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Chapter 1

Introduction

1.1 Introduction

To solve an inverse problem means to estimate unknown objects (e.g.
parameters and functions) from indirect noisy observations. A classic example
is the mapping of the Earth’s subsurface using seismic waves. Inverse problems
are often ill-posed, in the sense that small perturbations in the data may lead
to large errors in the inversion estimates. Furthermore, many practical and
important inverse problems are large-scale; they involve large amounts of data
and high-dimensional parameter spaces. For example, in the case of seismic
inversion, typically millions of parameters are needed to describe the material
properties of the Earth’s subsurface. Large-scale, ill-posed inverse problems
are ubiquitous in science and engineering, and are important precursors to the
quantification of uncertainties underpinning prediction and decision-making.

In the absence of measurement noise, the connection between the parame-
ters (input) and the data (output) defines the forward operator. In the inverse
problem we determine an input corresponding to given noisy data. It is often
the case that there is no explicit formula for the inversion estimate that maps
output to input. We thus often rely on forward calculations to compare the
output of different plausible input models to choose one model, or a distri-
bution of models, that is consistent with the data. A further complication is
that the forward operator itself may not be perfectly known, as it may depend
on unknown tuning parameters. For example, the forward operator in seismic
inversion may depend on a velocity model that is only partly known.

It is then clear that there is a need in inverse problems for a framework
that includes computationally efficient methods capable of incorporating

Large-Scale Inverse Problems and Quantification of Uncertainty Edited by L. Biegler,
G. Biros, O. Ghattas, M. Heinkenschloss, D. Keyes, B. Mallick, Y. Marzouk, L. Tenorio,
B. van Bloemen Waanders and K. Willcox © 2011 John Wiley & Sons, Ltd



2 INTRODUCTION

prior information and accounting for uncertainties at different stages of
the modeling procedure, as well as methods that can be used to provide
measures of the reliability of the final estimates. However, efficient modeling
of the uncertainties in the inputs for high-dimensional parameter spaces
and expensive forward simulations remain a tremendous challenge for many
problems today — there is a crucial unmet need for the development of
scalable numerical algorithms for the solution of large-scale inverse problems.
While complete quantification of uncertainty in inverse problems for very
large-scale nonlinear systems has often been intractable, several recent
developments are making it viable: (1) the maturing state of algorithms
and software for forward simulation for many classes of problems; (2) the
arrival of the petascale computing era; and (3) the explosion of available
observational data in many scientific areas.

This book is focused on computational methods for large-scale inverse
problems. It includes methods for uncertainty quantification in input
and output parameters and for efficient forward calculations, as well as
methodologies to incorporate different types of prior information to improve
the inversion estimates. The aim is to cross-fertilize the perspectives of
researchers in the areas of data assimilation, statistics, large-scale optimiza-
tion, applied and computational mathematics, high performance computing,
and cutting-edge applications.

Given the different types of uncertainties and prior information that have
to be consolidated, it is not surprising that many of the methods in the
following chapters are defined in a Bayesian framework with solution tech-
niques ranging from deterministic optimization-based approaches to variants
of Markov chain Monte Carlo (MCMC) solvers. The choice of algorithms to
solve a large-scale problem depends on the problem formulation and a bal-
ance of computational resources and a complete statistical characterization of
the inversion estimates. If time to solution is the priority, deterministic opti-
mization methods offer a computationally efficient strategy but at the cost of
statistical inflexibility. If a complete statistical characterization is required,
large computational resources must accommodate Monte Carlo type solvers.
It is often necessary to consider surrogate modeling to reduce the cost of
forward solves and/or the dimension of the state and inversion spaces.

The book is organized in four general categories: (1) an introduction
to statistical Bayesian and frequentist methodologies, (2) approximation
methods, (3) Kalman filtering methods, and (4) deterministic optimization
based approaches.

