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Preface

Structural dynamics has become increasingly important in different fields such 
as automotive, aeronautics or space, where the need for performance is ever-
increasing. This expansion was encouraged by the capability of computers to 
simulate phenomena through increasingly large models. However, to control these 
phenomena, we must first understand them.  

This book sets out to explain basic notions with a methodic approach to help 
improve this comprehension and to deal with industrial structures without becoming 
too specific. The developments are outlined with minimum mathematics and are 
often illustrated by simple examples before moving on to cases taken from industrial 
reality.

This book is addressed to the student or the researcher wanting to organize and 
clarify their knowledge in this field, as well as to the engineer concerned with 
bringing a practical response to problems they have to solve.  

This field is vast; consequently, certain related aspects are limited to a relatively 
quick presentation and readers are referred to more detailed works, in order to 
refocus on the most fundamental principles. This is also the case, to differing 
degrees, with numerical analysis, finite elements, fluid-structure coupling, high 
frequency, non-linear, fatigue or experimental techniques.  

The content is the result of the authors’ experience acquired through their 
involvement with research and industrial activities mainly at the Centre National 
d'Etudes Spatiales and INTESPACE Test Center, as well as from teaching, 
specifically at the engineering schools SUPAÉRO, ENSICA and internships.  
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Introduction 

The title of this book is derived from three key words that should be explained in 
order to clarify the context:  

– Structures: structures are referred to here as supports for objects of any nature, 
for example a mast, bridge, building, car body, a plane’s fuselage, etc. We encounter 
them in all fields and at all levels since the supported objects can in turn serve as 
support for smaller objects. A launcher then has a structure supporting a payload 
which in turn has a structure supporting equipment with a structure supporting 
circuit boards, etc. In all these structures, the main mission is to resist their 
environment.  

– Dynamic: structural dynamics is the study of structures subjected to a 
mechanical environment which depends on time and leading to a movement. We can 
compare dynamics to statics where the environment does not depend on time, such 
as gravity or constant pressure. We can also consider statics as a particular aspect of 
dynamics where the frequency of movement is zero. In this regard, these two 
disciplines connect in the study of structures. In statics, the idea is mainly to verify 
that movements or stresses remain within acceptable limits. In dynamics, we must 
first study the movement which, in certain conditions, can lead to much higher 
levels than those from a static behavior. Prediction of these phenomena must be 
controlled in order to understand, remedy and optimize.  

– Industrial: structures considered will be industrial in the sense that they will 
not be limited to academic cases. The idea is of course not to oppose these two 
domains, but to make them complementary. A simple example will enable us to 
understand and make basic calculations which could be sufficient in certain cases. 
The complex application processed by a computer will illustrate possibilities in 
concrete cases. Another aspect of industrial structures is that prediction can rest on 
two types of activities: analysis and test. To ignore one in favor of the other is 
dangerous: only relying on analysis is not reliable enough, and relying only on 
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testing only shows a partial view of the situation. These two worlds must be 
perfectly interlinked in the development of a structure, with correlation and 
mathematical model updating phases in relation to tests.  

Structural dynamics in industry will be addressed as methodically as possible 
starting with basic notions, in order to pave the way for handling more complex 
cases.

The starting point is a dynamic environment imposed on the structure. This 
excitation may take on very different forms that we must categorize in order to 
complete an analysis adapted to the situation. We can make the following 
distinctions: 

– concerning the excitation transmission type: this transmission can be: 

- mechanical, i.e. using the solid path: the structure is excited by contact with a 
moving adjacent structure, leading to localized or distributed forces, such as a car 
body excited by motor vibrations; 

- acoustic, using the airborne path or, more generally, that of any fluid: the 
structure is excited by a pressure field exerted on all exposed surfaces, for example, 
the same body excited by aerodynamic turbulence. This case involves two 
completely different environments, structure and fluid, each requiring specific 
techniques. These two transmissions often coexist: besides the previous example, a 
typical case is the satellite on its launcher, excited by its mechanical interface and its 
surfaces exposed to acoustic field under the fairing. This environment is called 
vibroacoustics; 

– concerning the type of time functions: it may be: 

- sinusoidal: this particular case is very important because of the movement 
amplifications that it can generate. It also represents a basic case which helps to 
solve the general case that we will see later; 

- transient: actually, any real excitation can be qualified as transient, because 
everything has a beginning and an end. However, we generally reserve the word 
“transient” for a relatively short excitation. This can be from a few milliseconds for 
pyrotechnic events, for example, to several seconds for seismic events. For very 
short durations, we talk about shock. For a relatively longer duration, the 
deterministic analysis can become awkward, in which case a possible solution is 
illustrated by the following characteristic; 

