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Preface 

The present volume is the second volume of the book "Singularities of 
Differentiable Maps" by V.I. Arnold, A. N. Varchenko and S.M. Gusein-Zade. 
The first volume, subtitled "Classification of critical points, caustics and wave 
fronts", was published by Moscow, "Nauka", in 1982. It will be referred to in 
this text simply as "Volume 1 ". 

Whilst the first volume contained the zoology of differentiable maps, that is it 
was devoted to a description of what, where and how singularities could be 
encountered, this volume contains the elements of the anatomy and physiology 
of singularities of differentiable functions. This means that the questions 
considered in it are about the structure of singularities and how they function. 

Another distinctive feature of the present volume is that we take a hard look at 
questions for which it is important to work in the complex domain, where the 
first volume was devoted to themes for which, on the whole, it was not important 
which field (real or complex) we were considering. Such topics as, for example, 
decomposition of singularities, the connection between singularities and Lie 
algebras and the asymptotic behaviour of different integrals depending on 
parameters become clearer in the complex domain. 

The book consists of three parts. In the first part we consider the topological 
structure of isolated critical points of holomorphic functions. We describe the 
fundamental topological characteristics of such critical points: vanishing cycles, 
distinguished bases, intersection matrices, monodromy groups, the variation 
operator and their interconnections and method of calculation. 

The second part is devoted to the study of the asymptotic behaviour of 
integrals of the method of stationary phase, which is widely met with in 
applications. We give an account of the methods of calculating asymptotics, we 
discuss the connection between asymptotics and various characteristics of 
critical points of the phases of integrals (resolution of singularities, Newton 
polyhedra), we give tables of the orders of asymptotics for critical points of the 
phase which were classified in Volume 1 of this book (in particular for simple, 
unimodal and bimodal singularities). 

The third part is devoted to integrals evaluated over level manifolds in a 
neighbourhood of the critical point of a holomorphic function. In it we shall 
consider integrals of holomorphic forms, given in a neighbourhood of a critical 
point, over cycles, lying on level hypersurfaces of the function. Integral of a 
holomorphic form over a cycle changes holomorphically under continuous 
deformation of the cycle from one level hypersurface to another. In this way 
there arise many-valued holomorphic functions, given on the complex line in a 
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neighbourhood of a critical value of the function. We show that the asymptotic 

behaviour of these functions (that is the asymptotic behaviour of the integrals) as 

the level tends to the critical one is connected with a variety of characteristics of 

the initial critical point of the holomorphic function. 

The theory of singularities is a vast and rapidly developing area of 

mathematics, and we have not sought to touch on all aspects of it. 

The bibliography contains works which are directly connected with the text 

(although not always cited in it) and also works connected with volume 1 but for 

some or other reason not contained in its bibliography. 

References in the text to volume 1 refer to the above-mentioned book 

"Singularities of Differentiable Maps". 
The authors offer their thanks to the participants in the seminar on singularity 

theory at Moscow State University, in particular A. M. Gabrielov, A. B. 

Givental, A. G. Kushnirenko, D. B. Fuks, A. G. Khovanski and S. V. Chmutov. 

The authors also wish to thank V. S. Varchenko and T.V. Ogorodnikova for 

rendering inestimable help in preparing the manuscript for publication. 

The authors. 



Contents 

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . VII 

Part I 

Chapter 1 
Chapter 2 

Chapter 3 

Chapter 4 

Chapter 5 

Part II 

Chapter 6 
Chapter 7 

Chapter 8 
Chapter 9 

Part III 

The topological structure of isolated critical points of func-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
Elements of the theory of Picard-Lefschetz . . . . . . . . . . . . . 9 
The topology of the non-singular level set and the variation 
operator of a singularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
The bifurcation sets and the monodromy group of a 
singularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 
The intersection matrices of singularities of functions of two 
variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 
The intersection forms of boundary singularities and the 
topology of complete intersections . . . . . . . . . . . . . . . . . . . . 139 

Oscillatory integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 

Discussion of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 
Elementary integrals and the resolution of singularities of the 
phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 
Asymptotics and Newton polyhedra . . . . . . . . . . . . . . . . . . . 233 
The singular index, examples . . . . . . . . . . . . . . . . . . . . . . . . . 263 

Integrals of holomorphic forms over vanishing cycles . . . . . . 269 

Chapter 10 The simplest properties of the integrals . . . . . . . . . . . . . . . . 270 
Chapter 11 Complex oscillatory integrals . . . . . . . . . . . . . . . . . . . . . . . . . 290 
Chapter ·12 Integrals and differential equations................. . . . 316 
Chapter 13 The coefficients of series expansions of integrals, the weigh-

ted and Hodge filtrations and the spectrum of a critical point 351 



X Contents 

Chapter 14 The mixed Hodge structure of an isolated critical point of a 
holomorphic function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394 

