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Preface

The growth of biostatistics as a subject has been phenomenal in recent years and has been
marked by a considerable technical innovation in methodology and computational practicality.
One area that has a significant growth is the class of Bayesian methods. This growth has taken
place partly because a growing number of practitioners value the Bayesian paradigm as
matching that of scientific discovery. But the computational advances in the last decade that
have allowed for more complex models to be fitted routinely to realistic data sets have also
led to this growth.

In this book, we explore the Bayesian approach via a great variety of medical application
areas. In effect, from the elementary concepts to the more advanced modeling exercises, the
Bayesian tools will be exemplified using a diversity of applications taken from epidemiology,
exploratory clinical studies, health promotion studies and clinical trials.

This book grew out of a course that the first author has taught for many years (especially)
in the Master programs in (bio)statistics at the universities of Hasselt and Leuven, both in
Belgium. The course material was the inspiration for two out of three parts in the book.
Therefore, the intended readership of this book are Master program students in (bio)statistics,
but we hope that applied researchers with a good statistical background will also find the
book useful. The structure of the book allows it to be used as course material for a course
in Bayesian methods at an undergraduate or early stage postgraduate level. The aim of the
book is to introduce the reader smoothly into Bayesian statistical methods with chapters that
gradually increase in the level of complexity. The book consists of three parts. The first two
parts of this work were the chapters primarily covered by the first author, while the last five
chapters were primarily covered by the second author.

In Part I, we first review the fundamental concepts of the significance test and the associated
P-value and note that frequentist methods, although proved to be quite useful over many years,
are not without conceptual flaws. We also note that there are other methods on the market,
such as the likelihood approach, but more importantly, the Bayesian approach. In addition,
we introduce (an embryonic version of) the Bayes theorem. In Chapter 2, we derive the
general expression of Bayes theorem and illustrate extensively the analytical computations
to arrive at the posterior distribution on the binomial, the Gaussian and the Poisson case. For
this, simple textbook examples are used. In Chapter 3, the reader is introduced to various
posterior summary measures and the predictive distributions. Since sampling is fundamental
to contemporary Bayesian approaches, sampling algorithms are introduced and exemplified in
this chapter. While these sampling procedures will not yet prove their usefulness in practice,
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we believe that the early introduction of relatively simple sampling techniques will prepare
the reader better for the advanced algorithms seen in later chapters. In this chapter, approaches
to Bayesian hypothesis testing are treated and we introduce the Bayes factor. In Chapter 4, we
extend all the concepts and computations seen in the first three chapters for univariate problems
to the multivariate case, introducing also Bayesian regression models. It is then seen that, in
general, no analytical methods to derive the posterior distribution are available, neither are the
classical numerical approaches to integration sufficient. A new approach is then needed. Before
addressing the solution to the problem, we treat in Chapter 5 the choice of the prior distribution.
The prior distribution is the keystone to the Bayesian methodology. Yet, the appropriate choice
of the prior distribution has been the topic of extensive discussions between non-Bayesians
and Bayesians, but also among Bayesians. In this chapter, we extensively treat the various
ways of specifying prior knowledge. In Chapters 6 and 7, we treat the basics of the Markov
chain Monte Carlo methodologies. In Chapter 6, the Gibbs and the Metropolis–Hastings
samplers are introduced again illustrated using a variety of medical examples. Chapter 7 is
devoted to assessing and accelerating the convergence of the Markov chains. In addition, we
cover the extension of the EM-algorithm to the Bayesian context, i.e. the data augmentation
approach is exemplified. It is then time to see how Bayesian analyses can be done in practice.
For this reason, we review in Chapter 8 the Bayesian software. We focus on two software
packages: the most popular WinBUGS and the recently released Bayesian SAS® procedures.
In both cases, a simple regression analysis serves as a guiding example helping the readers in
their first analyzes with these packages. We end this chapter with a review of other Bayesian
software, such as the packages OpenBUGS and JAGS, and also various R packages written
to perform specific analyses.

