
CHAOTIC AND 
FRACTAL DYNAMICS 

An Introduction for 
Applied Scientists and Engineers 

FRANCIS C. MOON 
Mechanical and Aerospace Engineering 
Cornell University 
Ithaca, New York 

WILEY- 
VCH 

WILEY-VCH Verlag GmbH & Co. KGaA 



The page is intensily left blank



CHAOTIC AND 
FRACTAL DYNAMICS 



The page is intensily left blank



CHAOTIC AND 
FRACTAL DYNAMICS 

An Introduction for 
Applied Scientists and Engineers 

FRANCIS C. MOON 
Mechanical and Aerospace Engineering 
Cornell University 
Ithaca, New York 

WILEY- 
VCH 

WILEY-VCH Verlag GmbH & Co. KGaA 



Cover 
The cover photograph was made at the Cornell Univcrsity 
National Supercomputer Facility in Ithaca, New York, 
by Dr. G-Z. Li and Prof. F. C. Moon 

All books published by Wiley-VCH arc carefully produced. 
Nevertheless, authors, editors, and publisher do  not warrant the information 
contained in these books, including this book, to be free of  errors. 
Readers are advised to keep in mind that statements, data, illustrations, 
procedural details or other items may inadvertently be inaccurate. 

Library of Congress Card No.: 
Applied for 

British Library Cataloging-in-Publication Data: 
A catalogue record for this book is available from the British Library 

Bibliographic information published by 
Die Deutsche Bihliothek 
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; 
detailcd bibliographic data is available in the Internet at <http://dnb.ddb.de>. 

0 1992 by John Wiley & Sons, Inc. 

0 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim 

All rights reserved (including those of translation into other languages). 
No part of  this book may be reproduced in any form 
into machine language without written permission from the publishers. 
Registered names, trademarks, etc. used in this book, even when not specifically 
marked as such, are not to be considered unprotected by law. 

nor transmitted or translated 

Printed i n  the Federal Republic of Germany 
Printed on acid-free paper 

Printing and Bookbinding buch biicher dd ag, birkach 

ISBN-13: 978- 0-471-54571-2 
ISBN-10: 0-47 1-5457 1-6 



To my grandchildren 
Anneliese and Calum 

Sources of new creative chaos in my world 



The page is intensily left blank



CONTENTS 

Preface 

1 Introduction: A New Age of Dynamics 

1 . 1  What is Chaotic Dynamics? 1 
Why Fractal Dynamics? 6 
Why Study Chaotic Dynamics? 6 
Sources of Chaos, 7 
Where Have Chaotic Vibrations Been Observed? 9 

1.2 Classical Nonlinear Vibration Theory: 
A Brief Review, 10 

Linear vibration Theory, 1 1  
Nonlinear Vibration Theory, 13 
Quasiperiodic Oscillators, 17 
Dynumics of Lossless or Conservative Systems, 19 
Nonlinear Resonance in Conservative Systems, 19 
Frequency Spectra of Nonlinear Oscillators, 2 1 
Torus Map, 23 
Local Geometric Theory of Dynamics, 25 
Bifurcations, 27 
Strange Attractors, 29 

1.3 Maps and Flows, 30 
Three Paradigms fo r  Chaos, 32 
Henon and Horseshoe Maps, 35 
The Lorenz Attractor and Fluid Chaos, 38 

xv 

1 

vii 



viii CONTENTS 

Quantum Chaos, 41 
Closing Comments, 42 
Problems, 44 

2 How to Identify Chaotic Vibrations 

Nonlinear System Elements, 49 
Random Inputs, 51 
Observation of Time History, 52 
Phase Plane, 53 
Fourier Spectrum and Autocorrelation, 55 
Poincare' Maps and Return Maps, 60 
Bifurcations: Routes to Chaos, 68 
Quasiperiodicity and Mode-Locking, 74 
Transient Chaos, 77 
Conservative Chaos, 77 
Lyapunov Exponents and Fractal Dimensions, 78 
Strange-Nonchaotic Motions, 80 
Problems, 82 

