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Part I
Physics

Peter Nielaba

In this section, eight physics projects are described, which achieved important
scientific results by using the HPC resources Hermit and Hornet of the HLRS.
Fascinating new results are being presented in the following pages for quantum
systems (elementary particle systems, ultra-cold bosonic systems, atomic and
molecular collisions), soft matter systems (colloids, ionic liquids), and astrophysical
systems (small scale structure of the universe).

In the last granting period, quantum mechanical properties of quarks and multi
loop Feynman integrals have been investigated as well as atomic and molecular
collisions and the quantum many body dynamics of trapped bosonic systems.

S. Krieg (University of Wuppertal) and the Wuppertal-Budapest collaboration in
their project HighPQCD aim at a high precision calculation of the charmed equation
of state of Quantum Chromodynamics (QCD). The principal investigators (PIs) use
importance sampling methods for staggered fermions in a lattice discretized version
of QCD. Following the PIs previous important investigations on the Nf = 2+1
flavor QCD equation of states, in the last granting period new results have been
computed on the thermodynamics in the situation with a dynamical charm quark
(Nf D 2C1C1) for Nt D 12, and on the neutron-proton and other mass splittings,
using combined theories of quantum electrodynamics (QED) and QCD.

In the project (NumFeyn), A. Kurz, M. Steinhauser (both from KIT) and P.
Marquard (DESY) evaluate multi-loop Feynman integrals in perturbative calcula-
tions in quantum field theories. By using Monte Carlo integration implemented in
the FIESTA package (Feynman Integral Evaluation by a Sector decomposiTion),
in the last granting period the PIs have investigated the relation between two
renormalization schemes (modified minimal subtraction and the on-shell scheme)
for heavy quark masses, and quantum corrections to the anomalous magnetic
moment of the muon, both at four-loop accuracy.

P. Nielaba (�)
Fachbereich Physik, Universität Konstanz, 78457 Konstanz, Germany
e-mail: peter.nielaba@unikonstanz.de
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O.E. Alon, V. S. Bagnato, R. Beinke, I. Brouzos, T. Calarco, T. Caneva,
L.S. Cederbaum, M.A. Kasevich, S. Klaimann, A. U. J. Lode, S. Montangero,
A. Negretti, R. S. Said, K. Sakmann, O. I. Streltsova, M. Theisen, M. C. Tsatsos,
S. E. Weiner, T. Wells, A. I. Streltsov from the Universities and research centers of
Haifa (OEA), Sao Paulo (VSB, MCT), Heidelberg (RB, LSC, SK, MT, AIS), Ulm
(IB, TC, SM, RSS), Barcelona (TC), Stanford (MAK, KS), Basel (AUJL), Hamburg
(AN), Dubna (OIS), Berkeley (SEW), and Cambridge (TW) studied in their project
MCTDHB properties of interacting ultra-cold bosonic many-body systems by their
method termed Multi-Configurational Time-Dependent Hartree method for Bosons.
MCTDHB targets at many-body effects beyond the mean-field level, in particular
at a loss of coherence and fragmentation. The PIs continued their exploration of
the physics of trapped interacting ultra-cold systems at the full many-body level
by solving the underlying time- (in)dependent many-boson Schrödinger equation
within the framework of the MCTDHB method.

In the last granting period, the PIs investigated the static properties and the
many-body dynamics of vortices in two-dimensional (2D) and three-dimensional
(3D) quantum objects carrying angular momentum, confined in parabolic traps and
circular traps with double-well-like topologies, with particular emphasis on the loss
of the coherence and the build-up of the fragmentation. In 2D harmonic traps, new
many-body modes of quantized vorticity (phantom vortices) have been found, and
connections between the resonant reaction of a Bose-Einstein condensate (BEC)
stirred by a rotating laser beam and fragmentation. The properties of 2D BECs in
circular traps have been explored as well, in particular the effect of time-dependent
barriers on the stability against ground-state fragmentation. In the anisotropically-
confined 3D systems the PIs discovered a new mechanism of vortex reconnections.