Chapter 15 The period map and the intersection form . . . . . . . . . . . . . 439 

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461 

Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 489 



Part I 

The topological structure of 
isolated critical points of functions 

Introduction 

In the topological investigation of isolated critical points of complex-analytic 
functions the problem arises of describing the topology of its level sets. The 
topology of the level sets or infra-level sets of smooth real-valued functions on 
manifolds may be investigated with the help of Morse theory (see [255]). The idea 
there is to study the change of structure of infra-level sets and level sets of 
functions upon passing critical values. In the complex case passing tl!rough a 
critical value does not give rise to an interesting structure, since all the non­
singular level sets near one critical point are not only homeomorphic but even 
diffeomorphic. The complex analogue of Morse theory, describing the topology 
of level sets of complex analytic functions, is the theory of Picard-Lefschetz 
(which historically precedes Morse theory). In Picard-Lefschetz theory the 
fundamental principle is not passing through a critical point but going round it in 
the complex plane. 

Let us fix a circle, going round the critical value. Each point of the circle is a 
value of the function. The level sets, corresponding to these values, give a fibration 
over the circle. Going round the circle defines a mapping of the level set above the 
initial point of the circle into itself. This mapping is called the (classical) 
monodromy of the critical point. 

The simplest interesting example in which one can observe all this clearly and 
carry through the calculations to the end is the function of two variables given by 

It has a unique critical point z = w = 0. The critical value isf = 0. The critical level 
set Vo = { (z, w): z2 + w2 = 0} consists of two complex lines intersecting in the 
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point 0. All the other level sets 

(A.=FO) 

are topologically the same; they are diffeomorphic to a cylinder S 1 x 1R 1 

(figure 1). 

Fig. 1. Fig. 2; 

To show this, we consider the Riemann surface of the function w=V(A.-r) 
(figure 2). This surface is glued together from two copies of the complex z-plane, 

joined along the cut (-1!1, 0). Each copy of the cut plane is homeomorphic to 
a half cylinder; the line of the cut corresponds to a circumference of the cylinder. 
In this way, the whole (four-real-dimensional) space <C2 decomposes into the 
singular fibre Vo and the non-singular fibres v._, diffeomorphic to cylinders, 
mapping to the critical value 0 and the non-critical values A. =F 0 by the mapping 

Let us proceed to the construction of the monodromy. We consider on the 
target plane a path going round the critical value 0 in the positive direction 
(anticlockwise): 

A.(t)=exp(2nit)1X, O=::;t=::;1, IX>O (figure 3) 

Fig. 3. 
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Let us observe how the fibre V;.<t> changes as t varies from 0 to 1. For this we 
consider the Riemann surfaces of the functions 

As the parameter t increases, both the branch points z = ± V1(t} = exp(nit) 

x ( ± ~) move around the point z = 0 in the positive direction. As t varies 
from 0 to 1, each of these points performs a half turn and arrives at the other's 
place. In this way, as A.(t) goes round the critical value 0, it corresponds to a 
sequence of Riemann surfaces, depicted in figure 4, beginning and ending with 
the same surface Va. 

rcfH¥,rte rt~¥t~ r 
t=o t=t/.1 t=2/J t=t 

Fig. 4~ 

Now it is easy to construct a family continuous in t, of diffeomorphisms from 
the initial fibre V-<<o> = Va to the fibre V;.<t> over the point A.(t) 

beginning with the identity map, F0 , and ending with the monodromy F1 =h. For 
example one may definer, in the following fashion. Choose a smooth "bump 
function", x('r), such that 

We let 

x(r)=l for O~r~2~, 

x(r)=O for r~3~. 

g,(z)=exp {nit· x(lzD} · z. 

The family of diffeomorphisms g, from the complex z-plane into itself defines the 
desired family of diffeomorphisms r,. The diffeomorphism h = F1 : Va-+ Va of the 

cylinder is the identity outside a sufficiently large compact set (for lzl > 3 ya). 
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We consider now the action of the monodromy h on the homology of a non­
singular fibre Va. The first homology group H 1 ( Va ; Z):::::; Z of the cylinder Va 
is generated by the homology class of the "gutteral" circle A (figure 5). As IX-+0 

the circle A tends to the point 0. Therefore it is called the vanishing cycle of 
Picard-Lefschetz. 

Fig. 5. 

