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PREFACE 

Distribiit,ioiis and t,heir properties a.nd iiiterrelationsliips assume a. very irn- 
port,ant role iri most, upper-level uiidergradiia.tc a,s well a.s gradua.t,e courses 
in the st,at,istic:s prograin. For this rea.son, many introductory st,atistics text- 
books discuss in a chapter or two a few h s i c  st;ttistical distributions, such 
as binomial, Poisson, exponciitial, and normal. Yet a. good knowledge of 
sonic other distributions, such a.s gcornet,ric, negative binomial, Pareto, beta, 
ga.rrima, chi-square, logistic, Laplace, extreme value, niultinornial, niultivari- 
a,te iiorIiia1, and Dirichlet will t)c iniiiierisely useful to those students who go 
on t,o upper-level untlergraduat,e or graduate courses in statist,ics. Students iii 
applied programs such as psychology, sociology, biology, geogra.phy, geology, 
econoinics, business, and erigirieeririg will also benefit sigriificaiit,ly from a,ri ex- 
posurc: to different distributions and their propert,ies as statisticti1 riiodelling 
of observed data is a.11 intogral p a t ,  of t,h 

It, is for this rea.son we have prepa.red this textbook which is tailor-made 
for a. one-term course (of a.bont, 35 lectures) on s t  (i1 distributions. All 
tlie prelimiimry coric:r:pt,s arid definitions are prcs in Chapter 1. The 
rest of the inaterial is divided into three parts, witah Part I covering discretc: 
distributions, Pa.rt I1 covering continuous distributions, a.nd Part I11 covering 
niult,ivariate distributions. In ea.ch cha.pt,er we have induded a few pertinent 
exercises (at, ail a.ppropriate level for students taking tlie course) which may be 
handed out as lioiriework at the end of each chapter. A biographical sketch of 
some of  the 1oa.ding contribut,ors to t,hc area of statistical distribution theory 
is presented in the Appcndix to present students with a historical sensc o f  
development,s in t,his irnporta.nt a.nd fundamental area in the field of statistics. 

From our experience, uld suggest the following lecture allocation for 
teaching a, course on sta distributions based on t’his hook: 

5 lectures on p7elirninaries (Cha.pter 1) 
9 lectures on discrete distributions (Part, I) 

17 lectures on continuous distributioris (Pa.rt 11) 
4 lectures on multi.ocl7.iatt:iu~iate di~tributions (Pa.rt 111) 

We welcome cxmirnerits and criticisms from all those who tcach a coiirsc 
based on this hook. Any suggest ions for improvcnient or “neccssary” addit ion 
(omission of which in this vcmion should be regarded as  a consequcncc of our 

xv 
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ignorance, not of personal nonscic:ntific antipa.t,hy) sent t,o us will be riiuc~li 
.ted a i d  will lit, acted upon when the opport,iiriit,y arises. 
inportant to mentiori hcrt: tliat, inany a.ut,horit,ative and eiic.yc.lopc:dic* 

tical dist,ribiit,ioii theory exist in tlit literat,ure. For exarriplc: 

0 Johnson, Kot,z, a.nd Kemp (1992), dcscrihing discret>e iinivariatt: tlistri- 

volll1llr:s 011 

biit,ioiis 

0 Stuart, and Ord (1993), discussing gerieral distribiit,ion t,kir:ory 

0 ,Johnson, Kot,z, a.nd Ba.la.krishnaii (1994, 1995), clescribing continiious 
uiiivariat,c tlistribiitioiis 

0 Johnson, Kot A ,  arid Balakrisliriaii (lW7), describing discrt>tv niiiltivari- 
;it? distrihitioris 

0 Vl'iniiner and Altniarin (1999), provitling rl tlicsaiirus on discrete uni- 
variatt. tlistrihtions 

0 Evans, P twvck ,  and Hastiiigs (2000), desc.ril)ing discrete arid contiriiioiis 
distributions 

0 Kotz, Balwkrislinaii, arid ,Johnson (2000), discussing continiioiii rnulti- 
V ~ I I  iatc. tlistri1)iitiorls 

are soni(~ of t h  prorniiiciit, ories. In addition, t,herr a.re sepa.ra.te books dedi- 
catcd t,o sonic> specific distributions, such as Poisson, generaliimd Poisson, clii- 
square, Pareto, exponent,ial, lognormal, logistic, normal, a.nd La.placc, (which 
have a11 hrcii rc,ft:rrtd to in this hook at appropria.tv places). Tliese books 