In Part II, we develop Bayesian tools for statistical modeling. We start in Chapter 9 with
reviewing hierarchical models. To fix ideas, we focus first on two simple two-level hierarchical
models. The first is the Poisson-gamma model applied to a spatial data set on lip cancer cases in
former East Germany. This example serves to introduce the concepts of hierarchical modeling.
Then, we turn to the Gaussian hierarchical model as an introduction to the more general mixed
models. A variety of mixed models are explored and amply exemplified. Also in this chapter
comparisons between frequentist and Bayesian solutions aim to help the reader to see the
differences between the two approaches. Model building and assessment are the topics of
Chapter 10. The aim of this chapter is to see how statistical modeling could be performed
entirely within the Bayesian framework. To this end, we reintroduce the Bayes factor (and
its variants) to select between two statistical models. The Bayes factor is an important tool in
model selection but is also fraught with serious computational difficulties. We then move to
the Deviance Information Criterion (DIC). For a better understanding of this popular model
selection criterion, we introduce at length the classical model selection criteria, i.e. AIC and
BIC and relate them to DIC. The part on model checking describes all classical actions one
would take to construct and evaluate a model, such as checking the residuals for outliers and
influential observations, finding the correct scale of the response and the covariates, choosing
the correct link function, etc. In this chapter, we also elaborate on the posterior predictive
check as a general tool for goodness-of-fit testing. The final chapter, Chapter 11, in Part II
handles Bayesian variable selection. This is a rapidly evolving topic that received a great
impetus from the developments in bioinformatics. A broad overview of possible variable and
model selection approaches and the associated software is given. While in the previous two
chapters, the WinBUGS software and to a lesser extent the Bayesian SAS procedures were
dominant, in this chapter we focus on software packages in R.
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In Part III, we address particular application areas for Bayesian modeling. We include the
most important areas from a practical biostatistical standpoint. In Chapter 12, we examine
bioassay, where we consider preclinical testing methods: both Ames and Mouse Lymphoma
in vitro assays and the famous Beetles LD50 toxicity assay are considered. In Chapter 13, we
consider the important and pervasive problem of measurement error and also the misclassi-
fication in biostatistical studies. We discuss Berkson and classical joint models, bias such as
attenuation and the problem of discrete error in the form of misclassification. In Chapter 14,
we examine survival analysis from a Bayesian perspective. In this chapter, we cover basic
survival time models and risk-set-based approaches and extend models to consider contextual
effects within hazards. In Chapter 15, longitudinal analysis is considered in greater depth.
Correlated prior distributions for parameters and also temporally correlated errors are con-
sidered. Missingness mechanisms are discussed and a nonrandom missingness example is
explored. In Chapter 16, two important spatial biostatistical application areas are then con-
sidered: disease mapping and image analysis. In disease mapping, basic Poisson convolution
models that include spatially structured random effects are examined for risk estimation, while
in image analysis a focus on Bayesian fMRI analysis with correlated prior distributions is
presented.

In Chapter 17, we end the book with a brief review of the topics that we did not cover
in this book and give some key references for further reading. Finally, in the appendix, we
provide an overview of the characteristics of most popular distributions used in Bayesian
analyses.

Throughout the book there are numerous examples. In Parts I and II, explicit reference
is made to the programs associated with the examples. These programs can be found at
the website www.wiley.com/go/bayesian_methods_biostatistics. The pro-
grams used in Part III can also be found at this website.
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package glmBfp, Fang Chen on the Bayesian SAS programs, Robert Gramacy on the R
program monomvn, David Hastie and Peter Green on an R program for RJMCMC, David
Lunn on the Jump interface in WinBUGS, Elizabeth Slate and Karen Vines. Thanks also
go to those who provided data for the book or who gave permission to use their data, i.e.
Steven Boonen, Elly Den Hondt, Jolanda Luime, the Signal-Tandmobiel® team, Bako Topal
and Vincent van Weel. The authors also wish to thank, for interesting discussions, their
colleagues in Leuven, Rotterdam and Charleston especially Dipankar Bandyopadhyay, Paul
Eilers, Steffen Fieuws, Mulugeta Gebregziabher, Dimitris Rizopoulos and Elizabeth Slate.
Finally, insightful conversations with George Casella, James Hodges, Helmut Küchenhoff
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Notation, terminology and some
guidance for reading the book

Notation and terminology

In this section, we review some notation used in the book. We limit ourselves to outline some
general principles; for precise definitions, we refer to the text.