We consider further the first homology group Hf1(Va; Z) of the fibre Va with 
closed support. According to Poincare duality, this group is also isomorphic to 
the group Z of integers. It is generated by the homology class of the "covanishing 
cycle" 17-a line on the cylinder going from infinity to infinity and intersecting the 
vanishing cycle, A, once transversely (see figure 5). We shall suppose that the 
cycle 17 is oriented in such a way that its intersection number (17 o A) with the 
vanishing cycle A, determined by the complex orientation of the fibre Va, is equal 
to +1. 

Figure 4 allows us to observe the action of the diffeomorphisms F1 on the 
vanishing and covanishing cycles (figure 6). 

t=O t=2/.i t=l 

Fig~ 6. 

We notice that the diffeomorphism h=F1 of the cylinder Va::::;;S1 x IR1 can be 
described as follows: it is fixed outside a certain annulus, the circles forming the 
annulus rotate through various angles varying from 0 at one edge to 2n at the 
other. In this way, under the action of the monodromy mapping h. the vanishing 
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cycle L1 is mapped into itself, the covanishing cycle winds once around the 
cylinder (figure 7). 

nv 

Fig. 7. 

The diffeomorphism h is the identity outside some compact set. Outside this 
compact set the cycles J7 and h J7 coincide. Therefore the cycle h J7- J7 is 
concentrated in a compact part of the cylinder. From figure 7 (or from figure 6) it 
is clear that 

hV-V= -L1. 

In this way any cycle lJ with closed support gives rise to a cycle hlJ -b with 
compact support. This defines a mapping from the homology of the fibre ~with 
closed support into its homology with compact support. It is called the variation 

and is denoted by 

From figure 7 or figure 6 it can be seen that we have 

Var b=(L1olJ)L1 

for every cycle 

Here (L1 o b) is the intersection number of the cylces L1 and J, defined by the 
complex orientation of the fibre ~- This relationship is called the formula of 
Picard-Lefschetz. 

We notice that, generally speaking, the diffeomorphisms ~are defined only up 
to homotopy and that there is no a priori reason why the mapping F1 should be 
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fixed outside a compact set. For example, the family of diffeomorphisms 

r;: (z, w)-+(z exp(n:it), w exp (nit)) 

defines the mapping 

r; =h': (z, w)-+( -z, -w), 

which is not fixed outside a compact set and is not, therefore, suitable for 
defining the variation (though it is suitable for defining the action of the 
monodromy on the compact homology). Thus we have considered the funda­
mental concepts of the theory of Picard-Lefschetz: vanishing cycles, monodromy 
and variation for the simplest example of the function f (z, w) = z2 + w2 . 

In the general case of an arbitrary function of any number of variables, the 
topology of the fibre V,. will not be as simple as in the example we analysed. The 
investigation of the topology of the fibre v,., the monodromy and the variation in 
the general case is a difficult problem, solved completely only for a few special 
cases. In this part we shall recount several methods and results which have been 
obtained along these lines. 

The fundamental method which we shall make use of is the method of 
deformation (or perturbation). Under a small perturbation, a complicated 
critical point of a function of n variables breaks up into simple ones. These simple 
critical points look like the critical point 0 of the function 

and can be investigated completely in the same way as we analysed the case 
n =2 above. In place of the cylinders fJ:, which occured in the casen =2, the non­
singular fibre in the general case are smooth manifolds 

which are diffeomorphic to the. space TS"-1, the tangent bundle of the (n -1)­
dimensional sphere (giving a cylinder for n = 2). The vanishing cycle in Jl1 is the 
real sphere 

If complicated critical points break down under deformation into Jl simple 
ones, then the perturbed function will have, in general, Jl critical values (figure 8). 
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In this case it is possible in the target plane of the perturbed function to go round 
each of the J.l critical values. In this way we get, not one monodromy 
diffeomorphism h, but a whole monodromy group {h1}, where y runs through the 
fundamental group of the set of non-critical values. 

F 

Fig. 8. Fig. 9. 

The non-singular fibre V;. of the perturbed function have the same structure 
(inside some ball surrounding the critical point of the initial function) as the non­
singular fibre of the initial function. When the value of A. tends to one of the 
critical values of the perturbed function, a certain cycle on the non-singular fibre 
vanishes. This cycle is a sphere whose dimension is a half of the (real) dimension 
of the fibre V;. (figure 9). Tending in this manner to all J.l critical values, we define 
in the non-singular fibre J.l vanishing cycles, each a sphere of the middle 
dimension. It happens that the non-singular fibre is homotopy equivalent to a 
bouquet of these spheres. 

