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Preface

The subject of time series analysis has intimate connections with a wide
range of topics, among which may be named statistical communication
theory, the theory of prediction and control, and the statistical analysis of
time series data. The last of these is to some extent subsidiary to the other
two, since its purpose, in part at least, must be to provide the information
essential to the application of those theories. However, it also has an
existence of its own because of its need in fields (e.g., economics) in which
at present well-developed, exact theories of control are not possible. It is
with the third of these topics that this book is concerned. It extends beyond
that in two ways. The first and most important is by the inclusion in the
first half of the book of a fairly complete treatment of the underlying proba-
bility theory for second-order stationary process. Although this theory is
for the most part classical and available elsewhere in book form, its under-
standing is an essential preliminary to the study of time series analysis and
its inclusion is inevitable. I have, however, included a certain amount of
material over and above the minimum necessary, in relation, for example,
to nonlinear filters and random processes in space as well as time. The statis-
tical development of this last subject is now fragmentary but may soon be-
come important.

The second additional topic is the theory of prediction, interpolation,
signal extraction, and smoothing of time series. The inclusion of this material
seems justified for two reasons. The first arises from the understanding that
the classical “Wiener-Kolmogoroff” theories give of the structure of time
series. This understanding is needed, in part at least, for statistical develop-
ments (e.g., identification problems and problems associated with the rela-
tion between the eigenvalues of the covariance matrix and the spectrum).
The second reason is that these developments are becoming important to
people who are statisticians concerned with time series (e.g., in missile
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vi PREFACE

trajectory estimation and economics). Of course, some of the more practi-
cally valuable work here is recent and would require a separate volume
for an adequate treatment, but some indications concerning it are needed.

There is one other characteristic that a modern book on time series must
have and that is the development of the theory and methods for the case in
which multiple measurements are made at each point, for this is usually
the case.

Having decided on the scope of the book, one must consider the manner
in which the material will be presented and the level of the presentation.
This book sets out to give the theory of the methods that appear to be
important in time series analysis in a manner that it is hoped will lead finally
to an understanding of the methods as they are to be used. On the whole it
presents final formulas but often does not discuss computational details and
it does not give computer programs. (For the most part the methods dis-
cussed are already programmed and these programs are available.) With
minor exceptions numerical examples are not given. It is not a book on
““practical time series analysis” but on the theory of that subject. There is
a need for books of the first kind, of course, but also of this second kind,
as any time series analyst knows from requests for references to a definitive
discussion of the theory of this or that topic. The level of presentation
causes problems, for the theory is both deep and mathematically unfamiliar
to statisticians. It would probably be possible to cover the underlying
probability theory more simply than has been done by making more special
assumptions (or by making the treatment less precise). To make the book
more accessible a different device has been used and that is by placing the
more difficult or technical proofs in chapter appendices and starring a few
sections that can be omitted. It is assumed that the reader knows probability
and statistics up to a level that can be described as familiarity with the
classic treatise Mathematical Methods of Statistics by Harald Cramér. A
mathematical appendix which surveys some needed elementary functional
analysis and Fourier methods has been added.

Some topics have not been fully discussed, partly because of the range
of my interests and partly because of the need to keep the length of the book
within reasonable bounds. I have said only a small amount about the
spectra of higher moments. This is mainly because the usefulness of this
spectral theory has not yet been demonstrated. (See the discussion in
Chapter II, Section 8.) Little also has been said about nonstationary pro-
cesses, and particularly about their statistical treatment. This part of the
subject is fragmented at the moment. Perhaps, of necessity, it always will be.
A third omission is of anything other than a small discussion of ““digitized”
data (e.g., “clipped signals” in which all that is recorded is whether the
phenomenon surpassed a certain intensity). There is virtually no discussion
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of the sample path behavior of Gaussian processes, for this subject has
recently been expertly surveyed by Cramér and Leadbetter (1967) and its
inclusion here is not called for. I have also not discussed those inference
procedures for point processes based on the times of occurrence of the events
in the process (as distinct from the intervals between these times). This has
recently been surveyed by Cox and Lewis (1966). Finally, the second half of
the book (on inference problems) discusses only the discrete time case. This
is justified by the dominance of digital computer techniques.