1.2 Statistical Methods

Inverse problems require statistical characterizations because uncertainties
and/or prior information are modeled as random. Such stochastic structure
helps us deal with the complex nature of the uncertainties that plague
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many aspects of inverse problems including the underlying simulation
model, data measurements and the prior information. A variety of methods
must be considered to achieve an acceptable statistical description at a
practical computational cost. Several chapters discuss different approaches
in an attempt to reduce the computational requirements. Most of these
methods are centered around a Bayesian framework in which uncertainty
quantification is achieved by exploring a posterior probability distribution.
The first three chapters introduce key concepts of the frequentist and
Bayesian framework through algorithmic explanations and simple numerical
examples. Along the way they also explain how the two different frameworks
are used in geostatistical applications and regularization of inverse problems.
The subsequent two chapters propose new methods to further build on the
Bayesian framework.
Brief summaries of these chapters follow:

e Stark and Tenorio present frequentist and Bayesian methods for inverse
problems. They discuss the different ways prior information is used by
each school and explain basic statistical procedures such as estimators,
confidence intervals and credible regions. They also show how decision
theory is used to compare statistical procedures. For example, a fre-
quentist estimator can be compared to a Bayesian one by computing
the frequentist mean squared error of each. Credible regions can be
compared to frequentist regions via their frequentist coverage. Stark
and Tenorio provide illustrative examples of these and other types of
comparisons.

e Calvetti and Somersalo clarify where the subjectivity in the Bayesian
approach lies and what it really amounts to. The focus is on the interpre-
tation of the probability and on its role in setting up likelihoods and pri-
ors. They show how to use hierarchical Bayesian methods to incorporate
prior information and uncertainty at different levels of the mathematical
model. Algorithms to compute the maximum a-posteriori estimate and
sampling methods to explore the posterior distribution are discussed.
Dynamic updating and the classic Kalman filter algorithm are intro-
duced as a prelude to the chapters on Kalman and Bayesian filtering.

e Kitanidis presents the Bayesian framework as the appropriate method-
ology to solve inverse problems. He explains how the Bayesian approach
differs from the frequentist approach, both in terms of methodology and
in terms of the meaning of the results one obtains, and discusses some
disagreements between Bayesians and non-Bayesians in the selection
of prior distributions. Bayesian methods for geostatiscal analysis are
also discussed.

e Higdon et al. consider the problem of making predictions based on
computer simulations. They present a Bayesian framework to combine
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available data to estimate unknown parameters for the computer model
and assess prediction uncertainties. In addition, their methodology
can account for uncertainties due to limitations on the number of
simulations. This chapter also serves as an introduction to Gaussian
processes and Markov chain Monte Carlo (MCMC) methods.

e Efendiev et al. present a strategy to efficiently sample from a surro-
gate model obtained from a Bayesian Partition Model (BPM) which
uses Voronoi Tessellations to decompose the entire parameter space
into homogeneous regions and use the same probability distribution
within each region. The technique is demonstrated on an inversion
of permeability fields and fractional flow simulation from the Darcy
and continuity equations. The high dimensional permeability field is
approximated by a Karhunen-Loeve expansion and then combined using
regression techniques on different BPM regions. A two-stage MCMC
method has been employed, where at the first stage the BPM approxi-
mation has been used thereby creating a more efficient MCMC method.

1.3 Approximation Methods

The solution of large-scale inverse problems critically depends on methods
to reduce computational cost. Solving the inverse problem typically requires
the evaluation of many thousands of plausible input models through the for-
ward problem; thus, finding computationally efficient methods to solve the
forward problem is one important component of achieving the desired cost
reductions. Advances in linear solver and preconditioning techniques, in addi-
tion to parallelization, can provide significant efficiency gains; however, in
many cases these gains are not sufficient to meet all the computational needs
of large-scale inversion problems. We must therefore appeal to approxima-
tion techniques that seek to replace the forward model with an inexpensive
surrogate. In addition to yielding a dramatic decrease in forward problem
solution time, approximations can reduce the dimension of the input space
and entail more efficient sampling strategies, targeting a reduction in the
number of forward solves required to find solutions and assess uncertainties.
Below we describe a number of chapters that employ combinations of these
approximation approaches in a Bayesian inference framework.

e Frangos et al. summarize the state of the art in methods to reduce
the computational cost of solving statistical inverse problems. A litera-
ture survey is provided for three classes of approaches — approximating
the forward model, reducing the size of the input space, and reducing
the number of samples required to compute statistics of the posterior.
A simple example demonstrates the relative advantages of polynomial
chaos-based surrogates and projection-based model reduction of the
forward simulator.
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e Nguyen et al. present a reduced basis approximation approach to solve
a real time Bayesian parameter estimation problem. The approach uses
Galerkin projection of the nonlinear partial differential equations onto
a low-dimensional space that is identified through adaptive sampling.
Decomposition into ‘Offline” and ‘Online’ computational tasks achieves
solution of the Bayesian estimation problem in real time. A posteriori
error estimation for linear functionals yields rigorous bounds on the
results computed using the reduced basis approximation.