In the case when the real dimension of the non-singular fibre is divisible by 4 
(that is when the number n of variables is odd), the intersection number gives a 
symmetric bilinear form in the homology group Hn _1 ( v .. ; Z) of the non-singular 
level manifold. The self-intersection number of each of the vanishing cycles is 
equal to 2 or -2, depending on the number of variables n. The action of going 
round the critical value corresponding to a vanishing cycle is equivalent to 
reflection in a mirror which is orthogonal to this cycle, where orthogonality is 
defined by the scalar product given by the intersection numbers. 

For example, for the function of three variables 

a suitable perturbation is 
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k,---
This function has J..l = k critical points <V e/(k + 1 gm, 0, 0), where ~m 
(m = 1, ... , k) are the k-th roots of unity. The corresponding vanishing cycles 
L1 1 , ••• , L1k can be chosen so that they have the following intersection numbers 

(L1;0L1;)= -2, 

(L11 oL12)=(L12oL13)= ... =(L1k-l oL1k)=1, 

and all other intersection numbers are zero. The monodromy group is generated 
by the resulting reflections in the orthogonal complements of the cycles L1m, and 
coincides with the Weyl group Ak (see [53]), that is with the group S(k + 1) of 
permutations of (k + 1) elements. 

In this Part we shall generally (except in Chapter 5) be concerned with isolated 
singularities of functions. Therefore by the term "singularity" we shall 
understand the germ of a holomorphic function/: (<Cn, 0)-+(<C, 0), having at the 
origin an isolated critical point (that is, a point at which all the partial derivatives 
of the function fare equal to zero). 

Let G: (<Cn, 0)-+(<CP, 0) be the germ at the origin of an analytic function, let U 
be a neighbourhood of the origin in the space <Cn, in which a representative of the 
germ G is defined, and let G;. be a family offunctions from U to <CP, analytic in A. in 
a neighbourhood of 0 in <C, such that G0 =G. We shall refer to the function G;., 
for sufficiently small A., as a small perturbation G of the function G, without 
spelling out each time the dependence on the parameter A.. 

Throughout, the absolute homology groups will be considered reduced 
modulo a point; the relative groups of a pair "manifold-boundary" will be 
modulo a fundamental cycle. (For this reason the tilde over the letter H, which 
usually indicates a reduced homology group, will be omitted.) All the homology 
will be considered with coefficients in the group 7l of integers, unless we 
specifically indicate otherwise. 

Let <Cn be the n-dimensional complex vector space with coordinates 

The space <Cn~IR2n, considered as a real 2n-dimensional vector space, has a 
preferred orientation, which we shall call the complex one. This orientation 
is defined so that the system of coordinates in the space IR2n given by 
u1 ,vt.u2 ,v2 , ••• ,un,Vn has positive orientation. Complex manifolds will be 
considered to have this complex orientation unless we specifically indicate 
otherwise. With this choice of orientation the intersection nu~bers of complex 
submanifolds will always be non-negative. 
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Chapter 1 

Elements of the theory of 
Picard-Lefschetz 

In this chapter we shall define concepts of Picard-Lefschetz theory such as 
vanishing cycles, the monodromy and variation operators, the Picard-Lefschetz 
operators, etc. As we have already said, they are used to investigate the topology 
of critical points of holomorphic functions. 

1.1 The monodromy and variation operators 

Let f:M"-+£. be a holomorphic function on an n-dimensional complex 
manifold M", with a smooth boundary oM" (in the real sense). Let U be a 
contractible compact region in the complex plane with smooth boundary o U. We 
shall suppose that the following conditions are satisfied: 
(i) For some neighbourhood U' of the region U, the restriction off to the 
preimage of U' is a proper mapping f- 1(U')-+ U', that is a mapping for which 
the preimage of any compact set is compact. 
(ii) The restriction off to oM"nf- 1(U') is a regular mapping into U', that is a 
mapping, the differential of which is an epimorphism. 
(iii) The function f has in the preimage, f- 1(U'), of the region U' a finite 
number of critical points p; (i = 1, ... , Jl) with critical values z; = f (p;) lying 
inside the region U, that is in U"'-. oU. 

From condition (ii) it follows that the restriction of the function f to 
oM"nf- 1(U) defines a locally trivial, and consequently (since the region Uis 
assumed contractible) also a trivial fibration oM"nf- 1(U)-+U. The direct 
product structure in the space of this fibration is unique up to homotopy. In 
addition, the restriction ofthe function f to the preimage f- 1(U"'-. {z;}) of the 
set of non-critical values is a locally trivial fibration. 