3 Models for Chaos; Maps and Flows 

3.1 Introduction, 85 
The Geometry of Mappings: Maps on the Plane, 86 
Impact Oscillator Maps, 88 
ClassiJication of Map Dynamics, 89 
Quasiperiodic Motions, 91 
Stochastic Orbits, 93 
Fractal Orbits, 93 

3.2 Local Stability of 2-D Maps, 94 
3.3 Global Dynamics of 2-D Maps, 97 

Linear Transformation, 98 
Folding in 2-Maps-Horseshoes, 100 
Composition of Maps-Henon Maps, 101 
The Horseshoe Map, 101 

3.4 Saddle Manifolds, Tangles, and Chaos, 103 
3.5 From 2-D to 1-D Maps, 106 

The Kicked Rotor, 107 
Circle Map, 109 
The Henon Map, 110 
Experimental Evidence for  Reduction of 2 -0  to 

I-D Maps, 110 

47 

85 



CONTENTS ix 

3.6 Period-Doubling Route to Chaos, 114 
Qualitative Features of Period Doubling, I15 
PoincarP Maps and Bifurcation Diagrams, 1 I8 
Quantitative Measures of Period Doubling, 119 
Scaling Properties of Period-Doubling Maps, 122 
Subharmonic Spectra Scaling, 124 
Symbol Sequences in Period Doubling, 124 
Period Doubling in Conservative Systems, 125 

Probability Density Function for Maps, 130 
Numerical Calculation of PDF, 132 
PDF and Lyapunov Exponents, 134 

Lorenz Model for  Fluid Convection, 135 
DufJing’s Equation and the “Japanese Attractor”, 139 
A Map from a 4 - 0  Conservative Flow, 142 
Problems, 145 

3.7 The Measure of Chaos; Lyapunov Exponents, 127 

3.8 3-D Flows; Models and Maps, 134 

4 Chaos in Physical Systems 147 

4.1 New Paradigms in Dynamics, 147 
Early Observations of Chaotic Vibrations, 147 

4.2 Particle and Rigid Body Systems, 150 
Multiple- Well Potential Problems, I50 
Chaotic Dynamics in the Solar System, 153 
Pendulum Problems, I55 
Rigid Body Problems, 160 
Impact Oscillators, 163 
Chaos in Gears and Kinematic Mechanisms, 168 
Control System Chaos, 170 

4.3 Chaos in Elastic Systems, 172 
Chaos in Elastic Continua, 172 
Three-Dimensional Elastica and Strings, 177 

4.4 Flow-induced Chaos in Mechanical Systems, 180 
Flow-Induced Elastic Vibrations, 180 

4.5 Inelastic and Geomechanical Systems, 183 
Nonlinear Dynamics of Friction Oscillators, 183 
Chaos, Fractals, and Surface Machining, 185 
Fracture, Fatique, and Chaos, 186 
Earthquakes and Chaos, 186 

Nonlinear Electrical Circuits-Ueda Attractor, 187 
4.6 Chaos in Electrical and Magnetic Systems, 187 



x CONTENTS 

Nonlinear Circuits, 189 
Magnetomechanical Models, 195 
Optical Systems, 199 

4.7 Fluid and Acoustic Systems, 200 
Chaotic Dynamics in Fluid Systems, 200 
Acoustic Chaos, 2 11 

4.8 Chemical and Biological Systems, 212 
Chaos in Chemical Reactions, 212 
Biological Chaos, 2 12 
Biological Membranes, 2 13 

Problems, 216 
4.9 Nonlinear Design and Controlling Chaos, 214 

5 Experimental Methods in Chaotic Vibrations 

5.1 Introduction: Experimental Goals, 221 
5.2 Nonlinear Elements in Dynamical Systems, 223 

Material Nonlinearities, 224 
Kinematic Nonlinearities, 225 
Nonlinear Body Forces, 226 
Geometric Nonlinearities, 226 