I have not attempted to give anything approaching a complete bibliography
of writing on time series. For the period to 1959 a very complete listing is
available in Wold (1965). It is hoped that the references provided herein
will allow the main lines of development of the subject to the present time
to be followed by the reader.

1 have many people to thank for help. The book developed from a course
given at The Johns Hopkins University, Baltimore, Maryland, and an
appreciable part of the work on it was supported by funds from the United
States Air Force. The book’s existence is due in part to encouragement from
Dr. G. S. Watson. Dr. C. Rhode at Johns Hopkins and R. D. Terrell, P.
Thomson, and D. Nicholls at the Australian National University have all read
parts of the work and have corrected a number of errors in its preliminary
stages. The typing was entirely done, many times over, by Mrs. J. Radley,
to whom I am greatly indebted.

E. J. HANNAN

Canberra, Australia
April, 1970
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Mulitiple sze Series
HANNAN
Copyright © 1970, by ]ohn lecy & Sons, Inc.

CHAPTER 1

Introductory Theory

1. INTRODUCTION

In a wide range of statistical applications the data to hand consist of a time
series, that is, a series of observations, z;(n); j=1,...,p;n=1,..., N,
made sequentially through time. Here j indexes the different measurements
made at each time point n. Sets of observations of this kind dominate in
some of the earth sciences (e.g., meteorology, seismology, oceanography,
and geomorphology) and the social sciences (particularly economics).
They are of great importance in other fields also; for example, in medical
research (electrocardiograms and electroencephalograms) and in connection
with problems of estimating missile trajectories. Although we have so far
thought of n as measuring the passage of time, there are situations in which
it might be a space variable. The x;(n) might be measurements made at
equidistant points along a strip of material (e.g., a strip of newsprint, a
textile fiber or a coal face). Again » might be the distance, in units of 100 m,
downstream from some permanent feature of a river and x,(n), j =1, 2, 3,
might be measures of the speed and direction of flow of the river (or the
discharge and direction of discharge).

The feature of the situations we have in mind that distinguishes them from
those found in the classical part of statistics is the fact that x;(m) and x;(n)
will not be independent, even for m 5 n. Indeed, it is almost always true
that observations made at equidistant intervals of time form a sample of
observations from what was, in principle, a continuously observable phenom-
enon.t Now it is inconceivable that x,(s) and x;(¢) should remain inde-
pendent as s approaches ¢, so that the lack of independence is forced on us
by this most fundamental fact, namely, the (seeming) continuity of natural
phenomena. Although, as we have said, most discrete time series may be
regarded as samples from a continuous time function, we shall at times

T We use the symbol z;(¢) whenever a continuous time phenomenon is being discussed,
but also, sometimes, for a discrete time phenomenon. When the distinction between the
two cases has to be emphasized, we use z;(n) for the discrete time phenomenun.

3



4 I. INTRODUCTORY THEORY

treat such series as probabilistic phenomena in their own right without im-
bedding them in a continuous time background. We use the symbol x(t)
without subscripts for the vector with components x;(t). Of course, (t)
may, in particular, be a scalar.

The observable 2(¢) is to be thought of as an observation on a vector-valued
random variable. Thus we imply that for every finite set #;, t,,..., ¢, of
values of ¢ the joint probability distribution of all elements of the vectors
x(t;), j=1,...,r, is prescribed. We might obtain that distribution in
another way. We might begin from a set of time points #,, f5, . .. , #,, t,1y
and the corresponding probability distribution of the elements of the x(z)),
j=1,...,r+ 1and obtain the marginal distribution of the elements of the
x(t;), j=1,...,r fromit. If this gives a different distribution from that
originally prescribed, then clearly the various prescriptions were inconsistent.
We thus naturally impose the requirement that such inconsistencies do not
occur. When this is done, it has been shown that a probability measure space
(sample space) 2 may be constructed on which all the random variables
#,;(t) may be defined. Thus on a Borel field, 4, of sets in 2 there is defined a
probability measure P, in terms of which all probability statements concern-
ing the z;(t) are made. This space Q may be thought of as the space of all
“histories” or “realizations” of the vector function x(t) and, to emphasize
the fact that these random variables are definable, for each fixed j, ¢, as
measurable functions on , we sometimes replace the symbol z;(¢) with
#,(t, w). (For a further discussion see Billingsley, 1968, p. 228.) When @
is fixed and ¢ varies, we obtain a particular history. As w varies we get
different histories (of which part of only one may be observed). The family
of all such histories together with the associated structure of probabilities
we call a stochastic (or random) process, and we use the words “time func-
tion” (or “time series” in the discrete case) for a particular history (or
“realization”) of the stochastic process. Often we do not exhibit the variable
w, replacing, for example, an explicit integration symbolism with respect
to the probability measure P on Q with a symbolism involving the expectation
operator &.