We will denote by Fz (z E U) the level set of the function f (Fz = f- 1(z)). If 
z E U is a non-critical value of the function J, then the corresponding level set Fz 
is a compact (n -i)-dimensional complex manifold with smooth boundary 
oFz=FznoM". Let us fix a non-critical value Zo lying on the boundary au 
of the region U. Let y be a loop in the complement of the set of critical values 

V.I. Arnold et al., Singularities of Differentiable Maps Volume , Modern Birkhäuser Classics,   2, 
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u"' {z;li= 1, ... 'J.L} with initial and end points at Zo (y: [0, 1]-+ u"' {z;}, y(O) 
=y(1) =z0). (We can suppose, without loss of generality, that all the loops and 
paths we encounter are piecewise smooth.) Going round the loop y generates a 
continuous family of mappings I', : ~o-+ Mn (lifting homotopy), for which r 0 is 
the identity map from the level manifold Fzo into itself, f(I',(x))=y(t), that is I', 
maps the level manifold Fzo into the level manifold F1(r)· The homotopy I', can 
and will be chosen to be consistent with the direct product structure on 
i}Mnnf- 1(U). Indeed we can choose as {I'r} a family of diffeomorphisms 
Fzo-+ Fy(t)• but we shall not need this in the sequel. Thus the map 

is the identity map on the boundary oFzo of the level manifold Fw It is defined 
uniquely up to homotopy (fixed on the boundary oFz0 ) by the class of the loop y 
in the fundamental group n1 ( U ""- { z;}, z0) of the complement of the set of critical 
values. 

Defmitions. The transformation h1 of the non-singular level set Fzo into itself 
is called the monodromy of the loop y. The action h1* of the transformation h1 on 
the homology of the non-singular level set H.(Fz0 ) is called the monodromy 
operator of the loop y. 

The monodromy operator is uniquely defined by the class of the loop y in the 
fundamental group of the complement of the set of critical values. 

We shall discuss also the automorphism h~) induced by the transformation h1 

in the relative homology group H * (Fza• oFz0 ) of the non-singular level set modulo 
its boundary. In the introduction to this Part we used, instead of the relative 
homology group H * (Fzo• i}Fz0 ), the homology group Hf1 ( V..) with closed support 
(using the isomorphism 

Let~ be a relative cycle in the pair (Fzo• i}Fz0). Since the transformation h1 is 
the identity on the boundary i}Fzo of the level manifold Fzo• the boundary of the 
cycle h1~ coincides with the boundary of the cycle~- Therefore the difference h1 ~ 
-~is an absolute cycle in the manifoldFz0 .1t is not hard to see that the mapping 
~ H h1~- ~ gives the correct definition of the homomorphism 
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Definition. The homomorphism 

is called the variation operator of the loop y. 
It is not difficult to see that the automorphisms hr* and hr! are connected with 

the variation operator by the relations 

where 

is the natural homomorphism induced by the inclusion 

If the class of the loop yin the fundamental group n1 (U"'- {z;},z0 ) of the 
complement of the set of critical values is equal to the product y1 · y2 of the classes 
y1 and y2 , then 

Therefore the mapping y H hr* is an (anti)homomorphism of the fundamental 
group n1 ( U ""- { z;}, z0) of the complement of the set of critical values into the 
group Aut H * (Fz0 ) of automorphisms of the homology group H * (Fz0 ) of the 
non-singular level set. We shall denote by (a ob) the intersection number of the 
cycles (or homology classes) a and b. This notation will be used both in the case 
when both the cycles a and b are absolute and in the case when one of them is 
relative. Remember that the level manifold Fzo is a complex manifold and there­
fore possesses the preferred orientation which defines the intersection number of 
the cycles on it. 
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Lemma 1.1. Let 

a, bEH*(Fzo• oFzo) 

be relative homology classes, 

Then 

dim a+dim b=2n -2, 

YE1t1(U"' {zi},z0). 

(var1a o var1b) +(a o var1b) + (var1a o b)= 0. 

Proof. Choose relative cycles which are representatives of the homology classes 
a and b so that their boundaries (lying in the boundary oFzo of the level manifold 
Fz0 ) do not intersect. This can be done using the dimensional relationships 

dim oa+dim ob=2n -4 
<2n-3 

=dim oFzo· 

The chosen cycles we shall also denote by a and b. For such cycles the intersection 
number makes sense, though, of course, it is not an invariant of the classes in the 

homology group H*(Fzo• oFz0 ). We have 

(var1a ovar1b) +(var1aob) +(ao var1b) = 
= (h1a oh1b) -(aoh1b) -(h1a ob) +(ao b)+ 
+(h1aob) -(aob) +(aoh1b) -(aob)=O, 

since (h1aoh1b)=(aob). 