First, both the random variable and its realization are denoted in this book as y. The vector
of covariates is most often denoted as x. The distribution of a discrete y as well as the density
of a continuous variable will be denoted as p(y), unless otherwise stated. In the text, we make
clear which of the two meanings applies. A sample of observations y1, . . . , yn is denoted as
y, but also, a d-dimensional vector will be denoted in bold, i.e. y. We make it clear from
the context what is implied. Further, independent, identically distributed random variables
are indicated as i.i.d. A distribution (density) depending on a parameter vector θ is denoted
as p(y | θ). The joint distribution of y and z is denoted as p(y, z | θ) and the conditional
distribution of y, given z will be denoted as y | z, θ ∼ p(y | z, θ). Alternatively, we use the
notation p(y | z, θ). The probability that an event happens will occasionally be denoted as P
for reasons of clarity.

A particular distribution will be addressed in two ways. For example, y ∼ Gamma(α, β)

indicates that the random variable y has a gamma distribution with parameters α and β, but
to indicate that the distribution is evaluated in y we will use the notation Gamma(y | α, β).
When parameters have been given almost the same notation, say β0, β1, β3, then the notation
β∗ is used where ∗ is a place holder for 1, 2, 3.

In the normal case, someBayesian textbooks use the precision notationwhile others use the
variance notation. More specifically, if y has a normal distribution with mean μ and variance
σ 2, then instead of y ∼ N(μ, σ 2) (classical notation) the alternative notation y ∼ N(μ, τ−1)

(or even y ∼ N(μ, τ )) with the precision τ = σ−2 is used by some. This alternative notation
is inspired by the fact that in Bayesian statistics some key results are better expressed in terms
of the precision rather than the variance. This is also the notation used by WinBUGS. In
this book, we frequently refer to classical, frequentist statistics. The use of precision would
then be more confusing, rather than illuminating. In addition, when it comes to summarizing
the results of a statistical analysis, the standard deviation is a better tool than the precision.
For these reasons, we primarily used in this book the variance notation. But, throughout the
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xviii NOTATION, TERMINOLOGY AND SOME GUIDANCE FOR READING THE BOOK

book (especially in the later chapters) we regularly make the transition from one notation to
the other.

Finally, we use some generally accepted standard notations, such as x always denotes a
column vector, |A| denotes the determinant of a matrix A, tr(A) is the trace of a matrix and AT

denotes the transpose of a matrix A. The sample mean of {y1, y2, . . . , yn} is denoted as y and
their standard deviation as s, sy or simply SD.

Guidance for reading the book

No particular guidance is needed to read this book. The flow in the book is natural: starting
from elementary Bayesian concepts we gradually introduce the more complex topics. This
book deals, basically, only with parametric Bayesian methods. This means that all our random
variables are assumed to have a particular distribution with a finite number of parameters. In
the Bayesian world, many more distributions are used than in classical statistics. So for the
classical reader (whatever meaning this may have), many of the distributions that pop-up in
the book will be new. A brief characterization of these distributions, together with a graphical
display, can be found in the appendix of the book.

Finally, some of the sections indicated by ‘∗’ are technical and may be skipped at first
reading.
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1

Modes of statistical inference

The central activity in statistics is inference. Statistical inference is a procedure or a collection
of activities with the aim to extract information from (gathered) data and to generalize the
observed results beyond the data at hand, say to a population or to the future. In this way,
statistical inference may help the researchers in suggesting or verifying scientific hypotheses,
or decision makers in improving their decisions. Inference obviously depends on the collected
data and on the assumed underlying probabilistic model that generated these data, but it also
depends on the approach to generalize from the known (data) to the unknown (population).We
distinguish two mainstream views/paradigms to draw statistical inference, i.e. the frequentist
approach and the Bayesian approach. In-between these two paradigms is the (pure) likelihood
approach.