WP t,a.ke this opport,iinit,y t,o express our sincere t,lianks t,o Mr.  St,t:ve 
Quiglcy (of  Johii Wiley & Sons, New York) for his support a.nd encoura.genient 
diiriiig t,he preparation of tjliis hook. Our specia.1 t1ia.nks go to htrs. Dc+bic: 
Iscoe (hlississauga, Ontario, Caiiatla.) for a.ssisting us wit,li t,lic canit:ra- 
production of the maniiscript, a.nc1 t,o Mr. Weiquari Liu for preparing all the 
figiircs. Wc also a.ckiiowledge wit,h gra.titude the financial support provided 
by the Natural Scicnces itrid Enginteririg R~esea.rcli Council of Canada. a.nd t,hr 
Riissia,ii Fountlation of Basic Research (Graiit,s 01-01-00031 aiid 00-15-96019) 
during t,lirx (aiirst' o f  this projc 

may 11c cwisiiltcd for any a.dditionad inform a. t ' 1011. 

N .  BALAKRISHNAN 
Hainilton, Canada 

V. B. NEVZOROV 
St,. Pctcrsbiirg, Russia 

April 2003 



CHAPTER 1 

PRELIMINARIES 

In this chapter we present some basic notations, notions, and definitions which 
a reader of this book must absolutely know in order to  follow subsequent 
chapters . 

1.1 Random Variables and Distributions 
Let (R, 7,  P )  be a probability space, where R = {w} is a set of elementary 
events, 7 is a a-algebra of events, and P is a probability measure defined on 
( 1 2 , 7 ) .  Fiirthcr, let B denote an elcment of the Borel a-algebra of subsets of 
the real line R. 

Definition 1.1 A finite sirigl(:-va.lued fiinction X = X ( w )  whic,h maps 0 into 
R is called a randorn  vn~iuble  if for a.riy Borel set, B in R, the inverse image 
of B, i.e., 

X - y B )  = {w : X ( w )  t B }  

belongs to  the a-dgebra. 7.  

It means that for all B o d  sets B ,  on(' can definc probahilities 

P { X  t B} = P { X - ' ( B ) } .  

In particular, if for any :x ( -m < ;G < m) we take B = (-o,z], then the 
function 

is defined for the random variable X .  

Definition 1.2 Thc function F(:c) is called the distribution function or cu- 
mulative distrihu,tion, function (cdf) of tlic random variable X .  

Remark 1.1 Quite often, the cumulative distribution fiinction of a. random 
variable X is defined as 

G(z) = P { X  < x}. 

1 
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Most of the propert,ios of both these versions of cdf (i.e ., F a.nd G) coincide. 
Only oiic iiiiport,a.rit, difference exists bet,weeii functions F ( z )  a.nd G(z): F is 
right, coiitinuoiis, while G is left contiiiiious. 111 our treatmentj we iisc t h c :  cdf 
as given in Definition 1.2. 

Thew a.rr three typm of distributions: absolutcly coiitiriiioiis, discret,e and 
singular, a.iid ariy cdf F ( x )  can be represented a.s a riiixt,urr 

F ( x )  = P l F I ( X )  +I)”F2(z) + m F 3 ( z )  (1.2) 

of absolut,ely cwiitiiiuous Fl , discrete F2, a.nd singu1a.r F3 cdf’s, with nori- 
~iegat,ivc: weights pl ,  p 2 ,  a.nd p3  such that pl + p 2  + p3  = 1. In this book we 
restrict ourselves to dist,ribut,ioiis which are either purely absolut,ely cont>inu- 
oils or purely discrete. 

Definition 1.3 A random va.ria.ble X is said to havc a discrete distribution 
if there mists a countable set, B = { L I ,  z2,. . .} such tjliat, 

P { X  E B }  = 1. 

