g(t), gX(t) (probability) generating function (of X)
ψ(t), ψX(t) moment generating function (of X)
ϕ(t), ϕX(t) characteristic function (of X)

X ∼ Y X and Y are equivalent random variables
X

a.s.= Y X and Y are equal (point-wise) almost surely
X

d= Y X and Y are equidistributed
Xn

a.s.→ X Xn converges almost surely (a.s.) to X

Xn
p→ X Xn converges in probability to X

Xn
r→ X Xn converges in r-mean (Lr) to X

Xn
d→ X Xn converges in distribution to X

Xn

a.s.

�→ Xn does not converge almost surely

Xn

p

�→ Xn does not converge in probability

Xn

r

�→ Xn does not converge in r-mean (Lr)

Xn

d

�→ Xn does not converge in distribution

Φ(x) standard normal distribution function
φ(x) standard normal density (function)
F ∈ D(G) F belongs to the domain of attraction of G
g ∈ RV (ρ) g varies regularly at infinity with exponent ρ
g ∈ SV g varies slowly at infinity
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Be(p) Bernoulli distribution
β(r, s) beta distribution
Bin(n, p) binomial distribution
C(m, a) Cauchy distribution
χ2(n) chi-square distribution
δ(a) one-point distribution
Exp(a) exponential distribution
F (m, n) (Fisher’s) F -distribution
Fs(p) first success distribution
Γ (p, a) gamma distribution
Ge(p) geometric distribution
H(N, n, p) hypergeometric distribution
L(a) Laplace distribution
LN(µ, σ2) log-normal distribution
N(µ, σ2) normal distribution
N(0, 1) standard normal distribution
NBin(n, p) negative binomial distribution
Pa(k, α) Pareto distribution
Po(m) Poisson distribution
Ra(α) Rayleigh distribution
t(n) (Student’s) t-distribution
Tri(a, b) triangular distribution on (a, b)
U(a, b) uniform or rectangular distribution on (a, b)
W (a, b) Weibull distribution
X ∈ P (θ) X has a P -distribution with parameter θ
X ∈ P (α, β) X has a P -distribution with parameters α and β

a.e. almost everywhere
a.s. almost surely
cf. confer, compare, take counsel
i.a. inter alia, among other things, such as
i.e. id est, that is
i.o. infinitely often
iff if and only if
i.i.d. independent, identically distributed
viz. videlicet, in which
w.l.o.g. without loss of generality
♠ hint for solving a problem
♣ bonus remark in connection with a problem
� end of proof, definitions, exercises, remarks, etc.
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Introductory Measure Theory

1 Probability Theory: An Introduction

The object of probability theory is to describe and investigate mathematical
models of random phenomena, primarily from a theoretical point of view.
Closely related to probability theory is statistics, which is concerned with
creating principles, methods, and criteria in order to treat data pertaining to
such (random) phenomena or data from experiments and other observations
of the real world, by using, for example, the theories and knowledge available
from the theory of probability.

Probability models thus aim at describing random experiments, that is,
experiments that can be repeated (indefinitely) and where future outcomes
cannot be exactly predicted – due to randomness – even if the experimental
situation can be fully controlled.

The basis of probability theory is the probability space. The key idea behind
probability spaces is the stabilization of the relative frequencies. Suppose that
we perform “independent” repetitions of a random experiment and that we
record each time if some “event” A occurs or not (although we have not yet
mathematically defined what we mean by independence or by an event). Let
fn(A) denote the number of occurrences of A in the first n trials, and rn(A)
the relative frequency, rn(A) = fn(A)/n. Since the dawn of history one has
observed the stabilization of the relative frequencies, that is, one has observed
that (it seems that)

rn(A) converges to some real number as n →∞.

The intuitive interpretation of the probability concept is that if the probability
of some event A is 0.6, one should expect that by performing the random
experiment “many times” the relative frequency of occurrences of A should
be approximately 0.6.

The next step is to axiomatize the theory, to make it mathematically rig-
orous. Although games of chance have been performed for thousands of years,
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a mathematically rigorous treatment of the theory of probability only came
about in the 1930’s by the Soviet/Russian mathematician A.N. Kolmogorov
(1903–1987) in his fundamental monograph Grundbegriffe der Wahrschein-
lichkeitsrechnung [163], which appeared in 1933.

The first observation is that a number of rules that hold for relative fre-
quencies should also hold for probabilities. This immediately calls for the
question “which is the minimal set of rules?”

In order to answer this question one introduces the probability space or
probability triple (Ω,F , P ), where

• Ω is the sample space;
• F is the collection of events;
• P is a probability measure.