The PIs developed the MCRDHB method further, in particular the linear-
response on-top of the MCTDHB method (LR-MCTDHB), providing access to
the many-body excited states. By this method, the PIs classified the excited
states into a mean-field-like group and a many-body-like group. In the project,
MCTDHB as well has been combined with the optimal-control algorithm CRAB,
in order to manipulate and control interacting quantum many-body systems, and
the combined method CRAB-MCTDHB has been applied to the investigation of
quantum speed limit in a bosonic Josephson junction setup. The MCTDHB package,
its LR-MCTDHB extension, as well as collections of the tools for the analysis,
visualization, package-making, building, teaching, and development, have been
integrated in MCTDHB-Lab, a java-based environment.

In addition, the PIs propose a new analysis tool capable of simulating the out-
comes of typical shots generated in the experimental detection of ultra-cold atomic
systems and describe an experimental protocol capable of a direct quantitative
measurement of the fragmentation in trapped bosonic systems.

B. M. McLaughlin, C. P. Ballance, M. S. Pindzola, S. Schippers and A. Müller
from the Universities of Belfast (BMM), Auburn (CPB and MSP) and Giessen
(SS and AM) investigated in their project PAMOP atomic, molecular and optical
collisions on petaflop machines. The Schrödinger and Dirac equations have been
solved with the R-matrix or R-matrix with pseudo-states approach, and the time
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dependent lattice (TDL) method has been used for charge exchange problems.
Various experimentally relevant systems and phenomena have been investigated,
ranging from photoionization cross sections, resonance energy positions, to Auger
widths and strengths in valence- (CaC, W, WC) or inner-shell- (OC, O2C, O3C)
systems, and charge transfer cross sections in C6C collisions with H and He atoms.

The studies of the (colloidal) soft matter systems have focused on the crystal-
liquid phase coexistence and their dynamical properties, and on the properties of
ionic liquids in confinement.

A. Statt, F. Schmitz, P. Virnau and K. Binder from the University of Mainz
in their project colloid developed a general method to study crystal nuclei and
to obtain estimates for the free energy barrier against homogeneous nucleation.
In their Monte Carlo studies, the PIs used a “softened” version of the effective
Asakura-Oosawa model, with an effective potential between the colloids which is
everywhere continuous, they computed the solid-liquid interface excess free energy
via the ensemble switch method, and they obtained the pressure at phase coexistence
from the interface velocity method. The PIs showed that the surface excess free
energy can be determined accurately from Monte Carlo simulations over a wide
range of nucleus volumes, and they found that the resulting nucleation barriers
are independent of the size of the total system volume. In addition, the PIs results
show that the nucleus shape is almost spherical, when the anisotropy of the interface
tension is in the order of a few per cent, and the results were discussed in the frame
of the classical nucleation theory.

J. Zhou and F. Schmid from the University of Mainz in their project CCAC have
developed a mesoscopic colloid model based on the dissipative particle dynamics.
In this model, the colloid is represented by a large spherical bead, and its surface
interacts with solvent beads through a pair of dissipative and random forces,
extending the tunable-slip boundary method from planar surfaces, as introduced
by one of the PIs (FS) in previous works, to curved geometry. The PIs computed
the diffusion constant of a single colloid in a cubic box, using the program package
ESPRESSO, and found good agreement with the predictions from hydrodynamic
theories.

K. Breitsprecher, N.K. Anand, J. Smiatek and C. Holm from the University of
Stuttgart in their project FFOIL explored different models of room temperature ionic
liquids (RTILs) in confined environment and bulk solution by molecular dynamics
(MD) simulations with the software packages ESPRESSO and Gromacs as well as
other MD-codes. In the last granting period, the PIs focused on algorithms for metal
boundary conditions in various geometries, and on effects of graphite structure on
the adsorbed ions in planar capacitor geometries, in particular by comparing an
explicit graphene structure to an unstructured planar Lennard-Jones surface and by
investigating mixtures of the ionic liquid EMIM BF4 with different concentrations
of Acetonitril (ACN) in contact with carbide-derived carbon (CDC) electrodes. The
PIs showed that the increased adsorption of the ionic liquid on graphite surfaces is
due to the texturing influence of the honeycomb pattern.