Remark 1.2 To det,erniinr a random variablc having a discrete distribution, 
one mist> fix two sequences: a sequence of value 1 ,  z2. . . . and a. sequence of 
probahilititxs pk = P { X  = zk}, k = 1: 2 

k 

In this case, the cdf of X is given by 

(1.3) 

Definition 1.4 A ra.ndom varkble X with a. cdf F is said to  have ari ab- 
solutely coritirau,ous distribution if there exists a. nonnegative fiinctioii p(x) 
sur:h that, 

F ( z )  = & ( t )  d t  (1.4) 

for ariy rcal :r. 

Remark 1.3 The fiiriction p ( ~ )  then satisfies the condition 

p(t)  d t  = 1, (1.5) 

and it is called t,he probability densi ty  funct ion,  (pdf) of X .  Note tha.t any 
nonnegativt. fiiiictioii p(z )  satisfying (1.5) ( x i  be the pdf of soiiie rantloni 
va.riablr X .  

Remark 1.4 If a random variable X has an absolutely contiriiious distribu- 
tion, then its cclf F(.c) is continuous. 
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Definition 1.5 We say that random variables X and Y ha.ve the same dis- 
tribution, and write 

(1.6) 
d X = Y  

if the cdf’s of X and Y (i.e., Fx and F y )  coincide; that is, 

F X ( 2 )  = P { X  5 2 )  = P{Y 5 .} = Fy(2) v 2.  

Exercise 1.1 Construct an example of a probability space (R,T,P) and a 
finite single-valued function X = X ( w ) ,  w E R, which ma.ps Cl into R, that is 
not a ra.ndom variable. 

Exercise 1.2 Let p ( z )  and q(z)  be probability dciisity fuhctions of two ran- 
dom variables. Consider now the followiiig functions: 

1 
( a )  2 P ( Z )  - 4x1;  ( b )  P ( Z )  + % ( X I ;  (c) IP(Z) - q(J.)l; (4 2 ( d r )  + d z ) ) .  

Which of these functions are probability density functions of some random 
variable for any choice of p ( z )  and q(z)? Which of them can br valid probabil- 
ity density functions under suitably chosen p ( z )  and q(z)? Is there a function 
that can never he a probability density function of a random variable? 

Exercise 1.3 Suppose that p ( z )  arid q(x) are probability density functions 
of X and Y ,  respectively, satisfying 

p(x) = 2 - q(s) 

Then, find P { X  < -1) + P { Y  < 2 ) .  

for 0 < z < 1. 

The quaritrle functron of a random variable X with cdf F ( z )  is defined by 

Q ( u )  = inf{r : F ( z )  2 u } ,  0 < ?L < 1. 

In the case when X has an absolutely continuous distribution, thrn the 
quantile function &(u)  inay simply be written as 

Q ( u )  = F - y u ) ,  0 < 7L < 1. 

The corresponding qunntrlc dcnsrt y functrori is given by 

where p ( z )  is the pdf corresponding to the cdf F ( z ) .  
It, should be noted that just, as forms of F ( z )  may be used to propose 

familics of distributions, general forms of the quaiitile function Q(u) may also 
be used to propose families of statistical distributions. Interested readers 
may refer to the recent hook by Gilchrist (2000) for a detailed discussion on 
statist,ical niodelling wit,li qimntile funct,ioris. 
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1.2 Type of Distribution 
Definition 1.6 R.a.ndom variables X and Y arc said t20 belong to the sa.m,e 
type of di,strilmtion if there exist corist,ant,s n a.nd h > 0 such that 

(1.7) 
d Y = a+ h X .  

Not,c then that, the cdf’s F=( and Fy of the random variables X and Y 
satisfy tlic rtlatiori 

2 - u  
F y ( x )  = Fx (7) ‘d 2. 

One t ~ ~ i i ,  therefore, choost: a certa.in cdf F as tlie sta.nda,rd distribution fiinc- 
tion of i t  certain tlistribution family. Then this family would consist of all 
cdf’s of the form 

and 
F ( x )  = F ( x ,  0: 1). 

Tliiis, we have a two-pa.rarneter fa.mily of cdf’s F ( z ,  a ,  h ) ,  where a is ca.lled 
thrx location pawmeter and h is t,he scale parameter. 