The fact that P is a probability measure means that it satisfies the three
Kolmogorov axioms (to be specified ahead).

In a first course in probability theory one learns that

“the collection of events = the subsets of Ω”,

maybe with an additional remark that this is not quite true, but true enough
for the purpose of that course.

To clarify the situation we need some definitions and facts from measure
theory in order to answer questions such as

“What does it mean for a set to be measurable?”

After this we shall return to a proper definition of the probability space.

2 Basics from Measure Theory

In addition, to straighten out the problems raised by such questions, we need
rules for how to operate on what we shall define as events. More precisely,
a problem may consist of finding the probability of one or the other of two
things happening, or for something not to happen, and so on. We thus need
rules and conventions for how to handle events, how we can combine them or
not combine them. This means i.a. that we need to define collections of sets
with a certain structure. For example, a collection such that the intersection
of two events is an event, or the collection of sets such that the complement of
an event is an event, and also rules for how various collections connect. This
means that we have to confront ourselves with some notions from measure
theory. Since this is rather a tool than a central theme of this book we confine
ourselves to an overview of the most important parts of the topic, leaving
some of the “routine but tedious calculations” as exercises.
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2.1 Sets

Definitions; Notation

A set is a collection of “objects”, concrete or abstract, called elements. A set
is finite if the number of elements is finite, and it is countable if the number of
elements is countable, that is, if one can label them by the positive integers in
such a manner that no element remains unlabeled. Sets are usually denoted
by capitals from the early part of the alphabet, A, B, C, and so on. If several
sets are related, “of the same kind”, it is convenient to use the same letter for
them, but to add indices; A1, A2, A3, . . ..

The set A = {1, 2, . . . , n} is finite; |A| = n. The natural numbers, N

constitute a countable set, and so do the set of rationals, Q, whereas the
set of irrationals and the set of reals, R, are uncountable, as is commonly
verified by Cantor’s diagonal method. Although the natural numbers and
the reals belong to different collections of sets they are both infinite in the
sense that the number of elements is infinite in both sets, but the infinities are
different. The same distinction holds true for the rationals and the irrationals.
Infinities are distinguished with the aid of the cardinal numbers, which came
about after Cantor’s proof of the fact that the infinity of the reals is larger
than that of the natural numbers, that there are “more” reals than natural
numbers. Cardinal numbers are denoted by the Hebrew letter alef, where the
successively larger cardinal numbers have increasing indices. The first cardinal
number is ℵ0 = |N|, the cardinality of N. Moreover, |R| = 2ℵ0 .

Let us mention in passing that a long-standing question, in fact, one of
Hilbert’s famous problems, has been whether or not there exist infinities be-
tween |N| and |R|. The famous continuum hypothesis states that this is not the
case, a claim that can be formulated as ℵ1 = 2ℵ0 . The interesting fact is that
it has been proved that this claim can neither be proved nor disproved within
the usual axiomatic framework of mathematics. Moreover, one may assume
it to be true or false, and neither assumption will lead to any contradictory
results. The continuum hypothesis is said to be undecidable. For more, see
[51].

Set Operations

Just as real (or complex) numbers can be added or multiplied, there exist
operations on sets. Let A, A1, A2, . . . and B, B1, B2, . . . be sets.

• Union: A ∪B = {x : x ∈ A or x ∈ B};
• Intersection: A ∩B = {x : x ∈ A and x ∈ B};
• Complement: Ac = {x : x /∈ A};
• Difference: A � B = A ∩Bc;
• Symmetric difference: A � B = (A � B) ∪ (B � A).
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We also use standard notations such as ∪n
k=1Ak and ∩∞

j=1Bj for unions and
intersections of finitely or countably many sets.

Exercise 2.1. Check to what extent the associative and distributive rules for these
operations are valid. �

Some additional terminology:

• the empty set: ∅;
• subset: A is a subset of B, A ⊂ B, if x ∈ A =⇒ x ∈ B;
• disjoint: A and B are disjoint if A ∩B = ∅;
• power set: P(Ω) = {A : A ⊂ Ω};
• {An, n ≥ 1} is non-decreasing , An ↗ , if A1 ⊂ A2 ⊂ · · · ;
• {An, n ≥ 1} is non-increasing , An ↘ , if A1 ⊃ A2 ⊃ · · · .
The de Morgan formulas,

( n⋃
k=1

Ak

)c

=
n⋂

k=1

Ac
k and

( n⋂
k=1

Ak

)c

=
n⋃

k=1

Ac
k , (2.1)

can be verified by picking ω ∈ Ω belonging to the set made up by the left-
hand side and then show that it also belongs to the right-hand side, after which
one does the same the other way around (please do that!). Alternatively one
realizes that both members express the same fact. In the first case, this is the
fact that an element that does not belong to any Ak whatsoever belongs to
all complements, and therefore to their intersection. In the second case this is
the fact that an element that does not belong to every Ak belongs to at least
one of the complements.