On different length scales compared to the quantum and soft matter systems
described above, the project SSSU has focused on the small scale structure of the
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universe. In this project, S. Gottlöber, C. Brook, I.T. Iliev and K.L. Dixon from
the Leibniz Institute for Astrophysics at Potsdam (SG) and the Universities of
Madrid (CB) and Sussex (ITI, KLD) investigated reionization and galaxy formation
processes. In their project, the PIs studied the role of reionization in the early
stage of cosmological evolution, on the formation and evolution of the small scale
structure, by three simulations, using the CubeP3M N-body code, the background
cosmology based on WMAP 5-year data, the linear power spectrum of density
fluctuations calculated with the code CAMB, initial conditions by the Zeldovich
approximation for red shifts of 150, and radiative transfer simulations with their
code C2-Ray. In addition, the PIs use the physical model of the MaGICC project
(Making Galaxies in a Cosmological Context) and initial conditions of the CLUES
project (Constrained Local UniversE Simulations) to construct a model of the Local
Group of galaxies, including the Milky Way, Andromeda, M33 and dwarf galaxies.
As galaxy properties, rotation curves have been computed as well as stellar-to-halo
mass relations and the mass of galaxy baryons as a function of their circular velocity
(Baryonic Tully-Fisher relation).



Thermodynamics with 2 C 1 C 1 Dynamical
Quark Flavors

Stefan Krieg for the Wuppertal-Budapest Collaboration

Abstract We report on our calculation of the equation of state of Quantum
Chromodynamics (QCD) from first principles, through simulations of Lattice QCD.
We use an improved lattice action and Nf D 2C 1C 1 dynamical quark flavors and
physical quark mass parameters. Now, we are in a position to present first results at
Nt D 12.

1 Introduction

The aim of our project is to compute the charmed equation of state for Quantum
Chromodynamics (for details, see [1]). We are using the lattice discretized version
of Quantum Chromodynamics, called lattice QCD, which allows simulations
of the theory through importance sampling methods. Our results are important
input quantities for phenomenological calculations and are required to understand
experiments aiming to generate a new state of matter, called Quark-Gluon-Plasma,
such as the upcoming FAIR at GSI, Darmstadt.

Our simulations are performed using so-called staggered fermions. In the
continuum limit, i.e. at vanishing lattice spacing a, one staggered Dirac operator
implements four flavors of mass degenerate fermions. At finite lattice spacing,
however, discretization effects induce an interaction between these would be flavors
lifting the degeneracy. The “flavors” are, consequentially, renamed to “tastes”,
and the interactions are referred to as “taste-breaking” effects. Even though the
tastes are not degenerate, in simulations one takes the fourth root of the staggered
fermion determinant to implement a single flavor. This procedure is not proven to be
correct—however, practical evidence suggests that is does not induce errors visible
with present day statistics.

S. Krieg (�)
Fachbereich C - Physik, Bergische Universität Wuppertal, 42119 Wuppertal, Germany

IAS, Jülich Supercomputing Centre, Forschungszentrum Juelich GmbH, 52425 Jülich, Germany
e-mail: krieg@uni-wuppertal.de

© Springer International Publishing Switzerland 2016
W.E. Nagel et al. (eds.), High Performance Computing in Science
and Engineering ’15, DOI 10.1007/978-3-319-24633-8_1
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6 S. Krieg

Fig. 1 RMS pion mass for
different staggered fermion
actions, in the continuum
limit
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Taste-breaking is most severely felt at low pion masses and large lattice spacing,
as the pion sector is distorted through the taste-breaking artifacts: there is one
would-be Goldstone boson, and 15 additional heavier “pions”, which results in
an RMS pion mass larger than the mass of the would-be Goldstone boson. This
effect is depicted in Fig. 1 for different staggered type fermion actions. As can be
seen for this figure, the previously used twice stout smeared action (“2stout”) has
a larger RMS pion mass and thus taste-breaking effects than the HISQ/tree action.
If, however, the number of smearing steps is increased to four, with slightly smaller
smearing strength (“4stout”), the RMS pion mass measured agrees with that of the
HISQ/tree action. In order to have an improved pion sector, we, therefore, opted to
switch to this new action and to restart our production runs.