Proof. 

(hV~a o var1b) + (var1 a o b) 
=(i* · var1a ovar1b) +(a ovar1b) +(var1a ob) 
=0 
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smce 

hrl=id+i* ·var1 , 

(i* · var1a o var1b) =(var1a ovar1b). 

1.2 Vanishing cycles and the monodromy group 

Let us suppose now that all critical points Pi of the function fare non-degenerate 
(that is that det(?P ffoxioxk) =FO), and all critical values zi = f(pi) are different 
(i = 1, ... , J1 ). Remember that in this case the function f is said to be Morse. 

Definition. The monodromy group of the (Morse) function f is the image of the 
homomorphism of the fundamental group n1 ( U"' { zi}, z0 ) of the complement of 
the set of critical values in the group Aut H.(Fz0 ) of automorphisms of the 
homology group H*(Fz0 ) of the non-singular level set Fzo which is obtained by 
mapping the loop y into the monodromy operator 

Let us be given in the region U a path u : [0, 1]-+ U, joining some critical value 
zi with the non-critical value z0 (u(O)=zi, u(1)=z0 ) and not passing through 
critical values of the function f for t =F 0. By the Morse lemma, there exists a 
local coordinate system x1 , ... , Xn in a neighbourhood of the non-degenerate 
critical point Pi on the manifold Mn, in which the function f can be written in 

the formf(x1 , ... , Xn)=zi+~J; 1 xj. For values of the parameter t near zero, we 

fix in the level manifold Fu(t) the sphere S(t)=V(u(t)-zi)sn- 1 , where 

is the standard unit (n -1 )-dimensional sphere. 
Lifting the homotopy t from zero to one defines a family of (n -1 )-dimen­

sional spheres S(t) c Fu(tl in the level manifolds Fu(t) for all t E (0, 1]. Note that for 
t=O the sphere S(t) reduces to the critical point Pi· 

Definition. The homology class AEHn- 1 (Fz0 ), represented by the (n-1)­
dimensional sphere S(1) in the chosen non-singular level manifold Fzo is called a 
vanishing (along the path u) cycle of Picard-Lefschetz. 
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It is easy to see that the homotopy class of the path u in the set of all paths in the 
region Ujoining the critical value z; with the non-critical value z0 and not passing 

through critical values of the function f for t # 0, defines the homology class of 
the vanishing cycle .:1 modulo orientation. 

Defmition. The set of cycles .:1 1 , ••• ,.:1 11 from the (n-1)st homology group 
Hn-l {Fz0 ) of the non-singular level set Fzo is called distinguished if: 

(i) the cycles .:1;(i = 1, ... , JJ.) are vanishing along non-self-intersecting paths 
u;, joining the critical value z; with the non-critical value z0 ; 

(ii) the paths u; and ui have, for i#j, a unique common point u;(1) 

=ui(1)=z0 ; 

(iii) the paths u1 , ... , u,. are numbered in the same order in which they enter 

the point Zo, COUnting clockwise, beginning at the boundary oU of the region U 
(see figure 10). 

Remark. The need to choose a non-critical value z0 on the boundary o U of the 

region U was dictated by the need to number the elements of the distinguished set 
of vanishing cycles according to condition (iii). 

z 

:z: 

Fig. 10. Fig. 11. 

Examples. 1. Let us consider the Morse function f(x) =x3 -3A.x, where A. is a 
small positive number. This function is a perturbation of the function f 0 (x) =x3 

(having the singularity type A2 in the sense of volume 1 ), but we do not need that 

fact just now. The function f has two critical points (x = 0 and x = - 0) with 

critical values z1 = - 2A. 0 and z2 = 2A. 0 respectively. As the non-critical value 

of the function f we take z0 =0. Let us join the critical values z; (i= 1, 2) with the 
non-critical value z0 by line segments u1 and u2 . The level manifold {f = 0} 

consists of three points x1 = - V'3I, x2 =0 and x3 =V'3I (see figure 11). It is easy 
to see that the cycles, vanishing along the described paths u1 and u2 joining the 

critical values z1 and z2 with the non-critical value 0, are the differences 



Elements of the theory of Picard-Lefschetz 15 

Ll 1 = {x3 } -{x2 } and Ll 2 = {x2 } -{xt} of zeroth homology class represented by 
the points x1 , x2 and x3 • Note that the orientation of the cycles was chosen by us 
arbitrarily: any of them can be multiplied by -1. 