- random (or stochastic): this is the majority of actual excitations resulting 
from various and generally independent causes. It will be advantageous to work with 
them in a probabilistic manner by statistical analysis, in order to bring out the 
movement’s major properties; 



Introduction     xix 

– Concerning the type of frequencies involved: this aspect is particularly 
important. Any function of time, under certain conditions, may be decomposed into 
a sum of sinusoids: the decomposition given by its Fourier transform. We then have 
a description of the excitation in the field of frequencies and its content can be: 

- low frequency; or 

- broadband (low frequency + high frequency); 

in relation to the structure involved. A low frequency excitation will generate 
relatively simple shaped responses on the structure, characterized by wavelengths 
similar to its size, making analysis of movement easier, contrary to a higher 
frequency. To be more precise, low frequency is the domain which only involves a 
limited number of normal modes, stationary shapes related to frequencies that we 
will explain in more detail later and which enable efficient analysis. At high 
frequency, these normal modes are numerous, complex and less significant 
individually, which requires the use of appropriate analysis techniques. This is the 
case with vibroacoustic environments frequently generating broadband random 
vibrations, and shock environments where phenomena are often more propagative 
than stationary. 

Concerning analysis, we mainly focus here on low frequency. High frequency 
techniques come from a slightly different world, which is more difficult to master 
and which will not be explained here. However, the different functions of time will 
all be addressed since they all end up using the same solution approach. Finally, 
concerning types of transmission, acoustic excitation will be considered as long as it 
can be represented by a mechanical excitation by transforming pressures into known 
forces: fluid-structure coupling will therefore not be discussed as such. 

Next, excited by its dynamic environment, a structure responds. There again, 
analysis will depend on several factors: 

– concerning the nature of structural behavior: it can be linear or proportional to 
excitation, or non-linear for different reasons. In this last case, the analysis is much 
more difficult, unless we can linearize it. In the linear case, equations of motion can 
be easily integrated but in a rather inefficient way; 

– at low frequency, as indicated above, the notion of normal mode enables an 
efficient analysis technique called mode superposition. Each mode, in fact, behaves 
as a “spring-mass” system, or single-degree-of-freedom system, i.e. the simplest 
dynamic system, whose state only depends on one parameter. It is therefore doubly 
interesting to start by analyzing this system: its simplicity makes it possible to 
understand basic phenomena well and it prepares for more complex systems, at N
degrees-of-freedom, with the help of their normal modes. In addition, it can be used 
as a structure of reference for environmental characterization; 
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– concerning the domain of analysis: we can work by remaining in the time 
domain, or we can move to the frequency domain. These two worlds communicate 
with the help of Fourier transform and its inverse. In the frequency domain, relations 
between excitations and responses are commonly called frequency response 
functions (FRF) and are easily handled, which has many advantages; 

– concerning structure representation with a mathematical model: this can be 
continuous or discrete. Any real structure is continuous (at the macroscopic level) 
and the equations controlling its movement are initially partial differential equations. 
The difficulty in resolving them analytically in the case of complex structures might 
lead us to discretize them, or in other words to describe their state by a finite number 
of parameters, or degrees of freedom, for example by the method of finite elements. 
In this case, equations are expressed using matrices, and the size of matrices directly 
depends on the discretization involved. The continuous approach applies to simple 
cases which can be used as a reference when needed, for example, to evaluate 
discretization errors; 

– if the structure is modular, or in other words if it is made up of distinct parts 
connected together by simple interfaces, we could be tempted to first analyze each 
part before assembling them: this technique, called substructuring, has several 
advantages from a time of calculation point of view but also with organization. It 
can be executed at different levels by matrix assembly, in particular with FRF for 
frequency response synthesis and for normal modes for modal synthesis; 

– if there is room for maneuver in the definition of structure, we may want to 
optimize it on dynamic criteria, for example, maximizing natural frequencies or 
minimizing certain responses to a given excitation. In addition, if test results are 
available, they must be compared to results from the model and the model must be 
modified by an operation called updating to make it more representative by 
minimizing the gap between results. These two problems use the same optimization 
techniques. 

We mainly focus here on linear analysis; non-linear analysis being presented in 
an introductory chapter. The modal approach to discrete systems will be discussed in 
more detail to better use its advantages for low frequency, once we have examined 
the single-degree-of-freedom system, which is the keystone of this analysis. 
Continuous systems will follow to provide some references, and then complex 
modes to take certain phenomena into consideration in a more effective manner. In 
light of these developments, substructuring, optimization and updating in relation to 
tests will be addressed, bringing responses adapted to generally expressed needs in 
the industry. We will complete these analysis techniques with a description of the 
different test techniques, with the goal of identifying dynamic properties or of 
simulating an environment. 
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The different types of analysis that we have identified are summarized in Figure 
1 and will be developed in the following chapters: 

1) General points on linear analysis techniques, explaining the previous 
comments, which should be read first to provide an overview of the subject. 