So far, the equation of state is known only in 2+1 flavor QCD. Here, the status
of the field is marked by our papers on the Nf D 2C 1 equation of state [2, 3] (see
Fig. 2). The contribution from the sea charm quarks most likely matter at least for
T > 300–400 MeV (for an illustration, see Fig. 3).

1.1 Reference Point: The Nf D 2 C 1 Equation of State

In [3] we have presented the first full calculation of the Nf D 2 C 1 Equation
of State (EoS) of Quantum Chromodynamics (QCD) (still using our 2stout action).
This result is the reference point for our calculation of the charmed EoS, and already
included one continuum extrapolated result at T D 214MeV for the trace anomaly
using our new lattice action including a dynamical charm quark (Nf D 2C 1C 1).
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Fig. 2 Left:The trace anomaly as a function of the temperature. The continuum extrapolated result
with total errors is given by the shaded band. Also shown is a cross-check point computed in the
continuum limit with our new and different lattice action at T D 214MeV, indicated by a smaller
filled red point, which serves as a crosscheck on the peak’s hight. Right: Setting the overall scale
of the pressure: integration from the infinitely large mass region down to the physical point using
a range of dedicated ensembles and time extents up to Nt D 16; the sum of the areas under the
curves gives p=T4 . This result could be used for the cEoS normalization as well (see text)
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Fig. 3 Left: Laine and Schroeder’s perturbative estimate of the effect of the charm in the QCD
equation of state [4]. Right: Wuppertal-Budapest [2] and perturbative (up to O.g5/) results for the
equation of state

As visible in Fig. 2, at this temperature the charm quark is not yet relevant, since
the Nf D 2 C 1 C 1 (continuum) data point falls right onto the (continuum) Nf D
2 C 1 curve. Below this temperature, we can compare the results with and without
dynamical charm and can even use the Nf D 2C 1 results to renormalize the Nf D
2C 1C 1 curve [5, 6].



8 S. Krieg

2 Progress for the Charmed Equation of State

The Nf D 2C1 lattice results mentioned in the previous section agree with the HRG
at low temperatures and are correct for the small to medium temperatures, and,
as is shown in Fig. 3, at temperatures of about 1 GeV perturbative results become
sufficiently precise. Therefore, we need to calculate the EoS with a dynamical charm
only for the remaining temperatures in the region of approximately 300MeV< T <
1000MeV.

We are using our 4stout lattice action for these calculations. The crosscheck point
shown in Fig. 2 was computed using this new action. Since it perfectly agrees with
the Nf D 2C 1 results, even though it was computed using a dynamical charm, we
can be certain that at temperatures at and below T D 214MeV, we can rely on the
Nf D 2C 1 results.

Our preliminary results are shown in Fig. 4, all errors are statistical only. Our
results span a region of temperatures from T D 214MeV up to T D 1:2GeV. At
the low end we make contact to the Nf D 2 C 1 equation of state, and at large
temperatures to the HTL result. Thereby, we cover the full region of temperatures,
from low temperatures, where the HRG gives reliable results, to high temperatures,
where we make contact with perturbation theory. The figure contains new data
points at Nt D 12 generated in the last period.
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Fig. 4 Left: Preliminary results for the charmed EoS. For comparison, we show the HRG result,
the Nf D 2 C 1 band, and, at high Temperatures, the HTL result [7], where the central
line marks the HTL expectation for the EoS with the band resulting from (large) variations of
the renormalization scale. Right: Preliminary result for the pressure, errors indicate the Stefan-
Boltzmann value. All errors are statistical only



Thermodynamics with 2C 1C 1 Dynamical Quark Flavors 9

2.1 Line of Constant Physics

With the switch to a new lattice action comes the need to (re-) compute the LCP.
In order to be able to reach large temperatures (ˇ > 4), we have extended these
calculations since the last report. Since we would like to span the temperature range
from approximately 300MeV < T < 1000MeV, we have to compute the LCP
for a large range of couplings or lattice spacings. We split this range up in three
overlapping regions (since we have to make sure that the derivative is smooth)
according to the applicable simulation strategies.