In most of the empirical research, but definitely in medical research, scientific conclusions
need to be supported by a ‘significant result’ using the classical P-value. Significance testing
belongs to the frequentist paradigm. However, the frequentist approach does not consist of one
unifying theory but is rather the combination of two approaches, i.e. the inductive approach
of Fisher who introduced the null-hypothesis, the P-value and the significance level and the
deductive procedure of Neyman and Pearson who introduced the alternative hypothesis and
the notion of power. First, we review the practice of frequentist significance testing and focus
on the popular P-value. More specifically we look at the value of the P-value in practice.
Second, we treat an approach that is purely based on the likelihood function not involving any
classical significance testing. This approach is based on two fundamental likelihood principles
that are also essential for the Bayesian philosophy. Finally, we end this chapter by introducing
the principles of the Bayesian approach and we give an outlook of what the Bayesian approach
can bring to the statistician. However, at least three more chapters will be needed to fully
develop the Bayesian theory.

Bayesian Biostatistics, First Edition. Emmanuel Lesaffre and Andrew B. Lawson.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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1.1 The frequentist approach: A critical reflection

1.1.1 The classical statistical approach

It is perhaps an oversimplification to speak of a classical statistical approach. Nevertheless, we
mean by this the ensemble of methods that provides statistical inference based on the classical
P-value, the significance level, the power and the confidence interval (CI). To fix ideas, we
now exemplify current statistical practice with a randomized controlled clinical trial (RCT).
In fact, the RCT is the study design that, by excellence, is based on the classical statistical
tool box of inferential procedures. We assume that the reader is familiar with the classical
concepts in inferential statistics.

For those who have never experienced a RCT, here is a brief description. A clinical trial
is an experimental study comparing two (or more) medical treatments on human subjects,
most often patients. When a control group is involved, the trial is called controlled. For a
parallel group design, one group of patients receives one treatment and the other group(s)
receive(s) the other treatment and all groups are followed up in time to measure the effect
of the treatments. In a randomized study, patients are assigned to the treatments in a random
manner. To minimize bias in evaluating the effect of the treatments, patients and/or care givers
are blinded. When only patients are blinded one speaks of a single-blinded study, but when
both patients and care givers are blinded (and everyone involved in running the trial) one
speaks of a double-blinded trial. Finally, when more than one center (e.g. hospital) is involved
one deals with a multicenter study.

Example I.1: Toenail RCT: Evaluation of two oral treatments for toenail infection using
the frequentist approach
A randomized, double-blind, parallel group, multicenter study was set up to compare the
efficacy of two oral treatments for toenail infection (De Backer et al. 1996). In this study,
two groups of 189 patients were recruited, and each received 12 weeks of treatment (Lamisil:
treatment A and Itraconazol: treatment B), with 48 weeks of follow-up (FU). The significance
level was set at α = 0.05. The primary endpoint (upon which the sample size was based) in
the original study was negative mycology, i.e. a negative microscopy and a negative culture.
Here, we look at another endpoint, i.e. unaffected nail length at week 48 on a subset of patients
for whom the big toenail was the target nail. One hundred and thirty-one patients treated with
A and 133 treated with B were included in this comparison. Note that we only included those
patients present at the end of the study. The observed mean (SD) lengths in millimeter at
week 48 were 9.07 (4.92) and 7.70 (5.33), for treatments A and B, respectively. Suppose
the (population) average for treatment A is μ1 while for treatment B it is μ2. Therefore, the
null-hypothesis is H0 : � = μ1 − μ2 = 0 and can be evaluated with an unpaired t-test at a
two-sided significance level of α = 0.05. Upon completion of the study, the treatment estimate
was ̂� = 1.38 with an observed value of the t-statistic equal to tobs = 2.19. This result lies
in the rejection region corresponding to α = 0.05 yielding a statistically significant result (at
0.05). Thus, according to the Neyman–Pearson (NP) approach we (can) reject that A and B
are equally effective.