2) The single-degree-of-freedom system, the keystone of this analysis: equations 
on movement and resolution. Responses, response spectrums for environment 
characterization. 

3) N-degree-of-freedom systems: equations of motion. Determination of 
structural matrices. The finite element method. Resolution by direct integration. 

4) Modal approach to discrete systems: real and complex modes. Mode 
superposition techniques with real modes for efficient calculation of low frequency 
responses.

5) Modal effective parameters: introduced in the previous chapter, representing 
essential information for understanding the phenomena and mastering the behavior. 

6) Continuous systems, the limiting case of discrete systems: analysis 
techniques. Processing simple cases which can serve as references. 

7) Complex modes approach, for a better consideration of certain phenomena: 
dissipative systems, gyroscopic effects, general cases which can be handled by mode 
superposition. 

8) Substructuring by modal synthesis: representation of each substructure by its 
normal modes in a given configuration. Formulation based on selected 
configurations. 

9) Substructuring by frequency response synthesis: representation of each 
substructure by its FRF. Complementarity with modal synthesis. 

10) An introduction to nonlinear analysis: sources of nonlinearities and simple 
examples. The case of the single-degree-of-freedom system. Some analysis 
approaches for multiple-degree-of-freedom systems. 

11) Testing techniques: tests in structure development. Identification of dynamic 
properties. Environment simulation. 

12) Model updating and optimization: test/analysis comparison, model reanalysis 
and updating. Optimization techniques.  
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Figure 1. Major types of analyses 
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Glossary

Abbreviations 

DOF Degree-of-freedom 
FRF Frequency response function 
PSD Power spectral density 

Convention for matrices 

In order to efficiently develop a formulation implying a certain formalism with 
matrices, we will use notations where subscripts play an important role: first 
mnemonics (whenever possible), second, avoiding multiplicity of matrix notations, 
and finally coherence in matrix products by subscript ordering.  

Matrices introduced in the different chapters represent properties relative to 
DOF, or in a broad sense, parameters defining the state of the structure involved.  

By general convention, ijX  designates a matrix of dimension (n, p) where rows 

are relative to n DOF i and columns to p DOF j.  

We should note that this convention implies the relation T
ijji XX  (transposed 

matrix) since it comes down to permuting rows and columns. In particular, matrix 
iiX  (which is not necessarily diagonal) is necessarily symmetric. These properties 

are verified here as long as the principle of reciprocity applies. Otherwise, in the 
presence of rotating parts destroying certain symmetries for example, precautions 
will be taken to remove ambiguities without losing the advantages of this notation.  
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A subscript related to all DOF i and j will logically be named (i+j): for example, 
we will write kji )(X  or ))(( jijiX .

The previous convention must be completed by another convention to be able to 
distinguish rows, columns or terms of a matrix ijX .

By convention, an underlined subscript has a fixed value. 

Therefore: jiX  represents row i  in matrix ijX ,

jiX   represents column j  in matrix ijX ,

ijX  represents term ij  in matrix ijX .

In certain cases, matrix subscripts are followed by other information after a 
comma to explain affiliation:  

Therefore: kij,X  represents a matrix ijX  relative to mode k ,

resij,X  represents a matrix ijX  “res” (of residual value:  

 term explained when appropriate). 

These conventions are not customary, particularly when they replace the notation 
T for a transpose of a matrix. Product (Xij )T Yi  is simply written as X ji Yi  where 
the sequencing of subscripts is clearly visible. Experience has shown that any 
reading problems disappear after an adaptation period.  

Notations 

Below is a list of the main notations used in this book. Some have more than one 
meaning, but have different symbols or are used in different contexts. Other 
notations can appear in certain chapters for particular points: they are explained 
locally to remove any ambiguity.  

Scalars or matrices 

A Accelerance (acceleration/force), dynamic amplification H or T,
  interpolation function 

A, B Matrices in space 2N
a, b Generalized parameters in space 2N
C, c Linear viscous damping, coefficient  
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continuous elements 

bending beam 184 
combined 210 
plate 206 
rod 171 

correlation 385 
coupling  

fluid-structure coupling 236 
impedance coupling 30, 295 

cross spectrum 14, 19 
cross-correlation 9, 12 
cylindrical shell 87 

D

damper 34, 68 
damping 29, 119, 325 

structural 62, 120, 170 
viscous 26, 61, 119 
viscous damping ratio 37, 119 
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degree of freedom (DOF) 17 
connection 251, 258 
elimination 73 
excitation 301 
internal 20 
introduction 77 
junction 20 
management 91 
observation 256, 302 

density 
power spectral (PSD) 13 
probability 9 

displacement 16, 20 
dissipated power 26, 67 
domain 

see analysis 
Duffing equation 336 
Duhamel integral 16, 55 
dry friction (Coulomb) 328 