At medium to coarse lattice spacings (region I) one can afford to use spectroscopy
to tune the parameters. This is shown in Fig. 5. Here, we bracketed the physical point
defined through M�=f� and .2MK �M�/=f� and, through interpolation, tune the light
and strange quark masses to per-mill precision.

Using the parameters computed in this way, we then performed simulations on
JUROPA at the SU(3) flavor-symmetrical point [8], extrapolating the results to our
target couplings. There, we tuned the parameters to reproduce the extrapolated
results. Since the quark masses are larger than physical, such simulations are
considerably less costly than using spectroscopy as for region I, and we are thus
able to compute a precise LCP down to fine lattice spacings of a D 0:05 fm (region
II), where the HMC starts being affected by the freezing of topology (Fig. 6).
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Fig. 5 Region of the LCP, for coarse to medium lattice spacing (a > 0:08 fm). Here, dedicated
simulations bracketing the physical point archive a sub-percent accuracy for the LCP. Left:
Bracketing of the physical point defined through M�=f� and .2MK � M�/=f� . The strange quark
mass is tuned (ms=ml is not fixed) and the ratio of the charm to strange quark mass is set at
mc=ms D 11:85. Right: LCP computed through spectroscopy
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Fig. 6 Using the LCP computed from spectroscopy for coarse to medium lattice spacings (region
I), dedicated simulations in the SU(3) flavor-symmetrical point [8] using these parameters are
extrapolated towards the continuum. At the target coupling, the parameters are tuned until they
reproduce the extrapolated value. In this way the LCP is extended to medium to small lattice
spacings of 0:08 > a > 0:05 fm (region II)

For finer lattice spacings we thus used our established step scaling procedure [3]
based on the w0 scale. To this end, we computed the observable

O D t
d

dt

�
t2E.t/

�
ˇ
ˇ̌
ˇ
0:01L2

at three different lattice spacings (a0, a1, a2) and volumes (164, 204, 244) chosen
to keep the physical volume fixed, extrapolated to a3 D 24=32a2, and tuned the
coupling to match the extrapolated result. Using this method, we extended the LCP
to very fine lattice spacings with a < 0:05 fm (region III).

2.2 Additional Results

In another effort, we calculated the neutron-proton and other mass splittings from
first principles [9], using simulations of the combined theories of Quantum Electro-
and Quantum Chromodynamics. Here, we used Hermit for valence calculations,
i.e. we analyzed configurations generated elsewhere, computing the mass difference
for a number of different bare parameters. The complete result is shown in Fig. 7.
Due to the long range nature of Quantum Electrodynamics (QED) these simulations
face significant finite-size effects, inducing shifts in the results considerably larger
than the signal. Through analytical calculations (see SOM of [9]), we were able to
predict and thus subtract these effects. Another important step was the development
of a new update algorithm for the QED, which reduced the autocorrelation by more
than 2 orders of magnitude.
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Fig. 7 Left: Mass splittings. The horizontal lines are the experimental values and the grey shaded
regions represent the experimental error. Our results are shown by red dots with their uncertainties.
Splittings which have either not been measured in experiment or are measured with less precision
than in our calculation are indicated by a blue shaded region around the label. Right: Finite-volume
behavior of kaon masses. (A) The neutral kaon mass, MK0 , shows no significant finite volume
dependence; L denotes the linear size of the system. (B) The mass-squared difference of the charged
kaon mass, MKC , and MK0 indicates that MKC is strongly dependent on volume. This finite-volume
dependence is well described by an analytical results [9] (Figures taken from Science 347 1452,
reference [9]. Reprinted with permission from AAAS.)