5.3 Experimental Controls, 227 
Frequency Bandwidth, 227 

5.4 Phase-Space Measurements, 228 
Pseudo-Phase-Space Measurements, 228 

5.5 Bifurcation Diagrams, 229 
5.6 Experimental Poincare Maps, 231 

Position-Triggered Poincare' Maps, 235 
Construction of One-Dimensional Maps from 

Double Poincare' Maps, 243 
Experimentally Measured Circle Maps: 

Multidimensional Attractors, 240 

Quasiperiodicity and Mode-Locking, 245 
5.7 Quantitative Measures of Chaotic Vibrations, 250 

Frequency Spectra: Fast Fourier Transform, 25 1 
Wavelet Transform, 255 
Fractal Dimension, 255 
Lyapunov Exponents, 256 
Probability or Invariant Distributions, 256 
Cell Mapping Methods, 260 
Problems, 261 



6 Criteria for Chaotic Vibrations 

CONTENTS xi 

263 

6. I Introduction, 263 
6.2 Empirical Criteria for Chaos, 264 

Dufjing’s Equation, 265 

Potential, 266 

Equations, 268 

Forced Oscillations of a Nonlinear Inductor: 

Forced Oscillations of a Particle in a Two- Well 

Experimental Convection Loop: Lorent 

Forced Vibrations of Two-Coupled Pendulums, 270 
Forced Motions of a Rotating Dipole in Magnetic 

Forced Oscillations of a Nonlinear RLC Circuit, 270 
Harmonically Driven Surface Waves in a Fluid 

Fields: The Pendulum Equation, 270 

Cylinder, 273 
6.3 Theoretical Predictive Criteria, 274 

Period-Doubling Criterion, 275 
Homoclinic Orbits and Horseshoe Maps, 280 
Shil’nikov Chaos, 294 
Intermittent and Transient Chaos, 298 
Chirikov’s Overlap Criterion for Conservative 

Criteria for a Multiple- Well Potential, 303 

Numerical Calculation of the Largest Lyapunov 

Lyapunov Spectrum, 315 
Lyapunov Exponents for a Continuous Time 

Dynamics, 319 
Hyperchaos , 320 
Problems, 32 I 

Chaos, 300 

6.4 Lyapunov Exponents, 307 

Exponent, 3 10 

7 Fractals and Dynamical Systems 

7.1 Introduction, 325 
Korh Curve, 327 
Cantor Set, 327 
The Devil’s Staircase, 328 
Fractal Dimension, 329 

7.2 Measures of Fractal Dimension, 334 
Pointwise Dimension, 334 

325 



xii CONTENTS 

Correlation Dimension, 336 
Information Dimension, 337 
Relationship Between Fractal Dimension and 

Lyapunov Exponents, 338 
7.3 Fractal-Generating Maps, 341 

Iterated Linear Maps, 342 
Analytic Maps on the Complex Plane, 346 

7.4 Fractal Dimension of Strange Attractors, 350 
Discretization of Phase-Space Variables, 35 1 
Fractal Dimension of PoincarP Maps, 354 
Dimension Calculation from Single Time Series 

Measurement, 355 
7.5 Multifractals, 364 

Fractals Within Fractals, 364 
Experimental Multifractals in Dynamics, 369 

7.6 Optical Measurement of Fractal Dimension, 37 1 
An Optical Parallel Processor for  the Correlation 

Function, 372 
7.7 Fractal Basin Boundaries, 375 

Basins of Attraction, 375 
Sensitivity to  Initial Conditions: Transient Motion in 

Fractal Basin Boundary: Forced Motion in a Two- Well 

Homoclinic Orbits: A Criterion for  Fractal Basin 

Fractal Basin Boundaries and Robust Design, 383 
Dimension of Basin Boundaries and Uncertainty, 385 
Transient Decay Times: Sensitivity to Initial 