It is common to report also the P-value of the result to indicate the strength of evidence
against the hypothesis of two equally effective treatments. Here, we obtained a two-sided
P-value equal to 0.030, which is a measure of evidence against H0 in a Fisherian sense.
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In Section 1.1.2, we reflect on what message the P-value can bring to the researcher. We
will also indicate what properties the P-value does not have (but assumed to have).

1.1.2 The P-value as a measure of evidence

Fisher developed the P-value in the context of well-planned limited agricultural experiments
in a time when computations had to be done by hand. Nowadays, a great variety of studies
are undertaken in the medical research usually of an exploratory nature and often evaluating
hundreds to thousands of P-values. The P-value is an intuitively appealing measure against
the null-hypothesis, but that it is not always perceived in the correct manner. Here, we will
further elaborate on the use and misuse of the P-value in practice.

The P-value is not the probability that H0 is (not) true A common error is to interpret
the P-value as a probability that H0 is (not) true. However, the P-value only measures the
extremeness of the observed result under H0. The probability that H0 is true is formally
p(H0 | data), which we shall call the posterior probability of the null-hypothesis in the
following text, given the observed data. This probability is based on Bayes theorem and
depends on the prevalence of H0 (see also Example I.11).

The P-value depends on fictive data The P-value does not express the probability that the
observed result occurred under H0, but is rather the probability of observing this or a more
extreme result under H0. This implies that the calculation of the P-value is based not only on
the observed result but also on fictive (never observed) data.

Example I.2: Toenail RCT: Meaning of P-value
The P-value is equal to the probability that the test statistic exceeds the observed value if the
null-hypothesis were true. The computation of the P-value is done using probability laws, but
could also be represented by a simulation experiment. For instance, in the toenail infection
study the P-value is approximately equal to the proportion of studies, out of (say) 10 000
imaginary studies done under H0 (two identical treatments), that yield a t-value more extreme
than tobs = 2.19. In Figure 1.1, the histogram of imaginary results is displayed together with
the observed result.

The P-value depends on the sample space The above simulation exercise shows that the
P-value is computed as a probability using the long-run frequency definition, whichmeans that
a probability for an event A is defined as the ultimate proportion of experiments that generated
that event to the total number of experiments. For a P-value, the event A corresponds to a
t-value located in the rejection region. This makes it clear that the P-value depends on the
choice of the fictive studies and, hence, also on the sample space. The particular choice can
have surprising effects, as illustrated in Example I.3.

Example I.3: Accounting for interim analyses in a RCT
Suppose that a randomized controlled trial has been set up to compare two treatments and
that four interim analyses for efficacy were planned. An interim analysis for efficacy is a
statistical comparison between the treatment groups prior to the end of the study to see
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Figure 1.1 Graphical representation of the P-value by means of a simulation study under
H0.

whether the experimental treatment is better than the control treatment. The purpose is to
stop the trial earlier if possible. When more than one comparison is planned, one needs
to correct in a frequentist approach for multiple testing. A classical correction for multiple
testing is Bonferroni’s rule which dictates that the significance level at each comparison
(nominal significance level) needs to be made more stringent, i.e. α/k where k is the total
number of tests applied, to arrive at an overall (across all comparisons) type I error rate less
or equal to α. Bonferroni’s procedure is approximate; an exact control of the type I error
rate is obtained with a group sequential design (Jennison and Turnbull 2000). With Pocock’s
group sequential method and 5 analyses (4 interim + 1 final analyses), a significance level of
0.016 is handled at each analysis to achieve a global significance level of 0.05. Thus, when
the study ran until the end and at the last analysis a P-value of 0.02 was obtained, then the
result cannot be claimed significant with Pocock’s rule. However, if the same result had been
obtained without planning interim analyses, then this trial produced a significant result! Thus,
in the presence of two identical results, one cannot claim evidence against the null-hypothesis
in one case, while in the other case we would conclude that the two treatments have a
different effect.