3 Production Specifics and Performance

Most of our production is done using modest partition sizes, as we found these to
be most efficient for our implementation.
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3.1 Performance

Our code shows nice scaling properties on HERMIT and HORNET. For our scaling
analysis below, we used two lattices (Ns D 32 and 48) and several partition sizes up
to 256 nodes (HERMIT). We timed the most time consuming part of the code: the
fermion matrix multiplication. The results are summarized in the following table:

No. of nodes Gflop/node Ns D 32 Gflop/node Ns D 48

1 16.3 15.4

2 16.8 16.0

4 16.5 16.2

8 16.3 16.3

16 16.3 16.3

32 16.8 16.0

64 17.1 16.5

128 19.2 16.5

256 16.3 16.0

Test show that our scaling on HORNET is similarly good - however at a higher
performance of � 22 and � 21 Gflop/s for the Ns D 32 and Ns D 48 lattices,
respectively.

3.2 Production

Given the nice scaling properties of our code, we were able to run at the sweet spot
for queue throughput, which we found to be located at a job size of 64 nodes. Larger
job sizes proved to have a scheduling probability sufficiently low that benefits in
the runtime due to the larger number of cores were compensated and the overall
production throughput decreased. We, therefore, opted to stay at jobs sizes with 64
nodes.

4 Outlook

We believe we will be able to publish within the year. HERMIT and HORNET have
proved to be essential tools enabling us to achieve this goal.
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Numerical Evaluation of Multi-Loop Feynman
Integrals

Alexander Kurz, Peter Marquard, and Matthias Steinhauser

Abstract The aim of this project is the evaluation of multi-loop Feynman integrals
occurring in perturbative calculations within quantum field theories. The integrals
under consideration enter the relation between the MS and on-shell definition of
heavy quark masses and the anomalous magnetic moment of the muon. Both
quantities are considered at four-loop accuracy. This report covers the period from
May 2014 to April 2015.

1 Introduction

The main aim of modern particle physics is the exploration of the fundamental
interaction between the elementary particles. Insight to this question is obtained by
confronting high-precision calculations performed within the underlying relativistic
quantum field theory with experimental data. The most powerful method to evaluate
quantum corrections is perturbation theory which requires the evaluation of multi-
loop integrals of the form

Z
ddp1 � � � ddpL

Y

i

1

k2i � m2
i

; (1)
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where pi and ki are 4-vectors. pi are integration variables and ki are linear
combinations of pi and possible external momenta. Note that the dimension d is
given by d D 4 � 2� where � serves as regularization parameter which is sent to
zero after the integrations are performed.

In this project a special class of integrals is considered, so-called on-shell
integrals with one external momentum, q, which fulfills the relation q2 D m2. In
particular we also have for the masses mi D m or mi D 0. Integrals of this type have
been studied in the literature up to three loops (see, e.g., [1]), a systematic study at
four loops (i.e. L D 4) is, however, missing.

Our investigations are driven by the following physical problems which we
would like to address. The first one is concerned with the definition of the heavy
quark masses which appear as fundamental parameters in the underlying Lagrange
density. More precisely, we want to compute the relation between the MS and on-
shell definition with four-loop accuracy within Quantum Chromodynamics (QCD).
For the second physical quantity we consider Quantum Electrodynamics (QED)
as our fundamental theory and evaluate quantum corrections to the anomalous
magnetic moment of the muon, which in the recent years has been measured with
high accuracy.

Calculations within perturbation theory involve several steps which include
the automatic generation of all contributing Feynman diagrams, the translation to
mathematical expressions and the manipulation of the latter such that the physical
quantity is expressed as a linear combination of several thousands, sometimes even
millions of integrals. In a next step the so-called Laporta algorithm [2] is applied
in order to reduce the number of integrals. In our case we end up with about 400
integrals, so-called master integrals, similar to the one in Eq. (1) for L D 4 which
have to computed. In this project we apply numerical methods to compute the master
integrals at the HLRS on the Hermit and Hornet computer cluster.