For a.bsolut,ely coiitiriuous distributions, one can introduce tlie corrcspond- 
irig two-para.meter families of proba.bility density functions: 

(1.10) 

wherc p ( ~ r )  = p(a .  0 , l )  corresponds to  the random variable X with cdf E’, aiid 
p(x, a ,  I r )  cmresponds to the randoin variable Y = a + hX with cdf F ( a ,  (1 ,  h)  

1.3 Moment Characteristics 
Tliare a,re soin? classical numerical c1iara.cteristics of random va.ria.blcs a.nd 
their dist,ribut ions. The most popular oms are expected values a.nd variances. 
Morc g m m d  cliara.ct,rristics are the momen,ts. Among them, we emphasize 
rnoincnt s ;tl)out zero (about, origin) a.nd cent>ral morrimts. 

Definition 1.7 For a. discrtite ra.ndorn variable X taking on va.lues 2 1 ,  2 2 ;  

. . . wit,li proba.bilit,ies 

Ilk = P { X  = Zk}, k = 1 , 2 , .  . . , 

wt’ define t,lie n th  rnonaent of X about zero a.s 

k 

We say tsliat oTL exists if 

(1.11) 
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Notc that the cxpected value E X  is nothing but a1. E X  is also called the 
mean of X or the mathematecal Pxpectataon o j  X .  

Definition 1.8 The nth central m o m e n t  of X is defined as 

(1.12) 

given that, c 1x1, - EXl"pk < 00. 
k 

If a random variable X has an absolutely continuous distribution with a 
pdf p(x), then the nioments about zero and t,hc central moments have the 
following expressions: 

30 

a,, = EX'l = l m z " p ( x )  dx (1.13) 

and 

We say that rnoiiients (1.13) exist if 

(1.14) 

(1.15) 

The varzanc~ of X is simply the sccond central riiornent: 

Var x = p2 = E ( X  -  EX)^. (1.16) 

Central rrioriients are easily exprcssed in ternis of rnomerit,s about zero as 
follows: 

n 

d,, = E(X -- E X ) "  = C(-l)" 
k=O 

k = O  

(1.17) 

In particular, we have 

Va.r X = ,32 = a2 -- aI 2 (1.18) 

and 

Note that tlir first central iriornent 81 = 0. 
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The inverse problem cannot be solved, however, because all ccntral mo- 
ments save no information about E X ;  hence, the expected value cannot be 
expressed in terms of PTL (n  = 1 , 2 .  . . .). Nevertheless, the relation 

an = EX"  = E [ ( X  - E X )  + EX]"  

= 9 c) ( E X ) ' " E ( X  - E X ) " - k  
k=O 

= 2 k=O ( L ) f f F P n - k  

will cnahle us to express a,  (n  = 2.3,. . .) in terms of a1 

central moments /&, . . . . In particular, we have 

0 2  = Pz + (27, 

(1 20)  

E X  and t,he 

(1.21) 

a3 = + 3 h ~ i  + a; and a4 = p4 + 4 0 3 ~ ~ 1  t- 6p2a: + a;. (1.22) 

Let X aiitl Y belong to the sa.rne type of distribution [see (1.7)], rnea.ning 
that, 

d Y =a ,  + hX 

for some constmts a and h > 0. Then, the following equalities a.llow us to  
exprcss moments of Y in terms of the corresponding moments of X :  

(1.23) 

and 

E ( Y - -  EY)" = E [ h ( X  ~ E X ) ] "  = h,"E(X - E X ) 7 1 .  (1.24) 

Note that the centxal niomcnts of Y do not depend 011 t,ha 1oca.tioii para.ineter 
a. As partic:ul;tr ca.ses of (1.23) and (1.24), wc havc 

EY =I u + h E X ,  (1.25) 
BY2 = az + 2ahEX + h,'EX2, Var Y = h2 Var X ,  (1.26) 

EY" = + 3a2hEX + 3ah2EX2 $- h 3 E X 3 ,  (1.27) 
EY' = a4 + 4u'hEX + Ba2hzEX2 + 4uh3EX3 + h4EX" .  (1.28) 