e Swiler et al. present a Bayesian solution strategy to solve a model
calibration in which the underlying simulation is expensive and observa-
tional data contains errors or uncertainty. They demonstrate the use of
Gaussian surrogates to reduce the computational expense on a complex
thermal simulation of decomposing foam dataset.

e Wilkinson discusses emulation techniques to manage multivariate
output from expensive models in the context of calibration using
observational data. A focus of this work is on calibration of models
with long run time. Consequently an ensemble comprising of only
a limited number of forward runs can be considered. A strategy is
presented for selecting the design points that are used to define the
ensemble. When the simulation model is computationally expensive,
emulation is required and here a Bayesian approach is used.

1.4 Kalman Filtering

The next two chapters discuss filtering methods to solve large-scale statistical
inverse problems. In particular, they focus on the ensemble Kalman filter,
which searches for a solution in the space spanned by a collection of ensembles.
Analogous to reducing the order of a high dimensional parameter space using a
stochastic spectral approximation or a projection-based reduced-order model,
the ensemble Kalman filter assumes that the variability of the parameters can
be well approximated by a small number of modes. As such, large numbers
of inversion parameters can be accommodated in combination with complex
and large-scale dynamics. This comes however, at the cost of less statistical
flexibility, since approximate solutions are needed for nonlinear non-Gaussian
problems.

e Myrseth et al. provide an overview of the ensemble Kalman filter in
addition to various other filters. Under very specific assumptions about
linearity and Gaussianity, exact analytical solutions can be determined
for the Bayesian inversion, but for any deviation from these assumptions,
one has to rely on approximations. The filter relies on simulation based
inference and utilizes a linearization in the data conditioning. These
approximations make the ensemble Kalman filter computationally effi-
cient and well suited for high-dimensional hidden Markov models.
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e Seiler et al. discuss the use of the ensemble Kalman filter to solve a
large inverse problem. This approach uses a Monte Carlo process for
calculating the joint probability density function for the model and state
parameters, and it computes the recursive update steps by approximat-
ing the first and second moments of the predicted PDF. The recursive
Bayesian formulation can be solved using the ensemble Kalman filter
under the assumption that predicted error statistics are nearly Gaus-
sian. Instead of working with the high-dimensional parameter space,
the inverse problem is reduced to the number of realizations included in
the ensemble. The approach is demonstrated on a petroleum reservoir
simulation dataset in which a history matching problem is solved.

1.5 Optimization

An alternative strategy to a Bayesian formulation is to pose the statisti-
cal inverse problem as an optimization problem. Computational frameworks
that use this approach build upon state-of-the-art methods for simulation
of the forward problem, as well as the machinery for large-scale determinis-
tic optimization. Typically, Gaussian assumptions are made regarding various
components of the data and models. This reduces the statistical flexibility and
perhaps compromises the quality of the solution. However as some of these
chapters will demonstrate, these methods are capable of addressing very large
inversion spaces while still providing statistical descriptions of the solution.

e Horesh et al. present optimal experimental design strategies for large-
scale nonlinear ill-posed inverse problems. In particular, strategies for a
nonlinear impedance imaging problem are presented. Optimal selection
of source and receiver locations is achieved by solving an optimization
problem that controls the performance of the inversion estimate subject
to sparsity constraints.

e Zabaras outlines a methodology to perform estimation under multiple
sources of uncertainties. By relying on the use of the deterministic simu-
lator, the solution of the stochastic problem is constructed using sparse
grid collocation. Furthermore, the stochastic solution is converted to
a deterministic optimization problem in a higher dimensional space.
Stochastic sensitivities are calculated using deterministic calculations.
The evolution of a PDF requires the solution of a billion DOF's at each
stochastic optimization iteration. The technique is demonstrated on a
heat flux problem.

e Frederic et al. present an uncertainty analysis approach for seismic
inversion and discuss tomography and ray tracing, which are efficient
methods to predict travel time. The deterministic inversion approach
makes the connection between the Hessian and the covariance. The
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prior and posterior PDFs are assumed to be Gaussian. By estimating
just the diagonal terms of the covariance matrix for the prior and
therefore assuming the errors are uncorrelated, the computational
expense is reduced considerably. By assuming Gaussianity and
calculating the diagonal terms, the inversion formulation has a specific
form that involves the Hessian. Two strategies are presented, one
where the full Hessian is inverted to give the covariance and the other
where a multi-parameter approach is used to reduce the computational
expense of the Hessian inversion.

e Sandu discusses the use of adjoint methods, which are at the core of
many optimization strategies for large-scale inverse problems. This
chapter presents an analysis of the properties of Runge-Kutta and
linear multistep methods in the context of solving ODEs that arise
in adjoint equations. An example shows the use of discrete adjoint
methods in the solution of large-scale data assimilation problems for
air quality modeling.