2 Program Package and Technical Details

The workhorse for the calculations which we are performing at the HLRS is the
program package FIESTA [3–5], which has been developed since 2008 with the
participation of the Institute for Theoretical Particle Physics (TTP) at KIT. FIESTA
stands for Feynman Integral Evaluation by a Sector decomposiTion and applies the
method of sector decomposition [6] to obtain finite expression for the coefficients
of the Laurent series of Eq. (1) in � D .4� d/=2. These finite expressions are multi-
dimensional parameter integrals with in general large integrands of the size of a few
hundred MB up to a GB.

In practice the preparation of the integrand is performed within Mathematica
on the local cluster. The expressions are transferred in form of a data base to the
HLRS where the time-consuming Monte-Carlo integration is performed. FIESTA
uses a simple master slave model for the parallelization, where the integrands are
distributed from the master to the slaves using MPI and each term is integrated using
a single core by the slave.
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Fig. 1 Achieved speed-up for the sample integral shown in Fig. 2 needed for our calculation. The
calculations have been performed on the Hornet cluster. The baseline is given by a run with 24
cores

Fig. 2 Sample Feynman diagram appearing in the calculation of the MS—on-shell relation at
four-loop order. Solid and dashed lines denote massive and massless lines, respectively

In Fig. 1 we show a typical speedup behaviour which we observe for the
integrals on the Hornet cluster. On the x axis we show the � order of the integral
corresponding to the diagram in Fig. 2 and the y axis shows the speed-up as
compared to the use of 24 cores. Note that the lower orders of the expansion in
� (i.e. order 1=�k with k D 1; 2 and 3) contain only a few quite simple terms and
thus there is no gain from using more cores. Furthermore, their contribution to the
total CPU time for the considered diagram is only marginal. For the higher � terms
(�k with k D 0; 1 and 2), however, we find a near optimal speed-up behaviour.

For our calculation we used up to 1024 cores on Hermit and up to 576 cores
on Hornet. For about 20 % of the integrals we used more than 256 cores. In this
way we could respect the CPU time limit of 24 h and at the same time obtain the
required precision.

All integrals were calculated multiple times with different precision to ensure
the convergence of the Monte-Carlo integration. We observe the expected 1=

p
N

behaviour in the reduction of the statistical uncertainty where N is the number of
sample point.
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3 Heavy Quark Mass Relations to Four Loops

In the Standard Model of particle physics the masses of the quarks are free
parameters and in addition due to renormalization they are also scheme dependent.
Two such renormalization schemes are the MS (modified minimal subtraction) and
the on-shell scheme. Within perturbation theory one can obtain relations between
these two schemes.

To obtain the MS-on-shell relation it is convenient to start with the relations
between bare mass m0, which is present in the original Lagrange density, and MS
mass m or on-shell mass M

m0 D ZMS
m m ; m0 D ZOS

m M : (2)

ZMS
m and ZOS

m denote the corresponding renormalization constants. ZMS
m is known to

four loops and can be found in [7–9]. By construction, the ratio of the two equations
in (2) is finite which leads to

zm.�/ D m.�/

M
; (3)

where � is the renormalization scale. zm depends on ˛s.�/ and log.�=M/ and has
the following perturbative expansion

zm.�/ D
X

n�0

�
˛s.�/

�

�n

z.n/m .�/ ; (4)

with z.0/m D 1. The MS-on-shell relation has been calculated at one-, two-, and
three-loop order in [10–15], respectively. Fermionic four-loop corrections with two
massless insertions have been computed in [16].

To obtain the complete four-loop result for zm.�/ one has to calculate ZOS
m

to this order. We followed standard techniques to perform the calculation and
finally obtained zm.�/ as a linear combination of 386 four-loop integrals. The
simple integrals can be computed using (semi-)analytic methods. However, for
332 integrals FIESTA has been applied as described in the previous section. We
insert the numerical results in our analytic expression and add the uncertainties in
quadrature. The resulting uncertainty, which is interpreted as standard deviation, is
multiplied by five to obtain a conservative error estimate.