Definition 1.9 For ra.ndorn varia,bles takiiig oil values 0, 1 , 2 , .  . ., tliejactorial 
momeats of pos%t.l,?ie order are defined as 

p,. = E X ( X  - 1) . . . ( X  - 7' + I ) ,  'r = 1,2, . . . ~ (1.29) 

while the f a c t o k l  morrren,ts of negative order are defined as 

r = 1 , 2 ,  I [ ( X  + l ) ( X  + '2). . . (X + 7.) ' 
1 

/Lr = E (1.30) 
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While dealiiig with discrete distributions, it is quite often convenient to 
work with these fa.ctorial moments rather t,hari regular moments. For this 
reason, it is useful to note t,he following rehtionships between thc fa.ctoria1 
rnoinents and the moments: 

Exercise 1.4 Present, two different miidom variables having the same cxpec- 
tatioris and the same variances. 

Exercise 1.5 Let X be a random variable with expectation E X  and variance 
Var X .  Wha.t, is the sign of r ( X )  = E ( X  - iXl)(Var X - Var IXl)? When 
does the qua.ntity r ( X )  eyua.1 O? 

Exercise 1.6 Suppose tha.t X is a random variable such that P { X  > 0) = 1 
and that both E X  and E(l/X) exist. Then, show that E X  + E(l/X) 2 2 .  

Exercise 1.7 Suppose that P(0 5 X 5 l }  = 1. Then, prove that E X 2  5 
E X  5 E X 2  + f .  Also, find a.ll distributions for which the left and right 
bounds are attained. 

Exercise 1.8 Construct a varia.ble X for which E X 3  = -5 and E X 6  = 24. 

1.4 Shape Characteristics 
For any distribution, we are often interested in some cha.ra.cteristics that are 
associated with t,he shape of the distribution. For example, we may be in- 
terested in finding out whether it is unimodal, or skewed, and so on. Two 
important measures in this respect are Pearson’s measures of skewness and 
kurtosis. 
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Definition 1.10 Pearson’s measures of skewness a.nd kurtosis are given hy 

and 
i i j4 

$2 ’ 
7 2  = - 

Since tliese mea.sures are functions of central moments, it is clear t,liat, they 
are free of t,lir. location. Siinilarly, dur to the fra.ct,ional forni of thc rnca.sures, 
it can readily bt? vcrified that they are free of sca.le as well. It ca.n also he 
seen that tlie nieasure of skewness y1 may take on positive or nega.tive valiics 
depending on whtther /3:, is positive or negative, respectively. Obviously, whcn 
the distribiitiori is symnietric aboiit its mean, we may note that, /jn is 0, in 
which cast! tlie measure of skewiicss y1 is also 0. Hence, distrihiitions with 
y1 > 0 a.re sa.id to be positively skewed distributiorrs, while those with y1 < 0 
arc said too he nqnt ive ly  skewed distributions. 

Now, witliout, loss of generality, let, us consider an arbitrary distribution 
with niean 0 a.nd va.riance 1. Then, by writing 

and applyirig thr. Caiichy Schwarz ineqiiality, we readily obtain the inequality 

Lat,er, we will observe the coefficient of kurtosis of a norma.1 distribution 
to hr 3 .  Based on this value, distributions with 2 2  > 3 are called Zeptokwrtic 
distribu,tions, while those with y2 < 3 a,re ca.lled plntykurtic distributionw. 
Incidenta.lly, distribut,ions for which y2 = 3 (which clea.rly includes the normal) 
arc called m,esokurtic distributions. 

Remark 1.5 Karl Pearson (1895) designed a. system of continuous distrib- 
utions whcrcin t,he pdf of every riieniber satisfies a. differential cqiia.tion. By 
studying t,lit:ir irioriieiit properties and, in particiila.r, their coefficients of skew- 
ness and kiirtosis, he proposed seven families of distributioris which all occu- 
pied different, rcgioiis of the (71, ~2)-pla,iie. Several prominent dist~rihutJions 
(such as beta., gxnma, normal, and t that, we will set in subsequent cha.pters) 
bclong to t,hcsc families. This tieveloprnent wa.s the first and historic attempt 
to  propose it iiriificd mechanism for developing different families of sta.tistica1 
distributioiis. 