Fractal Boundaries for Chaos in Parameter 

a Two- Well Potential, 376 

Potential, 377 

Boundaries, 380 

Conditions, 386 

Space, 386 

Geology, 391 
Viscous Fingering: Hele-Shaw Flow, 392 
Fractal Materials and Surfaces, 394 
Problems, 396 

7.8 Application of Fractals in the Physical Sciences, 391 

8 Spatiotemporal Chaos 

8.1 Introduction, 401 
Spatial Chaos-The Wave Guide Paradigm, 404 
Spatial Chaos-The Edison Phonograph Model, 404 

401 



CONTENTS xiii 

8.2 Spatial Complexity in Static Systems, 406 

8.3 Coupled Cell Models, 411 
The Twisted Elastica and the Spinning Top, 406 

Coupled Automata, 413 
Coupled Maps, 414 
Coupled Differential Equations, 414 
Chain of Toda Oscillators, 416 
Experiments on Coupled Lattice Chaos, 416 
Spatial Return Maps, 417 

8.4 Lagrangian Chaos, 418 
Chaotic Mixing of Fluids, 418 
Stokes Flow, 423 
Rectangular Cavity, 424 
Three-Dimensional Problems and Turbulence, 425 
Chaotic Mixing in Plastic Material, 426 
Problems, 429 

Appendix A Glossary of Terms in Chaotic and Nonlinear 
Vibrations 433 

Appendix B Numerical Experiments in Chaos 441 

B. 1 Logistic Equation-Period Doubling, 441 
B.2 Lorenz Equations, 442 
B.3 Intermittency and the Lorenz Equation, 443 
B.4 Henon Attractor, 443 
B.5 Duffing’s Equation: Ueda Attractor, 444 
B.6 Two-Well Potential Duffing-Holmes Attractor, 444 
B.7 Cubic Map (Holmes), 445 
B.8 Bouncing Ball Map (Standard Map), 445 
B.9 Circle Map: Mode-Locking, Winding Numbers, and 

Fairey Trees, 446 
B. 10 Rossler Attractor: Chemical Reactions, Return 

Maps, 448 
B. 11 Fractal Basin Boundaries: Kaplan-Yorke Map, 449 
B.12 Torus Maps, 449 

Appendix C Chaotic Toys 451 

C. 1 The Chaotic Elastica: A Desktop Chaotic Vibration 

C.2 The “Moon Beam” or Chaotic Buckling 
Experiment, 452 

Experiment, 453 



xiv CONTENTS 

C.3 A Chaotic Double Pendulum or “Space Ball”, 456 
C.4 Neon Bulb Chaotic Toy, 458 
C.5 Roller Coaster Chaos, 459 
C.6 Duffing Oscillator Demonstrator, 460 
C.7 Water-Tap, Ping-Pong Ball Chaos, 460 
C.8 Rott’s Coupled Pendulums, 461 
C.9 Kinetic Art, 463 

Appendix D Books on Nonlinear Dynamics, Chaos, and 467 
Fractals 

References 471 

Author Index 497 

Subject Index 504 



Had anyone predicted that new discoveries could be made in dynamics 
300 years after publication of Newton’s Principia, they would have 
been thought naive or foolish. Yet, in the decade 1977-1987, new 
phenomena in nonlinear dynamics were discovered, principal among 
these being chaotic and unpredictable behavior from apparently deter- 
ministic systems. Since publication in 1987 of Chaotic Vibrations, the 
first edition of this book, new discoveries in dynamics have been made 
in many of the sciences, including biology. And, what should be of 
special interest for the applied scientist or engineer is the emergence 
of applications of the new ideas in chaotic dynamics and fractals. 
Chaotic dynamics has been known to be a common occurrence in fluid 
mechanics, and turbulence remains one of the unsolved problems of 
classical physics. However, it is now generally accepted that unpre- 
dictable dynamics can be found quite easily in simple electrical and 
mechanical systems as well as in other physical systems. 