Limits of Sets

It is also possible to define limits of sets. However, not every sequence of sets
has a limit.

Definition 2.1. Let {An, n ≥ 1} be a sequence of subsets of Ω. We define

A∗ = lim inf
n→∞

An =
∞⋃

n=1

∞⋂
m=n

Am,

A∗ = lim sup
n→∞

An =
∞⋂

n=1

∞⋃
m=n

Am.

If the sets A∗ and A∗ agree, then

A = A∗ = A∗ = lim
n→∞

An. �

One instance when a limit exists is when the sequence of sets is monotone.
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Proposition 2.1. Let {An, n ≥ 1} be a sequence of subsets of Ω.

(i) If A1 ⊂ A2 ⊂ A3 · · · , then

lim
n→∞

An =
∞⋃

n=1

An.

(ii) If A1 ⊃ A2 ⊃ A3 · · · , then

lim
n→∞

An =
∞⋂

n=1

An.

Exercise 2.2. Prove the proposition. �

2.2 Collections of Sets

Collections of sets, are defined according to a setup of rules. Different rules
yield different collections. Certain collections are more easy to deal with than
others depending on the property or theorem to prove. We now present a
number of rules and collections, as well as results on how they connect. Since
much of this is more or less well known to a mathematics student we leave
essentially all proofs, which consist of longer or shorter, sometimes routine
but tedious, manipulations, as exercises.

Let A be a non-empty collection of subsets of Ω, and consider the following
set relations:

(a) A ∈ A =⇒ Ac ∈ A;
(b) A, B ∈ A =⇒ A ∪B ∈ A;
(c) A, B ∈ A =⇒ A ∩B ∈ A;
(d) A, B ∈ A, B ⊂ A =⇒ A � B ∈ A;
(e) An ∈ A, n ≥ 1, =⇒

⋃∞
n=1 An ∈ A;

(f) An ∈ A, n ≥ 1, Ai ∩Aj = ∅, i �= j =⇒
⋃∞

n=1 An ∈ A;
(g) An ∈ A, n ≥ 1, =⇒

⋂∞
n=1 An ∈ A;

(h) An ∈ A, n ≥ 1, An ↗ =⇒
⋃∞

n=1 An ∈ A;
(j) An ∈ A, n ≥ 1, An ↘ =⇒

⋂∞
n=1 An ∈ A.

A number of relations among these rules and extensions of them can be estab-
lished. For example (a) and one of (b) and (c), together with the de Morgan
formulas, yield the other; (a) and one of (e) and (g), together with the de
Morgan formulas, yield the other; (b) and induction shows that (b) can be
extended to any finite union of sets; (c) and induction shows that (c) can be
extended to any finite intersection of sets, and so on.

Exercise 2.3. Check these statements, and verify some more. �
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Here are now definitions of some collections of sets.

Definition 2.2. Let A be a collection of subsets of Ω.

• A is an algebra or a field if Ω ∈ A and properties (a) and (b) hold;
• A is a σ-algebra or a σ-field if Ω ∈ A and properties (a) and (e) hold;
• A is a monotone class if properties (h) and (j) hold;
• A is a π-system if property (c) holds;
• A is a Dynkin system if Ω ∈ A, and properties (d) and (h) hold. �

Remark 2.1. Dynkin systems are also called λ-systems.

Remark 2.2. The definition of a Dynkin system varies. One alternative, in
addition to the assumption that Ω ∈ A, is that (a) and (f) hold. �

Exercise 2.4. The obvious exercise is to show that the two definitions of a Dynkin
system are equivalent. �

The definitions of the different collections of sets are obviously based on
minimal requirements. By manipulating the different properties (a)–(j), for
example together with the de Morgan formulas, other properties can be de-
rived. The following relations between different collections of sets are obtained
by such manipulations.