In statistical terminology, the different evidence for the treatment effect in the two RCTs
of Example I.3 (with an identical P-value) is due to a different sample space (see below) in
the two scenarios. This is further illustrated in Example I.4.

Example I.4: Kaldor’ et al. case-control study: Illustration of sample space
In the (matched) case-control study (Kaldor et al. 1990) involving 149 cases (leukaemia
patients) and 411 controls, the purpose was to examine the impact of chemotherapy on
leukaemia in Hodgkin’s survivors (Ashby et al. 1993). The 5-year survival of Hodgkin’s
disease (cancer of the lymph nodes) is about 80%, but the survivors have an excess risk of
developing solid tumors, leukaemia and/or lymphomas. In Table 1.1, the cases and controls
are subdivided according to exposure to chemotherapy or not.
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Table 1.1 Kaldor’ et al. case-control study (Kaldor
et al. 1990): frequency table of cases and controls
subdivided according to their exposure to chemotherapy.

Treatment Controls Cases

No chemo 160 11
Chemo 251 138

Total 411 149

Ignoring the matched character of the data, the analysis of the 2 × 2-contingency table by
a Pearson chi-squared test results in P = 7.8959 × 10−13 with a chi-squared value of 51.3.
With the Fisher’s exact test, a P-value of 1.487 × 10−14 was obtained. Finally, the estimated
odds ratio is equal to 7.9971 with a 95% CI of [4.19, 15.25].

The chi-squared test and the Fisher’s exact test have a different sample space, which is
the space of possible samples considered to calculate the null distribution of the test statistic.
The sample space for the chi-squared test consists of the 2 × 2-contingency tables with the
same total sample size (n), while for Fisher’s exact test the sample space consists of
the subset of 2 × 2-contingency tables with the same row and column marginal totals. The
difference between the two sample spaces explains here partly the difference in the two test
results. In Example I.3, it is the sole reason for the different evidence from the two RCTs.
The conclusion of a scientific experiment, hence, not only depends on the results of that
experiment but also on the results of experiments that did not and will never happen. This
finding has triggered a lot of debate among statisticians (see Royall 1997).

The P-value is not an absolute measure A small P-value does not necessarily imply a
large difference between two treatments or a strong association among variables. Indeed, as a
measure of evidence the P-value does not take the size of the study into account. There have
been vivid discussions on how a small P-value should be interpreted as a function of the size
of the study (see Royall 1997).

The P-value does not take all evidence into account Let us take the following example
also discussed by Ashby et al. (1993).

Example I.5: Merseyside registry results
Ashby et al. (1993) reported on data obtained from a subsequent registry study in UK
(after Kaldor et al.’s case-control study) to check the relationship between chemotherapy and
leukemia among Hodgkin’s survivors. Preliminary results of the Merseyside registry were
reported in Ashby et al. (1993) and are reproduced in Table 1.2. The P-value obtained from
the chi-squared test with continuity correction equals 0.67. Thus, formally there is no reason
to worry that chemotherapy may cause leukemia among Hodgkin’s survivors. Of course,
every epidemiologist would recognize that this study has no chance of finding a relationship
between chemotherapy and leukemia because of the small study size. By simply analyzing
the data of the Merseyside registry, no evidence of a relationship can be established.
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Table 1.2 Merseyside registry: frequency table
of cases and controls subdivided according to
their exposure to chemotherapy.

Treatment Controls Cases

No chemo 3 0
Chemo 3 2

Total 6 2

Is it reasonable to analyze the results of the Merseyside registry in isolation, not referring
to the previous study of Kaldor et al. (1990)? In other words, should one forget about the
historical data and assume that one cannot learn anything from the past? The answer will
depend on the particular circumstances, but it is not obvious that the past should never play a
role in the analysis of data.

1.1.3 The confidence interval as a measure of evidence

While the P-value has been criticized by many statisticians, it is more the (mis)use of the
P-value that is under fire. Nevertheless, there is a growing preference to replace the P-value
by the (95%) CI.