Chapter 2

A Primer of Frequentist
and Bayesian Inference
in Inverse Problems
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2.1 Introduction

Inverse problems seek to learn about the world from indirect, noisy data.
They can be cast as statistical estimation problems and studied using sta-
tistical decision theory, a framework that subsumes Bayesian and frequentist
methods. Both Bayesian and frequentist methods require a stochastic model
for the data, and both can incorporate constraints on the possible states of
the world. Bayesian methods require that constraints be re-formulated as a
prior probability distribution, a stochastic model for the unknown state of the
world. If the state of the world is a random variable with a known distribution,
Bayesian methods are in some sense optimal. Frequentist methods are easier
to justify when the state of the world is unknown but not necessarily random,
or random but with an unknown distribution; some frequentist methods are
then optimal — in other senses.

Parameters are numerical properties of the state of the world. Estimators
are quantities that can be computed from the data without knowing the state
of the world. Estimators can be compared using risk functions, which quantify

Large-Scale Inverse Problems and Quantification of Uncertainty Edited by L. Biegler,
G. Biros, O. Ghattas, M. Heinkenschloss, D. Keyes, B. Mallick, Y. Marzouk, L. Tenorio,
B. van Bloemen Waanders and K. Willcox © 2011 John Wiley & Sons, Ltd
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the expected ‘cost’ of using a particular estimator when the world is in a given
state. (The definition of cost should be dictated by the scientific context, but
some definitions, such as mean squared error, are used because they lead to
tractable computations.)

Generally, no estimator has the smallest risk for all possible states of the
world: there are tradeoffs, which Bayesian and frequentist methods address
differently. Bayesian methods seek to minimize the expected risk when the
state of the world is drawn at random according to the prior probability distri-
bution. One frequentist approach — minimaz estimation — seeks to minimize
the maximum risk over all states of the world that satisfy the constraints.

The performance of frequentist and Bayesian estimators can be compared
both with and without a prior probability distribution for the state of the
world. Bayesian estimators can be evaluated from a frequentist perspective,
and vice versa. Comparing the minimax risk with the Bayes risk measures how
much information the prior probability distribution adds that is not present
in the constraints or the data.

This chapter sketches frequentist and Bayesian approaches to estimation
and inference, including some differences and connections. The treatment is
expository, not rigorous. We illustrate the approaches with two examples: a
concrete one-dimensional problem (estimating the mean of a Normal distribu-
tion when that mean is known to lie in the interval [—7,7]), and an abstract
linear inverse problem.

For a more philosophical perspective on the frequentist and Bayesian
interpretations of probability and models, see Freedman and Stark (2003);
Freedman (1995). For more careful treatments of the technical aspects, see
Berger (1985); Evans and Stark (2002); Le Cam (1986).

2.2 Prior Information and Parameters: What
Do You Know, and What Do You Want
to Know?

This section lays out some of the basic terms, most of which are shared by
frequentist and Bayesian methods. Both schools seek to learn about the state
of the world — to estimate parameters — from noisy data. Both consider con-
straints on the possible states of the world, and both require a stochastic
measurement model for the data.

2.2.1 The State of the World, Measurement Model,
Parameters and Likelihoods
The term ‘model’ is used in many ways in different communities. In the inter-

est of clarity, we distinguish among three things sometimes called ‘models,’
namely, the state of the world, the measurement model, and parameters.
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The state of the world, denoted by 6, is a mathematical representation of
the physical system of interest, for example, a parametrized representation of
seismic velocity as a function of position in the Earth, of the angular velocity
of material in the Sun, or of the temperature of the cosmic microwave back-
ground radiation as a function of direction. Often in physical problems, some
states of the world can be ruled out by physical theory or prior experiment.
For instance, mass densities and energies are necessarily nonnegative. Trans-
mission coefficients are between 0 and 1. Particle velocities are less than the
speed of light. The rest mass of the energy stored in Earth’s magnetic field is
less than the mass of the Earth (Backus 1989). The set © will represent the
possible states of the world (values of #) that satisfy the constraints. That is,
we know a priori that 6 € ©.1