We are mainly concerned with situations in which all of the second
moments

g(xa'(s) xk(t)) = Vj,k(sa t)

are finite. When j = k, we write y,(s, f) for simplicity. We arrange these
p*-quantities, y; (s, t), in a symmetric matrix which we call I'(s, ) and we
refer to it as a covariance matrix, even though we have not made mean cor-
rections. Moreover, in the continuous time case we almost always assume
that y; (s, t) is a continuous function of each of its arguments.

In this connection we have the following theorem:
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Theorem 1. In order that the y, (s, t) may be continuous, j,k =1,...,p,
it is necessary and sufficient that y,(s, t) be continuousats = tforj =1,...,p.

Proof. The necessity is obvious. For the sufficiency we have, using
Schwartz’s and Minkowski’s inequalities,}

lyie(s + us t + ) — p;(s, O] = [8{z;(s + Wzt + v)} — &{z; (), ()}
= Ig{(xj(s + u) — xi(s))xk(t + v)} + S{xj(s)(xk(t + v) — xk(t))}|
< [8{(=6 4+ w) — 2,(9))Bylt + v, 1 + )]
+ [B{(z(r + ) — (1)) y,(5, 9]
If the condition of Theorem 1 is satisfied, then y,(t + v, t + v) is uniformly

bounded in v for v in any finite interval and thus the continuity of the
y;.1(8, t) is implied by the condition that, for all s,

(LD lim §{(z,(s + u) — z(s))’} =0, j=1,...,p,
u—0

and, since the left-hand side is
lim {y,(s + u, s + u) + y,(s,5) — 2yAs + u, 5)},

u—0

this is implied by the continuity of y,(s, f) ats = 1.

We have also shown that the continuity of the y; ,(s, t) is equivalent to
(1.1), which is the condition for what is called mean-square continuity.
More erratic behavior than this implies is, perhaps, not unthinkable, but
presumably it could not be recorded because of the inability of a recording
device to respond instantly to a change in the level of the phenomenon
being recorded. We put

(D)l = [6{=' (1)=(1)}]*%,
where the prime indicates transposition of the vector. Later we shall have
occasion to introduce into the theory linear combinations of the z(;) with
complex coefficients; z being such a combination, we shall then put
2]l = [&{z*2}1%,
the star indicating transposition combined with conjugation. This is called
the norm of 2.

2. DIFFERENTIATION AND INTEGRATION OF
STOCHASTIC PROCESSES

Let #,, n=1,2,...,be a sequence of random variables for which
&(}z,|>) < co. Then z, is said to converge in mean square} to a random

1 See the Mathematical Appendix at the end of this volume.
t The notion of mean-square convergence is discussed further in the Mathematical
Appendix at the end of this volume,
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variable z if
(2.1) lim &z — z,)*) = |z — z,|* = 0.