Example I.6: Toenail RCT: Illustration of 95% confidence interval
The 95% CI for � is equal to [0.14, 2.62]. Technically speaking we can only say that in the
long run 95% of those intervals will contain the true parameter (the 95% CI is based on the
long-run frequency definition of probability). But for our RCT, the 95% CI will either contain
the true parameter or not (with probability 1)! In our communication to nonstatisticians, we
never use the technical definition of the CI. Rather, we say that the 95% CI [0.14, 2.62]
expresses that we are uncertain about the true value of � and that it most likely lies between
0.14 and 2.62 (with 0.95 probability).

The 95% CI expresses our uncertainty about the parameter of interest and as such is
considered to give better insight into the relevance of the obtained results than the P-value.
However, the adjective ‘95%’ refers to the procedure of constructing the interval and not to
the interval itself. The interpretation that we give to nonstatisticians has a Bayesian flavor as
will be seen in Chapter 2.

1.1.4 An historical note on the two frequentist paradigms∗

In this section, we expand on the difference between the two frequentist paradigms and how
they have been integrated in practice into an apparently one unifying approach. This section
is not essential for the remainder of the book and can be skipped. A more in-depth treatment
of this topic can be found in Hubbard and Bayarri (2003) and the papers of Goodman (1993,
1999a, 1999b) and Royall (1997).
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The Fisherian and the NP approach are different in nature but are integrated in current
statistical practice. Fisher’s views on statistical inference are elaborated in two of his books:
StatisticalMethods for ResearchWorkers (Fisher 1925) andTheDesign of Experiments (Fisher
1935). He strongly advocated the inductive reasoning to generate new hypotheses. Fisher’s
approach to inductive inference goes via the rejection of the null-hypothesis, say H0 : � = 0.
His significance test constitutes of a statistical procedure based on a test statistic for which
the sampling distribution, given that � = 0 holds, is determined. He called the probability
under H0 of obtaining the observed value of that test statistic or a more extreme one, the
P-value. To Fisher, the P-value was just a practical tool for inductive inference whereby the
smaller the P-value implies a greater evidence against � = 0. Further, according to Fisher
the null-hypothesis should be ‘rejected’ when the P-value is small, say less than a prespecified
threshold α = 0.05 called the level of significance. Fisher’s rule for rejecting H0 is, therefore,
when P ≤ 0.05, but he recognized (Fisher 1959) that rejection may have two meanings: either
that an exceptionally rare chance has occurred or the theory (according to the null-hypothesis)
is not true.

In their approach to statistical testing, Neyman and Pearson (1928a, 1928b, 1933) needed
an alternative hypothesis (Ha), say � �= 0. Once the data have been observed, the investigator
needs to decide between two actions: rejectH0 (and acceptHa) or acceptH0 (and rejectHa). NP
called their procedure an hypothesis test. Their approach to research has a decision theoretic
flavor, i.e. decision makers can commit two errors: (1) type I error with probability P(type I
error) = α (type I error rate) when H0 is rejected while in fact true and (2) type II error
with probability P(type II error) = β (type II error rate) when Ha is rejected while in fact
true. In this respect they introduced the power of a test, equal to 1 − β for an alternative
hypothesis Ha : � = �a. NP argued that a statistical test must minimize the probability of
making the wrong decision and demonstrated (Neyman and Pearson 1933) that the well-
known likelihood-ratio test minimizes β for given a value for α. The NP approach is in fact
deductive and reasons from the general to the particular and thereby makes claims from the
particular to the general only in the long run. NP strived that one shall not be wrong too
often. In other words, they rather advocated ‘inductive behavior’. Fisher strongly disliked this
viewpoint and both parties ended up in a never-ending debate.