The observations Y are related to the particular state of the world 6
through a measurement model that relates the probability distribution of the
observations to 6. The set of possible observations is denoted ), called the
sample space. Typically, Y is an n-dimensional vector of real numbers; then, )
is R™. Depending on 6, Y is more likely to take some values in Y than others.
The probability distribution of the data Y when the state of the world is
n (i.e., when 6 =) is denoted IP,; we write Y ~ IP,. (The ‘true’ state of
the world is some particular — but unknown — 6 € ©; 7 is a generic element
of © that might or might not be equal to §.) We shall assume that the set
of distributions P = {IP,, : n € ©} is dominated by a common measure p.>
(In the special case that p is Lebesgue measure, that just means that all
the probability distributions P = {IP,, : n € ©} have densities in the ordinary
sense.) The density of IP,, (with respect to p) at y is

py(y) = dIPy/dpl,. (2.1)

The likelihood of n given Y =y is p,(y) viewed as a function of 7, with y
fixed.

For example, suppose that for the purposes of our experiment, the state
of the world can be described by a single number 6§ € IR that is known to
be in the interval [—7, 7], and that our experiment measures 6 with additive
Gaussian noise that has mean zero and variance 1. Then the measurement
model is

Y =0+ 727, (2.2)

where Z is a standard Gaussian random variable (we write Z ~ N(0,1)).
The set © = [—7, 7]. Equivalently, we may write Y ~ N(6,1) with 6 € [—7, 7].

IThere is a difference between the physical state of the world and a numerical dis-
cretization or approximation of the state of the world for computational convenience. The
numerical approximation to the underlying physical process contributes uncertainty that is
generally ignored. For discussion, see, e.g., Stark (1992b).

°By defining p suitably, this can allow us to work with ‘densities’ even if the family
P contains measures that assign positive probability to individual points. Assuming that
there is a dominating measure is a technical convenience that permits a general definition
of likelihoods.
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(The symbol ~ means ‘has the probability distribution’ or ‘has the same
probability distribution as.’) Thus IP,, is the Gaussian distribution with mean
7 and variance 1. This is called the bounded normal mean (BNM) problem.
The BNM problem is of theoretical interest, and is a building block for the
study of more complicated problems in higher dimensions; see, for example,
Donoho (1994). The dominating measure g in this problem can be taken to
be Lebesgue measure. Then the density of IPy at y is

=L w0

vo(y) = N ;
and the likelihood of 7 given Y =y is ¢, (y) viewed as a function of n with y
fixed.

As a more general example, consider the following canonical linear inverse
problem. The set © is a ball in a norm or semi-norm in a separable, infinite-
dimensional Banach space (for example, © might be a set of functions whose
integrated squared second derivative is less than some constant C' < oo, or a
set of nonnegative functions that are continuous and bounded).® The data Y
are related to the state of the world 6 through the action of a linear operator
K from © to Y = IR", with additive noise:

Y =Kf+e, 6cO, (2.4)

(2.3)

where the probability distribution of the noise vector € is known. We assume
that Kn = (Kin, Kan,..., Kun) for n € ©, where {K;}7_, are linearly inde-
pendent bounded linear functionals on ©. Let f(y) denote the density of
e with respect to a dominating measure p. Then p,(y) = f(y — Kn). The
BNM problem is an example of a linear inverse problem with K the identity
operator, Y =R, © = [-7,7], ¢ ~ N(0,1), f(y) = ¢o(y)-

A parameter A = A[f] is a property of the state of the world. The entire
description of the state of the world, 6, could be considered to be a parameter;
then M\ is the identity operator. Alternatively, we might be interested in a
simpler property of 6. For example, in gravimetry, the state of the world 6
might be mass density as a function of position in Earth’s interior, and the
parameter of interest, A[f], might be the average mass density in some region
below the surface. In that case, the rest of 8 is a nuisance parameter: it
can affect the (probability distribution of the) measurements, but it is not of
primary interest.

Our lead examples in this paper are the ‘bounded normal mean’ problem
and the canonical linear inverse problem just described.

2.2.2 Prior and Posterior Probability Distributions

In the present framework, there is prior information about the state of the
world 6 expressed as a constraint § € ©. Frequentists use such constraints

3Separable Banach spaces are measurable with respect to the o-algebra induced by
the norm topology, a fact that ensures that prior probability distributions — required by
Bayesian methods — can be defined.