For greater clarity we chose the non-critical value z0 = 0. It presupposes, 
certainly, a special choice for the region U On this occasion it is not very 
important, but later, for the definition of a distinguished basis of vanishing cycles 
in the homology of a non-singular level manifold of a degenerate singularity, we 
shall consider the region U to be a disk of sufficiently large radius, in comparison 
with the critical values of the perturbed function; The need to choose a non­
critical value on the boundary of the sufficiently large disk is dictated as, 
otherwise, firstly, the identification of the homology group of the non-singular 
level manifold of a singularity and its perturbation would not be unique and, 
secondly, the order in which the vanishing cycles must enter the distinguished 
basis would not be unique. In order to "correct" the example we considered 
above, we can choose a non-critical value z~ sufficiently large in absolute value 

(lz~l ~ 2A. 0>. joining it with the non-critical value z0 = 0 by a path which does 
not pass through the critical values of the function/, and observe the change of 
the non-singular level manifolds f = z as z moves along this path from z0 = 0 
to zil'. We shall consider later an analogous construction in a more general case 
(§ 2.9). Here for simplicity we modify our example somewhat. 
1*. We consider the Morse function f(x)=x3 +3A.x, where A. is a positive 

number. The critical points of the function fare x = - y"I i and x = 0 i, the 

critical values are z1 = -2A. 0 i and z2 =2A. 0 i. We choose as the region U a 

disk of sufficiently large radius r with centre at zero (r ~ 2A. y"I). We consider two 
non-critical values of the function/: z0 =0 andzil' =r. The critical values z1, 2 are 
joined to z0 = 0 by segments, going along the imaginary axis, z0 = 0 is joined to 
zil' = r by a segment of the positive real half-axis. In this way we get paths, u1 and 
u2 , joining the critical values z1, 2 with the non-critical value zil'. As before the zero 
level manifold of the function f consists of three points 

The level manifold {f =zil'} is near to the level manifold {!0 =zil'} of the function 

f 0 (x)=x3 (since lzil'l=r~2A0). Therefore it consists of three points 

xr ~ exp ( - 2ni/3) w. 
xt~~. 

. ~ !.:* xf ~exp (2m/3) v zil'. 
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It is not difficult to see that, along the line segment joining the critical value 

z1 = -2A. y1i (respectively z2 =2A. y1i) with the non-critical value z0 =0, the 
cycle {x2 } -{xt} (respectively {x3 } -{x2 })vanishes. Further, itisclearthat as the 
non-critical value z moves along the segment of the positive half-axis from z0 = 0 
to z~ = r the points of the manifold {f = z} change in such a manner that the point 
x2 remains on the real axis, the point x1 is in the lower and the point x 3 is in the 
upper half-plane. Therefore as z moves from z0 to z~, the points x1 , x2 and x3 go 
to the points xr, x! and xr respectively. Consequently, along the paths Ut and u2 

which we described joining the critical values z1 and z2 of the function f with the 
non-critical value z~ the cycles 

and 

L12 = {xf} -{x!} 

respectively vanish. It is easy to see that the vanishing cycles L1 1 and L1 2 form a 
distinguished set 
2. As another example we consider the function of two variables f(x, y)=x3 

-3 A.x + y2 (A. is a small positive number). This function is a perturbation of the 
function fo(x,y)=r+r, which also has singularity type A2 in the sense of 

volume 1. The function has the same critical values,z1 = -2A. VJ:andz2 =2A. VJ:, 
as the function in the first example~ These values are taken at the points (VJ:, 0) 

and (-VJ:, 0) respectively. We join the critical values z1 and z2 with the non­
critical value z0 = 0 by segments u1 and u2 of the real axis~ The zero level manifold 
of the function f (the complex curve {f =0}) is the graph of the two-valued 

functiony= ±V( -r +3A.x) and therefore is a double covering of the plane of 

the complex variable x, branching at the points x1 = - VJI, x2 = 0 and x3 = VJI. 
It can be obtained from two copies of the plane of the complex variable x with 
cuts from the point x1 to the point x2 and from the point x3 to infinity (see figure 
12), glued together criss-cross along these cuts. 

Fig. 12. 
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As z moves along the real axis from z1 = -2.q/I to z2 =2A. VI the manifold 
{f =z} is deformed. The movement of the branch points .i1 =.i1 (z), .i2 =.i2 (z), 
and .i3 = .i3 (z) as a double covering of the plane of the complex variable x is 
illustrated in figure 13. 

r .r,'r, 
.z: 

i. I:, 'i.~ .r::r, I' ;; ... 
:;;, 

z = -n v.r r=O r=2..tVX' 

Fig. 13. 