We then write #, —z. We use the modulus sign here to cover the case in
which the random variables x, are complex-valued, so that each x, can be
considered as a pair of real-valued random variables. The necessary and
sufficient condition that an x exist such that (2.1) will hold true is the
“Cauchy”’ condition
2.2) lim |«, — =z, =0.
The limit « is then uniquely defined in the sense that any two random vari-
ables » satisfying (2.1) differ only on a set of measure zero. Moreover,
§(z7) is a continuous function of z and y, so that if ||x,| and |ly,| are finite
and z, — z,y, — y then &(x,7,) — &(x7). (See the Mathematical Appendix.)
On the other hand, if §(x,%,,) converges to a limit independently of the way
mand n tend to infinity, the Cauchy condition is satisfied, since ||z, — =z, ||* =
Hxn”2 + “me2 - 8(xnim) - E‘(xmin)'

We now need to introduce the concepts of differentiation and integration
of continuous time processes.

(i) We say that the scalar process x(¢) is mean-square differentiable at ¢
if ~Yx(¢+ + 8) — «(#)} has a unique limit in mean square as é approaches
zero.

We are now considering a variable tending continuously to zero. However,
taking an arbitrary sequence &, so that §, — 0 as n — oo, we see that the
following Cauchy condition for mean-square differentiability is necessary:
23) , 1imo 6.7 =t + 8)) — x()} — 6,7 {x(t + 82) — ()} = 0.

1,02

However, this condition is also sufficient, for if §,, and §; are two sequences
converging to zero, we may form from them the combined sequence 4, and
(2.3) assures us that {z(z + 8]) — «(1)}/d, also converges in mean square and
that the limit is independent of the sequence chosen.

From what was said above concerning convergence in mean square we
know that the necessary and sufficient condition for (2.3) to hold is the
existence of the limit

lim 8[6,"a(t + 8y — 2(1)} & {a(t + dy) — 2(1)}]
81,62~
_ pm YOOt 8) =yt 6 ) — (1 4 8) + ¥(1 1)

81,620 (5162

For this, in turn, it is sufficient that {2%y(s, t)/0s &t} exist and be continuous
(e.g., see Goursat and Hedrick, 1904, p. 13). We know that the covariance
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function of #(r), the mean-square derivative, is
. s,
lim (6, (x(s + 8) — x(9)) b7 (a(t + 8) — a())} = LD,
s Os ot
In the same way

&(x(s) i(1)) = a—?’%

Theorem 2. The necessary and sufficient condition that the scalar process
x(t) be mean-square differentiable is the existence of the limit

lim y(t + 6, t + 8,) — y(t + 61, 1) — ¥(t, t + &) + ¥(1, 1) .

81,020 61 62

If (1) is the mean-square derivative, this has covariance function 0%y (s, t)/0s dt

and &(x(s) Z(1)) = dy(s, 1)for.

(i) With regard to integration we first consider the definition of integrals
to be represented by symbols of the formf

24 J x(t) m(dt),
where m is a o-finite measure adjusted, let us say, so that the corresponding

distribution function is continuous from the right. We consider only x(t)
which are mean-square continuous and functions for which

2.5) ffy(s, 1) m(ds) m(dt) < oco.
We could accomplish the definition of (2.4) by defining first

(2.6) fbx(t) m(dt)

by considering approximating sums

zj: 2(t){m (5,1, s}

wherein the points s; divide the interval [a, b] into subintervals of length less
than e and ¢, € (s;_;, 5;]. If this sum converges to a unique limit in mean
square, as n increases so that e converges to zero, we call this limit the

t We prefer the notation m(dt) to the common one which replaces that by dm(t) for the
obvious reason that it is ¢ that is changing, differentially, not necessarily m.
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integral of z() with respect to m(t) over [a, b] and indicate it by the symbol
(2.6). When x(#) is mean-square continuous, the integral (2.6) will exist.
Proof of this is obtained by a completely straightforward modification of
the well known proof of the existence of the Riemann-Stieltjes integral of a
continuous function over a finite interval. Indeed, to obtain the modification
we need only to replace the absolute value in the proof with the norm
[regarding x(¢) as the continuous function]. The integral (2.4) can now be
defined as the limit in mean square of a sequence of integrals of the form
(2.6) as a— — o, b— . A sufficient condition for the existence (and
uniqueness) of this limit is the condition (2.5). Indeed, from the definition of
(2.6) it follows that

.[. bx(t) m(dt) : =f]y(s, 1) m(ds) m(ds),

so that the Cauchy condition becomes, for example, as b — o,

lim
by,bg—

b1 by,bg— @

f ") m(dt)“2 = lim f f (s, 1) m(ds) m(dt) = 0

and (2.5) implies that this converges to zero.
We may state these results as follows:

Theorem 3. If x(t) is mean-square continuous and m(t) is a o-finite measure,
then (2.6) is uniquely defined as a limit in mean square of approximating
Riemann-Darboux sums. The necessary and sufficient condition that (2.4)
exist as a limit in mean square of (2.6) as a — — o0, b — <0, is given by (2.5).