E

effect
gyroscopic effect 232 
shear effect 84, 204 

eigenvalue problem 101, 170 
energy

kinetic 24, 81 
elastic 24, 81 

equations of motion 24 

F

factor
dynamic amplification 42, 63, 
122, 227, 243 
dynamic transmissibility 42, 63, 
124, 227, 243 
loss 63, 170 
participation 117, 124, 170, 225, 
234 
quality 43 
shape 84 

finite elements 
bending beam 83 
complete beam 86 
plate 90 
rigid 72, 91 
rod 82 
types of 89 

flexibility 
dynamic 23, 39, 123 
effective 131 
pseudo-static 135, 259 
residual 141 
static 40, 133, 260 

force 20 
additional 344 
constraint 308 
dissipation 26 
equivalent 89 
external 26 
inertia 26 
reaction 17 
restoring 324 

formula 
Dunkerley 211 
Seide 88 

Fourier
series 35 
transform 5 

frequency 2 
fundamental frequency 5, 334 
half-power frequency 49 
low frequency 28 
natural frequency 36, 101, 170 
response function (FRF) 16, 170, 
296 

H

Hamilton principle 24 
harmonic 5, 334, 344 
hysteresis 329 
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I

impedance 22, 46 
characteristic 177 
drive point impedance of an 
infinite plate 207 
uncoupling 318 

impulse 15 

J

junction 
statically determinate 143, 267, 
315 
statically indeterminate 182, 199, 
315, 357 

L

Lagrange multipliers 77, 115, 136, 
313 
Lagrangian 24 
level reduction (notching) 381 
linear constraints 72, 91 
logarithmic decrement 38 

M

MAC (Modal Assurance Criterion) 
399 
mass 24 

coherent 81 
directional 28, 34, 69 
dynamic 23, 41, 123 
effective 131 

by zone 137 
generalized 101, 170 
lumped 67, 81 
residual 142 
static 41, 134 

matrix 
assembly 70, 250, 318 
element 66, 81 

mass 24 
rigid body mass 75, 105, 117, 
143 

stiffness 24 
transformation 26 

mean square 8, 10 
mechanisms 91 
method 

Benfield-Hruda 276 
centered difference 96 
complex exponential 371 
Craig-Bampton 266 
Craig-Chang 271 
finite element 80 
Lanczos 112 
multi-DOF (MDOF) 370 
Newmark 97, 346 
non-linear simplex 403 
orthogonal polyreference 371 
single DOF (SDOF) 368 

modal truncation 28, 102, 116, 125, 
140 
mode 

attachment 260 
complex 100, 219, 235 
elastic 104 
inertia 135, 261 
normal 27, 100, 170, 259 
orthogonality 101, 170, 222, 233, 
240 
rigid (body) 104, 115, 122, 131, 
134, 142 
static junction 115, 170, 262 
superposition 27, 115, 170, 224, 
234, 240 

model 
effective mass 145, 281, 308 
finite element 89 
reduced 283 
updating 351, 385 
verification 93 
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modulus 
complex 63, 170, 176 
Shear 84 
Young’s 82, 83 

motion 20 
parasitic motion 315, 375 
periodic motion 35 
random motion 7 
sine motion 2, 373 
transient motion 5, 375 

N

n  probabilities 10 
node 66 

average 72 
clamped 185 
free 185 
pinned (simply supported) 185 
rigid 91 
sliding 185 

normal law (Gauss) 10 
Nyquist plane 368 

O

operating deflection shape 307 
optimization techniques 386 

P

parameters 
modal 38, 102, 118, 121, 359 
modal effective 125, 129, 169, 
226, 242 
residual 142 
static 42, 138 

period 2, 5, 332 
process 

ergodic 12 
random 7 
stationary 9 

R

reanalysis 386 
reciprocity principle 21, 232 
resonance 3, 16, 43, 153, 380 
response  

frequency 39, 153 
random 49, 157 
time 51 
to unit impulse 15, 51 

Ritz
method 386 
reanalysis 392, 400 

root mean square (rms) value 8 
rules

modeling 93 
summation 133, 138, 139 

S

safety coefficients 379 
shaker 352, 372 
shape 

see mode 
shock device 355, 375 
(simple) pendulum 326 
sine sweep 4, 373 
solution 

by direct integration 95 
by modal approach 27, 99, 126 
in the frequency domain 26, 122, 
126 
to eigenvalue problem 111 

spectrum  
extreme response 57, 159, 378 
fatigue damage 57, 378 
shock 57, 375 

spring 28, 34, 68, 324, 332 
standard deviation 8, 10 
static condensation (Guyan) 108 
stiffness 

dynamic 23, 41, 123 
generalized 101 