1.5 Entropy 

One more useful charact,erist,ic of distributions (called entropy)  was int,roducecl 
by Shannon. 
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Definition 1.11 For a discrete random variable X taking on values .c1,x2, 
. . . with probabilities p l , p 2 , .  . . , the e72tropy H(X) is defined as 

If X has an absolutely continuous distribution with pdf p(x), then t h  
entropy is defined as 

(1.39) 

where 
D = {x : p(x) > O}. 

In the case of discrete distributions, the transformation 

Y = u + h X .  -CC < a < 00, h > 0 

does not change the probabilities p ,  a.nd, consequently, we ha.ve 

H ( Y )  = H(X). 

On the other h n d ,  if X has a pdf p ( . z ) ,  then Y = a + hX ha.s the pdf 

and 

whcre 

It, is thcn easy to verify that 

= log h -t H ( X ) .  (1.40) 
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1.6 Generating Function and 
Characteristic F'unct ion 

In this section we present some functions that are useful in geiicratiiig the 
probahilit,ies or the niornrnts of the distribution in a siiiiplc arid unified nia,n- 
ner. In addition, they ma.y also help in identifying the distribution of a.n 
underlying random va.ria.ble of interest. 

Definition 1.12 Let X take on values 0, 1 ,2 , .  . . with proba.bilit,ies p ,  = 

P { X  = n } ,  ri = 0,1 , .  . , . All the information a.bout this distribution is 
contained in tlir generntin,g function, which is defined as 

(1.41) 
n = O  

with the right-hand side (RHS) of (1.41) converging a t  least for / s /  5 1. 

Sonie iiiiportant properties of generating functions are as follows: 

(a) P(1) = 1; 

(11) for Is/ < 1, t,liere exist deriva,t,ives of P ( s )  of any order; 

(c) for o 5 s < 1, ~ ( s )  arici all its clcrivatives P ( ' ) ( s ) ,  k = 1 , 2 , .  . . , a.rc: 
nonnegative incrmsing convex functions; 

((1) the generating function P ( s )  uniquely determines protmbilities p T L ,  n = 

1 . 2 ,  . . . , and the followiiig relations are valid: 

PO = P(O), 

( e )  if raridoiii va.riables X1, . . . , X, are independent, a.iid have generat,iiig 
finict ions 

P k ( s ) = E s x k ,  k = l ,  . . . ,  n, 

then the gerieratirig function of thc sum Y = X1 + . . . + X, sa,tisfies t,hc 
relation 

n 

P y ( s )  =: Pk(S); (1.42) 
k = l  

( f )  tlw factorial inonirnts can be determined from the generating function 
i ts 

pk = E X ( X -  l ) . . . ( X -  k f l )  = P(')(l). (1.43) 

whtw 
P('-)(I) = limP(')(A). 

S T 1  



GENERATING FUNCTION AND CHARACTERISTIC FUNCTION 11 

Definition 1.13 The characteristic function f ( t )  of a random variable X is 
defined as 

f ( t )  = Eexp{itX} = E c o s t X + i  Es in tX.  (1.44) 

If X takes on values x k  ( k  1 1 ,2 , .  . .) with probabilities p k  = P{X = xk } ,  

then 

k 

k k 

For a random variable having a. pdf p ( x ) ,  the characteristic function takes 
on an analogous form: 

m 

f ( t )  = J’ e i t zp ( z )  dx 
-00 

00 00 

- cos(tz) p ( x )  dx + i sin(tx) p ( z )  dx.  (1.46) 
- s, 

For random variables taking on values 0 ,1 ,2 ,  . . . , there exists the following 
relationship between the characteristic function and the generating function: 

f ( t )  = P(e2t). (1.47) 

Some of the useful properties of characteristic functions are as follows: 

f ( t )  is uniformly continuous; 

f ( t )  uniquely determines the distribution of the corresponding random 
variable X: 

if X has tlie characteristic fiinction f ,  then Y = a + h X  has the char- 
acteristic function 

g ( t )  = eznt f ( h t ) ;  

if ra.ndorn variables X I ,  . . . , X, are independent and their chamcter- 
istic functions are fl(t), . . . ~ fTL( t ) ,  respectively, then the characteristic 
function of the sum Y = Xi + . . . + X, is given by 
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( g )  if the nth moment EX"  of the random variable X exists, then the 
charactcristic function f ( t )  of X has the first n derivatives, and 