The purpose of this book is to help translate the new mathematical 
ideas in nonlinear dynamics into language that engineers and scientists 
can use and apply to physical systems. Many fine books have been 
written on chaos, fractals, and nonlinear dynamics (see e.g., Appendix 
D), but most have focused on the mathematical principles. Many 
readers of the first edition cited the inclusion of many physical exam- 
ples as an important feature of the book, and they have urged me to 
keep the physical nature of chaos as a hallmark of any new edition. 
The decision to make a substantial rewrite of Chaotic Vibrations was 
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based on feedback from a number of readers. They asked for more 
tutorial material on maps or difference equations and fractals, and 
they wanted some problems so that the book could be used as a basis 
of a course. 

In this book I have tried to start from a background that a B.S. 
engineering or science graduate would have; namely, ordinary differ- 
ential equations and some intermediate-level dynamics and vibrations 
or system dynamics courses. I have also taken the view of an experi- 
mentalist, namely that the book should provide some tools to measure, 
predict, and quantify chaotic dynamics in physical systems. 

Chapter 1 includes an introduction to classical nonlinear dynamics; 
however, if the book is used as a text, additional supplemental material 
is recommended. Chapter 2 presents an experimentalist’s view of 
chaotic dynamics along with some simple tools such as the PoincarC 
map. Chapter 3 introduces maps and is entirely new. It is an attempt 
to summarize the basic concepts of coupled iterative difference equa- 
tions as they relate to chaotic dynamics. Chapter 4 is a much expanded 
litany of physical applications with lots of references to experimental 
observations of chaos along with the appropriate mathematical mod- 
els. Many readers have found the discussion of experimental methods 
(Chapter 5 )  to be useful, and this too has been expanded. If Chapter 
2 asks the question, “How do we recognize chaos?,’’ then in Chapter 
6 we ask, “How do we predict when chaos will occur?” Topics such 
as period doubling, homoclinic bifurcations, Shilni’kov chaos, and 
Lyaponov exponents are discussed here. The treatment of fractals has 
been much expanded in the new Chapter 7, including an introduction 
to multifractals. One of the new directions in chaos research has been 
in spatiotemporal dynamics. An introduction to some of the simple 
models of spatially extended systems including dynamics of chain 
systems and Lagrangian chaos are discussed in Chapter 8. Finally, in 
Appendix C, an expanded list of chaotic toys and experiments is 
presented; a guide to some of the more popular books on chaos and 
fractals is given in Appendix D. 

Although over 100 new references have been included in this new 
edition, it became clear that the tremendous growth in papers on chaos 
and fractals in the last few years would make it impossible to cover 
all the significant papers. I apologize to those researchers whose fine 
contributions have not been cited, especially those who took the time 
to send me papers, photos, and software. The inclusion of more of the 
papers from my own Cornell research laboratory must be interpreted 
as an author’s vanity and not any measure of their relative importance 
to the field. 
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I have written this new edition not only because of the success of 
the first, but because I believe the new ideas of chaos and fractals are 
important to the fields of applied and engineering dynamics. It is 
already evident that these new geometric and topological concepts 
have become part of the laboratory tools in dynamics analysis in 
the same way that Fourier analysis became an important part of 
engineering systems dynamics decades ago. Already, these tools have 
found application in areas such as machine noise, impact printer dy- 
namics, nonlinear circuit design, laser instabilities, mixing of chemi- 
cals, and even in understanding the dynamics of the human heart. This 
book is only an introduction to the subject, and it is hoped that 
interested students would be inspired to explore the more advanced 
aspects of chaos and fractals, not only for its potential application, 
but for the fascination and beauty of the basic mathematical ideas 
which underlie this subject. 
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