Of course, the definition (2.4) can be extended to a much wider class of
functions than those that are mean-square continuous in the same way as the
definition of the Lebesgue integral can be extended from the Riemann
integral definition for continuous functions of compact support to the wide
class of Lebesgue integrable functions. For a discussion of this problem we
refer the reader to Hille and Phillips (1957, Chapter I1I). We do not need
the extensions in this book.

We also wish to define what we mean by

@7) | sty ecan,

where g(t) is now a complex-valued function of 7 and &(f) is the stochastic
process. We have in mind, particularly, the situation in which £(¢) is a
process of orthogonal increments, that is, one for which £(¢,) — &(z,) and
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&(sy) — £&(s,) have zero covariance if the intervals [#,, ¢,] and [s,, s.] have no
common point. This is one situation, however, in which we do not wish to
assume that £(t) is mean-square continuous. However, it is evidently true
that

(2.8) 8([£(D) — ET)

increases monotonically with ¢ for ¢t > t,. This quantity (2.8) defines a
Lebesgue-Stieltjes measure on (— oo, o), the increment over the interval
(to, 1] being just the expression (2.8). We write F(¢) — F(¢,) for that ex-
pression, keeping especially in mind the situation, often occurring later,
in which &{£2(t)} < a < 0, so that F(t) is a distribution function. Again
we may define (2.7) for the case in which the integral is over the interval
[a, b] as the limit in mean square of a sequence of approximating sums

> g(t){&(s;) — &(s;0)),

if this limit exists and is uniquely defined. This will certainly be so if g(¢)
is continuous. Again the proof is straightforward. We may then extend the
definition to infinite intervals by a further limiting process. However, a more
inclusive and direct procedure can be used (see the appendix to this chapter)
which enables (2.8) to be defined for any function g(t) that is measurable with
respect to the Lebesgue-Stieltjes measure induced by F(¢) and for which

£ lg(O* F(dt) < co.

3. SOME SPECIAL MODELS

(i) An important class of scalar time series is that generated by a linear
mechanism of the form

q 8
3.1 ;ﬂ(j) z(n — j) = %a(k) n—k), B=1,
wherein the (j) and «(k) are real, of course, and the e(n) satisfy

8(e(m) e(n)) = o?,"1

Such a mechanism should often be a reasonable approximation to reality,
since the idea that x(n) is determined by immediate past values of itself,
together with past disturbances, is an appealing one. The linearity is a
convenient mathematical fiction only. Experience suggests that a model of
the form (3.1) will fit a wide range of data. When s = 0, (3.1) is said to be

+ We shall always assume that e(n) has these covariance properties unless we indicate
otherwise. Of course §,," is “Kronecker’s delta.”
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an autoregressive relation. When s > 0, the terminology ‘“‘mixed autore-
gression and moving average” is sometimes used. Wheng = 0, we speak of a
(finite) moving average.

Evidently, if z(n) is given g initial values x(—gq), ..., z(—1), (3.1) serves
to define it thereafter in terms of the e(#n). We wish to examine the nature
of the formula expressing x(n) in terms of e(n), e(n — 1), ... . We consider

the homogeneous equation, obtained by replacing the right-hand term of
(3.1) with zero, and seek for solutions of the form 2", which procedure leads
us to the characteristic equation

(32) émmﬂ=a

A solution b,z," corresponds to each nonrepeated root z,. If a root z,
is repeated p, times, it is easily verified that b, ;nfz, for j=0,1,...,
P, — ! areall solutions. If z, is complex, evidently a conjugate corresponds
to each of these solutions. Thus we obtain the general solution of the
homogeneous equation as

r pu—1

(33) z Z bu,jnjzun’

u=1 j=0
where the g constants b, ; are sufficient to satisfy ¢ initial conditions. Of
course, we could also write (3.3) as a sum of terms of the form

3.9 nip, (b, ; cos O,n + b, ;sin 6,n),

where z, = p, expifl, and b, , = b, , — ib} ) if 6, # 0, n. (Forf, =0,
w, of course, b, ; = b, ;and b;, ; = 0.)