From this it is clear that the vanishing cycles corresponding to the critical values 

z1 = -2A. VI and z2 =2A. VI and the paths u1 and u2 which we described joining 
them to the non-critical value 0 are the one-dimensional cycles Ll1 and Ll2 

portrayed in figure 14 (we have indicated by dashes the part of the cycle lying on 
the second sheet of the surface; the orientation of the vanishing cycles again can 
be chosen arbitrarily). 

.. 

Fig~ 14. 

Once again let u be a path joining some critical value z; with a non-critical 
value z0 • 

Definition. A simple loop corresponding to the path u is an element of the 
fundamental group n1 ( U"\_ { z i}, z0) of the complement of the set of critical 
values represented by the loop going along the path u from the point z0 to the 
point zi> going round the point z; in the positive direction (anticlockwise) and 
returning along the path u to the point z0 ~ 

The region U, with the f1. critical values {z;li= 1, ... , fl.} of the function f 
removed from it is homo topically equivalent to a bouquet of fl. circles~ Therefore 
the fundamental group n1 (U"\. {z;}, z0 ) of the complement of the set of critical 
values of the function f is a free group on fl. generators. If { u;li = 1, ... , f1.} is a 
system of loops, defining a distinguished set of vanishing cycles { Ll;}, then the 
group n1 (U "\_ {z;}, z0 ) is generated by the simple loops r1 , ••• , r 11 corresponding 
to the paths u1 , ... , uw 
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Defmition. The set of vanishing cycles Ll 1 , ... , Ll,., defined by the set of paths 
{u;}, is called weakly distinguished if the fundamental group n1 (U"'- {z;}, z0) of 
the complement of the set of critical values is the free group on the generators 
r 1 , •.. , r,., corresponding to the paths u1 , ... , u,.. 

We note that permutation of the elements preserves weak distinguishment of a 
set, but does not preserve its distinguishment. 

If the set of paths { udi = 1, ... , 11} defines a weakly distinguished set of 
vanishing cycles { Ll;} in the (n -1 )st homology group of the non-singular level 
manifold, then the monodromy group of the function f is generated by the 
monodromy operators h,i* of the simple loops r; (i= 1, ... , /1), corresponding to 
the paths u;. Therefore the monodromy group of the (Morse) function/is always 
a group generated by 11 generators. 

Defmition. The monodromy operator 

of the simple loop r; is called the Picard-Lefschetz operator corresponding to the 
path u; (or the vanishing cycle Ll;). 

Examples. 1. We consider the Morse functionf(x)=x3 +3A.x of example 1* 
following the definition of distinguished sets of vanishing cycles. Let r; be the 
simple loop (with initial and final points at the point zt) corresponding to the 
path u;. As the non-critical value z moves along the loop r1 , the level manifold {f 
=z} changes in the following manner: The points xt and xt approach each 
other, make a half-turn about a common centre, changing places, then move 
apart to the other's former place; the point xt returns to its own place. Therefore 
the monodromy h,, of the loop r1 exchanges the points xf and xt and fixes the 
points xt. From this it follows that 

h1LI1 =h,,.Lil =h,,.({xt} -{xt})= {xt} -{xt} = -LI1, 

h1Liz =h,,.Liz =h,,i{xt} -{xt}) = {xf} -{xt} = Ll2 + Ll1. 

Similarly 

h2LI2 = - Ll 2 , 

h2 LI1=LI2 +LI1. 
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The homology group Hn - 1 (Fz, iJFz) of the non-singular level manifold modulo 
its boundary is the dual group to the group Hn _1 (Fz) (reduced modulo a point for 
n = 1 ). In the given case its role is filled by the ordinary zeroth homology group of 
the level manifold{!= zn (consisting of the three points xf' xt and xt), factored 
by the subgroup generated by the "maximal cycle" 

{xt} + {xt} + {xJ}. 

It is generated by two cycles 171 and 17z such that 

We can take as these cycles 

From the description of the monodromy transformation ht, it follows that 

For the loop Tz we have 

We consider now the loop T, defined by the formula <(t) = zt exp (2 nit). The 
loop ' goes once round the critical values of the function f in the positive 
direction (anticlockwise) along a circle of large radius. From the fact that for 
large lzl the level set {f=z} is close to the level set {x3 =z}, it follows that 
the monodromy transformation hn of the loop ' cyclically permutes the points 
xf, xt and xJ 

(xf--+ xt--+ xJ--+ xt). 

From this it follows that 

h<*LI1 =h.*({x!} -{xf}) = {xt}-{x!} =Liz, 

h<*Liz =h<*({xJ} -{x!})={xt} -{xf} = -LI1 -Liz. 
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