(1.49) 

moreover, in this situation, the following expansion is valid for the char- 
acteristic function: 

7L 

k=1 
n 

(1.50) 
k = l  

where 

as t + 0; 

(11) let random variables X ,  X I ,  Xa. .  . . have cdf's F,  F l .  F2,. . . and charac- 
teristic functions f ,  f l ,  f 2 , .  . . , respectively. If for any fixrd t ,  as n i cx), 

r,  ( t )  = o( t7') 

f n ( C  + f(t)l (1.51) 

t hcn 

&(x) + F ( z )  (1.52) 

for any 5 ,  where the limiting cdf is continuous. Notje that (1.52) also 
implies ( 1.5 1). 

There exist inversion formulas for charact,eristic functions which will enable 
us to determine the distribution that corresponds to a certain characteristic 
function. For exmiple, if 

cx) s, If(t)l dt < 00, 

where f ( t )  is th t  characteristic function of a random variable X ,  then X has 
t hc pdf p(z )  givtw by 

(1.53) 

Remark 1.6 Instead of working with chara ristic fiinctioris, orif: c~u l t l  de- 
fine the rmomen,t genernt iny function of a ra om variable X a.s E exp{tX} 
(a real fiinction this time) a.nd work with it. However, t,ht:re a.re inst,arices 
where t,his nionicnt, genemting function may not exist, while the cha.ra. 
tic furict,ion a,lwa?js exists. A classic exa.mple of this r11a.y be seen 1a.tt:r when 
we discuss Cauchy distxibutions. Nonethelcss, wheii the moment grnerating 
funct,ion does exist, it uniquely determines the dist,ribution just as the char- 
acteristic funct,ion does. 
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Exercise 1.9 Consider a random variable X which takes on values 0 , 1 , 2 ,  . . . 
with probabilities p ,  = P { X  = n} ,  n = 0 , 1 , 2 , .  , . . Let P ( s )  be its generating 
function. If it is known that P(0)  = 0 and P ( i )  = i, find the probabilities 
Pn.  

Exercise 1.10 Let P ( s )  and Q ( s )  be the generating functions of the random 
variables X and Y .  Suppose it is known that both EX and EY exist and 
that P ( s )  2 Q ( s ) , 0  5 s < 1. W1ia.t can be sa.id about E(X - Y ) ?  Can this 
expectation be positive, nega.tive, or zero? 

Exercise 1.11 If f ( t )  is a. chara.cteristic fiinction, then prove that, the func- 
tions 

where Re f ( t )  denotes the real part of f ( t ) ,  are also characteristic functions. 

Exercise 1.12 If f ( t )  is a characteristic function that is twice differentiable, 
prove that the fiinction g ( t )  = f ” ( t ) / , f ” ( 0 )  is also a cha.racteristic function. 

Exercise 1.13 Consider the functions f ( t )  and g ( t )  = 2 f ( t )  - 1. Then, prove 
that if g ( t )  is a characteristic function, f ( t )  also ought to be a characteristic 
function. The reverse may not be true. To prove this, construct an example 
of a characteristic function f ( t )  for which g ( t )  is not a characteristic function. 

Exercise 1.14 Find the only function among the following which is a char- 
acteristic function: 

f ( t ) ,  f 2 ( 2 t ) ,  f“(3t) ,  arid f 6 ( 6 t ) .  

Exercise 1.15 Find the only function among t h t  following which is not a 
characteristic function: 

f ( t ) ,  2 f ( t )  - 1, 3 f ( t )  - 2, and 4 f ( t )  - 3. 

Exercise 1.16 It is easy to verify that f ( t )  = cos f is a characteristic function 
of a randoni variable that takes on values 1 and -1 with equal probability of 
:. Consider now the following functions: 

Which of these are characteristic functions? 

Exercise 1.17 Prove that the functions f n ( t )  = COSY - sinTLt, n = 1 , 2 , .  . . 
are characteristic functions only if n is an even integer. 