The b, ; in (3.3) may be chosen so that (3.3) takes any prescribed values at
g time points; for example, at the points n = —g + k, k=0,...,9 — 1.
Indeed, if that were not so, the g sequences #’z," would be linearly dependent
when evaluated at these g values, which implies that a nonnull polynomial
of degree not greater thang — 1 hasq zeros. This is impossible. Provided no
z, has unit modulus, we may find a sequence f (n) such that} f(n)| converges
to zero exponentially as |n| — oo and which satisfies the equation

émnﬂn—ﬂ=éﬁ

Indeed, under this condition (3, (j)2’)~* has a valid Laurent expansion in an
annulus containing the unit circle in its interior. If

pHO%
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is this expansion, then, since X B(j)2’ 3 f(n)z" = 1 for z in the annulus,
[{n) satisfies the required relation. It evidently converges to zero exponenti-
ally as we have said.

Theorem 4. If (n) is a sequence of random variables with covariance
&(e(m) e(n)) = 9,,0% and x(—q), ..., x(—1) are prescribed initial values,
there exists a unique random sequence, x(n), which satisfies (3.1) and takes these
initial values. If no z, has unit modulus, this solution is of the form

2(n) = gg bon'2," + Zoz(k) 2 f(n — v) e(v — k).

Proof. It is evident that z(n) is uniquely defined once the initial values are
given in terms of these initial values and the «(n) sequence; for example, if

B(g) # O, then
(=g — 1) = =g 2 BUi)a(~J) + éa(k)e(—q 1k

and the z(n) for all n < —g may be defined by an iteration of this process.
The sum

N

Zuf(n — v)e(v — k)
certainly converges in mean square as M, N increase, since the |f(n)| de-
crease exponentially with {#]. Thus the expression for x(n) is well defined.
Moreover,

3a(9 3 fn = )etw— K

may be verified to satisfy (3.1). Indeed, we have

$80)( S50 == v - = 3 (S8 70~ v —hl e~

= e(n - k)’

since the term in curly brackets is null for n — v 7 0, whereas for v =n
it is unity. Since we know that the b, ; may be chosen to satisfy any ¢ initial
conditions, the proof is complete.

Putting
A0J) =kz°¢(k)f(j — k),
=0
we may rewrite the solution as

3.5 z(n) = Z E n’p,"(b,, ;cos O,n + b ;sin O,n) + 21(]) e(n — j).
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For a solution, x(n), of the form
(3.6) DAY e(n = J)
we have, let us say,

(e (m) = 0* S 4)) A + Im ~ nl) = y(m — ).

A series x(n) whose covariances depend only on (m — n) is said to be second-
order (or wide sense) stationary.}

The most important case of Theorem 4 is that in which, for all 4, p, < 1,
for then f(n) = 0, n < 0; thatis, A(j) = 0, < 0. In this case the stationary
solution (3.6) of (3.1) is an infinite moving average of past e(n). This is the
case likely to be of interest, for when we “model” some real world system by
means of (3.1) we usually think of the €(n) as disturbances affecting the system
for the first time at time n. In this case also the solution of the homogeneous
equation approaches zero as n — o, so that all solutions approach the form
(3.6).