Our final result for the four-loop coefficient in the expansion (4) specified to the
three heavy quark of the Standard Model, charm (“nl D 3”), bottom (“nl D 4”) and
top (“nl D 5”) reads [17]

z.4/m

ˇ
ˇ
ˇ
nlD3

D �1744:8˙ 21:5� 703:48 lOS � 122:97 lOS
2

� 14:234 lOS
3 � 0:75043 lOS

4 ;



Numerical Evaluation of Multi-Loop Feynman Integrals 19

z.4/m

ˇ
ˇ
ˇ
nlD4

D �1267:0˙ 21:5 � 500:23 lOS � 83:390 lOS
2

� 9:9563 lOS
3 � 0:514033 lOS

4 ;

z.4/m

ˇ
ˇ
ˇ
nlD5

D �859:96˙ 21:5� 328:94 lOS � 50:856 lOS
2

� 6:4922 lOS
3 � 0:33203 lOS

4 ; (5)

with lOS D ln.�2=M2/. We obtain coefficients with an accuracy of 1.2 % for nl D 3,
1.7 % for nl D 4 and 2.5 % for nl D 5, where the given errors stem solely from
the numerical integration within FIESTA. The obtained precision is at the moment
sufficient for phenomenological applications. The obtained results in Eq. (5) are
crucial for the precise extraction of numerical values for the heavy quark masses.
Phenomenological examples are discussed in [17].

4 Anomalous Magnetic Moment of the Muon

At the classical level the leptonic anomalous magnetic moment, a D .g � 2/=2, is
predicted to be equal to zero. The deviation from zero is due to quantum corrections
which have been investigated since the 1940s. Nowadays the experimental results
have reached such a high precision [18, 19] that four- and even five-loop correc-
tions [20, 21] are necessary to perform a sensible comparison.

An ongoing project of our working group is the evaluation of four-loop correc-
tions involving closed electron loops to the anomalous magnetic moment of the
muon. A sample Feynman diagram is shown in Fig. 3 for which we will present
preliminary result in the following.

Fig. 3 Sample Feynman
diagram contribution to
.g � 2/ of the muon at
four-loop order. Solid and
wiggled lines denote leptons
and photons, respectively. In
this example the closed
fermion loops correspond to
electrons whereas the external
leptons are muons
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As compared to the MS-on-shell relation discussed in the previous section there
is the additional complication that we have two mass scales, the electron and the
muon masses, me and m�. Due to the strong hierarchy, me � m�, it is suggestive to
consider an expansion in me=m�. Prescriptions to perform such an expansion at the
level of integrands can be found in [22] and have been implemented by our group.
This allows us to obtain the anomalous magnetic moment as a linear combination
of integrals which have already been considered in Sect. 3, where the dimensionful
scale is given by the muon mass, and new type of integrals, which contain me as
mass scale. Computing also the new type of master integrals on the Hornet cluster
leads to the contribution of the diagrams in Fig. 3 to the muon anomalous magnetic
moment

.115:19˙ 0:03/C .1:60˙ 0:04/C : : : ; (6)

where the numbers in the first and second bracket come from the .me=m�/
0 and

.me=m�/
1 contributions, respectively; the ellipsis indicate higher order corrections

in the mass ratio which are expected to be small. Our preliminary result agrees well
with the result from [23].

5 Conclusions and Outlook

It has been shown that the package FIESTA performs well on the clusters Hermit
and Hornet. A good speedup behaviour is observed up to 384 cores which allowed
us to obtain sufficiently precise results of all relevant integrals within the CPU time
limit of 24 h. The results have been used to obtain for the first time the relation
between the MS and on-shell heavy quark mass which is published in [17].

In [17] the number of colours (present in QCD) is set to the physical value, i.e.
Nc D 3. In a next step we want to obtain results for a generic value of Nc which
requires an increase of the accuracy of the master integrals. On the one hand we will
further improve FIESTA. On the other hand we will try to optimize the number of
cores which shall be used for a given integral.

As far as the anomalous magnetic moment of the muon is concerned we have
to further study the new kind of integrals which occur in the power-corrections
proportional to me=m�. In particular, we have to optimize their representation for
the numerical integration on Hornet.