Despite the strong historical disagreement between the proponents of the two approaches,
nowadays the two philosophies are mixed up and presented as a unifying methodology.
Hubbard and Bayarri (2003) (see also references therein) warned for the confusion this
unification might imply, especially for the danger that the P-value is wrongly interpreted as
a type I error rate. Indeed, the P-value was introduced by Fisher as a surprise index vis-à-vis
the null-hypothesis and in the light of the data. It is an a posteriori determined probability.
A problem occurs when the P-value is given the status of an a priori determined error rate.
For example, suppose the significance level is α = 0.05, chosen in advance. Thus, if upon
completion of the study, we obtain P = 0.023 we say that H0 is rejected at 0.05. However, we
cannot say that H0 is rejected at the 0.025 level, because in this sense α is chosen after the
facts and P obtains the status of a prespecified level. In medical papers, the P-value is often
given the nature of a prespecified value. For instance when significant results are indicated by
asterisks, e.g. ‘∗’ for P < 0.05, ‘∗∗’ for P < 0.01 and ‘∗∗∗’ for P < 0.001, then the impression
is created that for a ‘∗∗’ result significance at 0.01 can be claimed. Following Carl Popper
(Popper 1959), Fisher claimed that one can never accept the null-hypothesis, only disprove
it. In contrast, according to the NP approach subsequent to the hypothesis test there are two
possible actions: one ‘rejects’ the null-hypothesis (and accepts the alternative hypothesis) or
vice versa. This creates another clash of the two approaches. Namely, if the NP approach
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is the basis for statistical inference, then there is in principle no problem in accepting the
null-hypothesis. However, one of the basic principles in classical statistical practice is never
to accept H0 in case of a nonsignificant result that is in the spirit of Fisher’s significance
testing. Note that in clinical trials the standard approach is the NP approach, but accepting the
null-hypothesis would be a major flaw.

Because of the above difficulties with the P-value and that classical statistical inference
is claimed to be not coherent, Goodman (1993, 1999a, 1999b) and others advocated to use
Bayesian inference tools such as the Bayes factor. Having said this, others still regard it as a
useful tool in some circumstances. For instance, Hill (1996) writes: ‘Like many others, I have
come to regard the classical P-value as a useful diagnostic device, particularly in screening
large numbers of possibly meaningful treatment comparisons.’ Further, in some cases (one-
sided hypothesis testing) the P-value and Bayesian inference come close (see Section 3.8.3).
Finally,Weinberg (2001) argues that ‘It is time to stop blaming the tools, and turn our attention
to the investigators who misuse them.’

1.2 Statistical inference based on the likelihood function

1.2.1 The likelihood function

The concept of likelihood was introduced by Fisher (1922). It expresses the plausibility of
the observed data as a function of the parameters of a stochastic model. As a function of the
parameters the likelihood is called the likelihood function. Statistical inference based on the
likelihood function differs fundamentally from inference based on the P-value, although both
approaches were promoted by Fisher as a tool for inductive inference. To fix ideas, let us
look at the likelihood function of a binomial sample. The following example dates back to
Cornfield (1966) but is rephrased in terms of a surgery experiment.

Example I.7: A surgery experiment
Assume that a new but rather complicated surgical technique was developed in a hospital
with a nonnegligible risk for failure. To evaluate the feasibility of the technique the chief sur-
geon decides to operate on n = 12 patients with this new procedure. Upon completion of the
12 operations, he reports s = 9 successes. Let the outcome of the ith operation be denoted
as yi = 1 for a success and yi = 0 for a failure. The total experiment yields a sample of n
independent binary observations {y1, . . . , yn} ≡ ywith s successes. Assume that the probabil-
ity of success remains constant over the experiment, i.e. p(yi) = θ , (i = 1, . . . , n). Then the
probability of the observed number of successes is expressed by the binomial distribution, i.e.
the probability that s successes out of n experiments occur when the probability of success in
a single experiment is equal to θ , is given by

fθ (s) =
(

n
s

)

θ s (1 − θ )n−s with s =
n
∑

i=1

yi, (1.1)

where fθ (s) is a discrete distribution (as a function of s) with the property that
n
∑

s=0
fθ (s) = 1.

When s is kept fixed and θ is varying, fθ (s) becomes a continuous function of θ , called
the binomial likelihood function. The likelihood function could be viewed as expressing the
plausibility of θ in the light of the data and is therefore denoted as L(θ | s). The graphical
representation of the binomial likelihood function is shown in Figure 1.2(a) for s = 9 and