Theorem 2.1. The following connections hold:

1. Every algebra is a π-system.
2. Every σ-algebra is an algebra.
3. An algebra is a σ-algebra if and only if it is a monotone class.
4. Every σ-algebra is a Dynkin system.
5. A Dynkin system is a σ-algebra if and only if it is π-system.
6. Every Dynkin system is a monotone class.
7. Every σ-algebra is a monotone class.
8. The power set of any subset of Ω is a σ-algebra on that subset.
9. The intersection of any number of σ-algebras, countable or uncountable,

is, again, a σ-algebra.
10. The countable union of a non-decreasing sequence of σ-algebras is an

algebra, but not necessarily a σ-algebra.
11. If A is a σ-algebra, and B ⊂ Ω, then B ∩ A = {B ∩A : A ∈ A} is a

σ-algebra on B.
12. If Ω and Ω′ are sets, A′ a σ-algebra in Ω′ and T : Ω → Ω′ a mapping,

then T−1(A′) = {T−1(A′) : A′ ∈ A′} is a σ-algebra on Ω.

Exercise 2.5. (a) Prove the above statements.

(b) Find two σ-algebras, the union of which is not an algebra (only very few elements
in each suffice).

(c) Prove that if, for the infinite set Ω, A consists of all A ⊂ Ω, such that either A
or Ac is finite, then A is an algebra, but not a σ-algebra. �
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2.3 Generators

Let A be a collection of subsets of Ω. Since the power set, P(Ω), is a σ-
algebra, it follows that there exists at least one σ-algebra containing A. Since,
moreover, the intersection of any number of σ-algebras is, again, a σ-algebra,
there exists a smallest σ-algebra containing A. In fact, let

F∗ = {σ-algebras ⊃ A}.

The smallest σ-algebra containing A equals⋂
G∈F∗

G,

and is unique since we have intersected all σ-algebras containing A.

Definition 2.3. Let A be a collection of subsets of Ω. The smallest σ-algebra
containing A, σ{A}, is called the σ-algebra generated by A. Similarly, the
smallest Dynkin system containing A, D{A}, is called the Dynkin system gen-
erated by A, and the smallest monotone class containing A, M{A}, is called
the monotone class generated by A. In each case A is called the generator of
the actual collection. �

Remark 2.3. The σ-algebra generated by A is also called “the minimal σ-
algebra containing A”. Similarly for the other collections.

Remark 2.4. Let {An, n ≥ 1} be σ-algebras. Even though the union need not
be a σ-algebra, σ{

⋃∞
n=1An}, that is, the σ-algebra generated by {An, n ≥ 1},

always exists. �

Exercise 2.6. Prove that

(i) If A = A, a single set, then σ{A} = σ{A} = {∅, A, Ac, Ω}.
(ii) If A is a σ-algebra, then σ{A} = A. �

The importance and usefulness of generators is demonstrated by the following
two results.

Theorem 2.2. Let A be an algebra. Then

M{A} = σ{A}.

Proof. Since every σ-algebra is a monotone class (Theorem 2.1) and M{A}
is the minimal monotone class containing A, we know from the outset that
M{A} ⊂ σ{A}. To prove the opposite inclusion we must, due to the mini-
mality of σ{A}, prove that M{A} is a σ-algebra, for which it is sufficient to
prove that M{A} is an algebra (Theorem 2.1 once more). This means that
we have to verify that properties (a) and (b) hold;
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B ∈ M{A} =⇒ Bc ∈ M{A}, and

B, C ∈ M{A} =⇒ B ∪ C ∈ M{A}.
(2.2)

Toward this end, let

E1 =
{
B ∈ M{A} : B ∪ C ∈ M{A} for all C ∈ A

}
,

E2 =
{
B ∈ M{A} : Bc ∈ M{A}

}
.

We first note that E1 is a monotone class via the identities( ∞⋂
k=1

Bk

)
∪ C =

∞⋂
k=1

(Bk ∪ C) and
( ∞⋃

k=1

Bk

)
∪ C =

∞⋃
k=1

(Bk ∪ C), (2.3)

and that E2 is a monotone class via the de Morgan formulas, (2.1).
Secondly, by definition, A ⊂ M{A}, and by construction,

A ⊂ Ek ⊂ M{A}, k = 1, 2,

so that, in view of minimality of M{A},

M{A} = E1 = E2.

To finish off, let

E3 =
{
B ∈ M{A} : B ∪ C ∈ M{A} for all C ∈ M{A}

}
.

Looking at E1 = M{A} from another angle, we have shown that for every
B ∈ M{A} we know that if C ∈ A, then B ∪ C ∈ M{A}, which means that

A ⊂ E3.

Moreover, E3 is a monotone class via (2.3), so that, by minimality again, we
must have M{A} = E3.

We have thus shown that M{A} obeys properties (a) and (b). �

By suppressing the minimality of the monotone class, the following corol-
lary emerges (because an arbitrary monotone class contains the minimal one).