The case in which, for certain u, p, = 1 has also attracted attention in both
economics and systems engineering (see Orcutt, 1948; Box and Jenkins,
1962). Let us factor the polynomial 3 B(j)2¢~ into two factors, the first of
which accounts for all the zeros of unit modulus and the second accounts for
all remaining zeros. Let the degrees of the polynomials be ¢; and g,, re-
spectively, so that ¢ = ¢, + ¢g».. Let §'(j) and ”(j) be the coefficients of the
polynomials, with §'(0) = 8”(0) = 1. We may find a stationary solution to

G.7) ?WUWM—D=4M

of the form in (3.6).
The first polynomial may be written in the form

where, if 6, # 0, 7 occurs, then so must —8,, since the §'(j) are real. Call
S, the operator that replaces a sequence such as y(n) by

n(m) = S1y(m) = 3 y(NEM'™, 02 —q,

I=—q1

T We see that y(m, n) = (0, n — m) in this stationary case and we have, somewhat
confusingly, put y(n — m) = ¥(0,n — m). A similar notation is used elsewhere below.
Of course, in this scalar case we also have y(n — m) = y(m — n).
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Then
y(n) — €My(n — D =ym), n>-—-q +1
Now defining S, in terms of exp i0,,, as for S;, we may form y,(n) = S, y,(n)
and see that it satisfies
Yo(n) — (ei01 + ewz) Yo(n — 1) + et0110) Yoln —2)=ym), n> —q; + 2.

Repeating the operation ¢, times, we see that

q1
(I_Tl 5.) v
is a solution of (3.1) for n > 0. Thus we see that

g1
(38) 33 nwp,(bi; o8 b,n + bl sin O,n) + (H Su) ), n>0
u u=1

may, by suitable choice of the b, ;, be made to satisfy (3.1) for all# > 0 and
to satisfy, at n = —q, —g + 1,..., —1, any g initial conditions. There
will now be no stationary solution to (3.1). The general situation may be
understood from a simple case. We put

3.9 Az(n— 1) =2z(n) — a2(n—1)

and, considering
Az(n — 1) = e(n),

we obtain the solution
x(n) = z(—1) + X e(j), n>0.
4]

For this case we have
8{(x(n) — x(—1))(x(m) — 2(—1))} = o min (m, n).

Thus the correlation between z(n) and x(m) tends to unity if m and »n both
increase in such a fashion, for example, that (n — m) remains constant.
Thus a realization of this process will show a relatively smooth appearance.
For a discussion of the nature of the behavior of these realizations we refer
the reader to the second chapter of Cox and Miller (1965).

(ii) We now consider the case in which x(n) is a vector. We write the model

as

(3.10) §B<j) 2n =) = S AR n =Ky BO) =1,
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wherein the B(j) are square matrices,t but we do not restrict the A(k). We
assume that the e(n) satisfy

G.11) &(e(n) €'(m)) = 8,,"G.

We use the same terminology (autoregression, moving average, etc.) as in
the scalar case.

Now we seek for solutions of the homogeneous system of the form
b(u) z,#, where b(u) is a vector that satisfies

(3802 | b =0

and z,, satisfies
q

(3.12) det |:2 B()) z‘{f’] =0.
0

If z, is a multiple root, we may be able to find more than one solution
b(u) corresponding to the same z,. We call these b(/, v). However, in
general we shall also have to adjoin additional terms of the form n’z,"b(i, u).
The theory now proceeds along “‘readymade” lines so that we may state
Theorem 4', the proof of which we have inserted as part of the appendix
to this chapter.

Theorem 4. Ife(n),n =0, +1, ..., is a sequence of random vectors satisfying
(3.11), then, given q initial values, x(—q), . . . , ®(—1), the solution to (3.10),
is uniquely defined. If no zero, z,, of (3.12) lies on the unit circle, the solution
to (3.10) is of the form

2y = 333 e(i, j, ) 2,"n’b(i, u) +k§ Ak e(n — k),

where the elements 1, (k) of the A(k) converge to zero exponentially as
k| — oo.

Once again, if, for all y, |z,| < 1, the first term in the expression for z(n)
eventually decays to zero and we obtain a solution of the form

ﬁA(n e(n — j).

which every solution of (3.10) then eventually approaches. For this solution
we have, let us say,

§(x(m) ¥'(n)) = ?A( NN —m + j) = T(n — m).

T More general formulations are possible (and important, particularly in economics),
but if the relation uniquely determines x(n) in terms of its past and the e(n — k), the
system must be reducible to the form used here.