Corollary 2.1. If A is an algebra and G a monotone class containing A, then

G ⊃ σ{A}.

A related theorem, the monotone class theorem, concerns the equality between
the Dynkin system and the σ-algebra generated by the same π-system.

Theorem 2.3. (The monotone class theorem)
If A is a π-system on Ω, then

D{A} = σ{A}.

Proof. The proof runs along the same lines as the previous one. Namely, one
first observes that D{A} ⊂ σ{A}, since every σ-algebra is a Dynkin system
(Theorem 2.1) and D{A} is the minimal Dynkin system containing A.
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For the converse we must show that D{A} is a π-system (Theorem 2.1).
In order to achieve this, let

DC =
{
B ⊂ Ω : B ∩ C ∈ D{A}

}
for C ∈ D{A}.

We claim that DC is a Dynkin system.
To prove this we check the requirements for a collection of sets to constitute

a Dynkin system. In this case we use the following alternative (recall Remark
2.2), namely, we show that Ω ∈ DC , and that (a) and (f) hold.

Let C ∈ D{A}.
• Since Ω ∩ C = C, it follows that Ω ∈ DC .
• If B ∈ DC , then

Bc ∩ C = (Ω � B) ∩ C = (Ω ∩ C) � (B ∩ C),

which shows that Bc ∈ DC .
• Finally, if {Bn, n ≥ 1} are disjoint sets in DC , then

( ∞⋃
n=1

Bn

)
∩ C =

∞⋃
n=1

(Bn ∩ C),

which proves that
⋃∞

n=1 Bn ∈ DC .
The requirements for DC to be a Dynkin system are thus fulfilled. And,

since C was arbitrarily chosen, this is true for any C ∈ D{A}.
Now, since, by definition, A ⊂ DA for every A ∈ A, it follows that

D{A} ⊂ DA for every A ∈ A.

For C ∈ D{A} we now have C∩A ∈ D{A} for every A ∈ A, which implies that
A ⊂ DC , and, hence, that D{A} ⊂ DC for every C ∈ D{A}. Consequently,

B, C ∈ D{A} =⇒ B ∩ C ∈ D{A},

that is, D{A} is a π-system. �

By combining Theorems 2.2 and 2.3 (and the exercise preceding the for-
mer) the following result emerges.

Corollary 2.2. If A is a σ-algebra, then

M{A} = D{A} = σ{A} = A.

2.4 A Metatheorem and Some Consequences

A frequent proof technique is to establish some kind of reduction from an
infinite setting to a finite one; simple functions, rectangles, and so on. Such
proofs can often be identified in that they open by statements such as

“it suffices to check rectangles”,
“it suffices to check step functions”.
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The basic idea behind such statements is that there either exists some
approximation theorem that “takes care of the rest”, or that some convenient
part of Theorem 2.1 can be exploited for the remaining part of the proof.
Our next result puts this device into a more stringent form, although in a
somewhat metaphoric sense.

Theorem 2.4. (A Metatheorem)
(i) Suppose that some property holds for some monotone class E of subsets. If
A is an algebra that generates the σ-algebra G and A ⊂ E, then E ⊃ G.
(ii) Suppose that some property holds for some Dynkin system E of subsets. If
A is a π-system that generates the σ-algebra G and A ⊂ E, then E ⊃ G.

Proof. Let
E = {E : the property is satisfied}.

(i): It follows from the assumptions and Theorem 2.2, respectively, that

E ⊃ M{A} = σ{A} = G.

(ii): Apply Theorem 2.3 to obtain

E ⊃ D{A} = σ{A} = G. �

Remark 2.5. As the reader may have discovered, the proofs of Theorems 2.2
and 2.3 are of this kind.

Remark 2.6. The second half of the theorem is called Dynkin’s π-λ theorem.�

3 The Probability Space

We now have sufficient mathematics at our disposal for a formal definition of
the probability space or probability triple, (Ω,F , P ).

Definition 3.1. The triple (Ω,F , P ) is a probability (measure) space if

• Ω is the sample space, that is, some (possibly abstract) set;
• F is a σ-algebra of sets (events) – the measurable subsets of Ω.

The “atoms”, {ω}, of Ω, are called elementary events;
• P is a probability measure,

that is, P satisfies the following Kolmogorov axioms:

1. For any A ∈ F , there exists a number P (A) ≥ 0; the probability of A.
2. P (Ω) = 1.
3. Let {An, n ≥ 1} be disjoint. Then

P (
∞⋃

n=1

An) =
∞∑

n=1

P (An). �


