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Foreword

The theory of algebraic function fields has a long history. Its origins are in
number theory, and there are close interrelations with other branches of pure
mathematics such as algebraic geometry or compact Riemann surfaces. In fact,
the study of algebraic function fields is essentially equivalent to the study of
algebraic curves. These relations have been well-known for a long time.

Around 1980 V. D. Goppa came up with a brilliant idea of constructing error-
correcting codes by means of algebraic function fields over finite fields. These
codes are now known as geometric Goppa codes or algebraic geometry codes
(AG codes). The key point of Goppa’s construction is that one gets information
about the code parameters (length, dimension, minimum distance of the code)
in terms of geometric and arithmetic data of the function field (number of ratio-
nal places, genus). Goppa’s method can be seen as a “simple” generalization
of the construction of Reed-Solomon codes: one just replaces the evaluation of
polynomials in one variable at elements of a finite field (which is used for the
definition of Reed-Solomon codes) by evaluating functions of a function field
at some of its rational places. A basic role is then played by the Riemann-Roch
theorem.

Soon after Goppa’s discovery, M. A. Tsfasman, S. G. Vladut and T. Zink
constructed families of AG codes of increasing length whose asymptotic pa-
rameters are better than those of all previously known infinite sequences of
codes and which beat the Gilbert-Varshamov bound - a bound which is well-
known in coding theory and which is a classical measure for the performance
of long codes. The proof of the Tsfasman-Vladut-Zink result uses two main
tools: Goppa’s construction of AG codes and the existence of curves or func-
tion fields (more specifically: classical or Drinfeld modular curves) over a finite
field having large genus and many rational places.

vii



viii Foreword

Cyclic codes have a natural representation as trace codes, and one can asso-
ciate with each codeword of a trace code an Artin-Schreier function field. Prop-
erties of this function field (specifically the number of rational places) reflect
properties of the corresponding cyclic code (namely the weights of codewords
and subcodes). In this way one gets another link between codes and function
fields which is entirely different from Goppa’s.

In 1985, N. Koblitz invented cryptosystems which are based on elliptic curves
(orelliptic function fields) over a finite field. These cryptosystems are very pow-
erful and attracted much attention; they created a new and very lively area of
research (elliptic curve cryptography) and brought together researchers from
pure mathematics (number theory, arithmetic geometry) and applied mathemat-
ics and engineering (cryptography). Similar as in the case of coding theory, this
interaction proved fruitful for both sides, posing new problems and leading to
many interesting practical and theoretical results.

The above-mentioned applications of function fields in constructing good
long codes (due to Goppa and to Tsfasman-Vladut-Zink) and in constructing
powerful cryptosystems via elliptic or hyperelliptic curves are now well-known.
However, most mathematicians and engineers are not so familiar with many
other, entirely different applications of function fields. To mention some of
them: dense sphere packings in high-dimensional spaces; sequences with low
discrepancy; multiplication algorithms in finite fields; the construction of non-
linear codes whose asymptotic parameters are even better than the Tsfasman-
Vladut-Zink bound; the construction of good hash families. In all these cases
the use of function fields leads to better results than those of classical approaches.

In this book we present five survey articles on some of these new devel-
opments. Most of the material is directly related to the interactions between
function fields and their various applications; in particular the structure and the
number of rational places of function fields are always of great significance.
When choosing the topics, we also tried to focus on material which has not
yet been presented in books or review articles. So, for instance, we did not in-
clude chapters about elliptic curve cryptography or about AG codes. There are
numerous interconnections between the individual articles. Wherever applica-
tions are pointed out, a special effort has been made to present some background
concerning their use. For the convenience of the reader, we have included an
appendix which summarizes the basic definitions and results from the theory
of algebraic function fields.
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We give now a brief summary of the five chapters. More detailed descrip-
tions are given in the introduction of each chapter.

Chapter 1. Towers of Algebraic Function Fields over Finite Fields, by Ar-
naldo Garcia and Henning Stichtenoth. In this chapter, the authors give a com-
prehensive survey of their work on explicit towers of algebraic function fields
having many rational places. This concept provides a more elementary and ex-
plicit approach than class field towers and towers from modular curves. Towers
with many rational places play a crucial role in many “asymptotic” construc-
tions, such as error-correcting codes (Tsfasman-Vladut-Zink), low-discrepancy
sequences (Niederreiter-Xing), and other applications of function fields in cryp-
tography (see Chapter 2). Several examples of asymptotically good recursive
towers are presented in detail. The proofs for the behaviour of the genus in
wild towers are considerably simplified, compared to the proofs in the original
papers.

Chapter 2. Function Fields over Finite Fields and Their Applications to
Cryptography, by Harald Niederreiter, Huaxiong Wang and Chaoping Xing.
This survey article focuses on several recent, less well-known applications of
function fields — specifically, function fields with many rational places —in cryp-
tography and combinatorics. Many of these applications are due to the authors.
Among the topics are constructions of authentication codes, frameproof codes,
perfect hash families, cover-free families and pseudorandom sequences of high
linear complexity.

Chapter 3. Artin-Schreier Extensions and Their Applications, by Cem Giineri
and Ferruh Ozbudak. Extensions of function fields of Artin-Schreier type pro-
vide many examples of function fields having many rational places; this makes
them very interesting for coding theory. In this chapter, several other appli-
cations of Artin-Schreier extensions are discussed, among them to the famous
Weil bound for character sums, to weights of trace codes and to generalizations
of cyclic codes.

Chapter 4. Pseudorandom Sequences, by Alev Topuzoglu and Arne Winter-
hof. Various constructions of pseudorandom sequences are based on function
fields, see Chapters 2 and 5. Therefore, some background material on the the-
ory of pseudorandom sequences is presented in Chapter 4. In particular, the
important concept of linear complexity and some related measures for the per-
formance of pseudorandom sequences are discussed in this chapter.

Chapter 5. Group Structure of Elliptic Curves over Finite Fields and Ap-
plications, by Ram Murty and Igor Shparlinski. Motivated by applications of
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elliptic curves to cryptography, the structure of the group of F-rational points
of an elliptic curve has attracted much attention. In particular it is an important
feature for cryptographic applications if this group is cyclic or if it contains a
large cyclic subgroup. The authors give a survey of recent results on this topic.
Techniques from many branches of number theory and algebraic geometry are
used in this chapter.

Each chapter begins with a detailed introduction, giving an overview of its
contents and also giving some applications and motivation. Itis clear that we do
not want to present all proofs here. However, whenever possible, some typical
proofs are provided. Our aim is to stimulate further research on some promising
topics at the border line between pure and applied mathematics; therefore each
chapter contains also an extensive list of references of recent research papers.

Some of the authors (A. Garcia, H. Niederreiter, I. Shparlinski, H. Stichtenoth,
A. Winterhof and C. Xing) visited Sabanci University in Istanbul (Turkey) dur-
ing the years 2002-2005, where they presented part of the material of this
volume. It is our pleasure to thank our hosts at Sabanci University for their
support and hospitality.

January 2006

Arnaldo Garcia, Henning Stichtenoth



Chapter 1

EXPLICIT TOWERS OF FUNCTION FIELDS
OVER FINITE FIELDS

Arnaldo Garcia and Henning Stichtenoth

1. Introduction

The purpose of this review article is to serve as an introduction and at the same
time, as an invitation to the theory of towers of function fields over finite fields.
More specifically, we treat here the case of explicit towers; i.e., towers where
the function fields are given by explicit equations. The asymptotic behaviour of
the genus and of the number of rational places in towers are important features
for applications to coding theory and to cryptography (cf. Chapter 2).

The interest in solutions of algebraic equations over finite fields has a long
history in mathematics, especially when the equations define a one-dimensional
object (a curve or, equivalently, a function field). The major result of this
theory is the Hasse-Weil theorem which gives in particular an upper bound for
the number of rational points in terms of the genus of the curve and of the
cardinality of the finite field.

The Hasse-Weil theorem is equivalent to the validity of Riemann’s Hypoth-
esis for the Zeta function associated to the curve by E. Artin, in analogy with
the classical situation in Number Theory. This upper bound of Hasse-Weil is
sharp, and the curves attaining this bound are called maximal curves. Y. Ihara
was the first to notice that the Hasse-Weil bound can be improved for curves of
high genus, and he gave in particular an upper bound for the genus of maximal
curves in terms of the cardinality of the finite field.

We will use here the language of function fields; i.e., we will be closer to
Number Theory than to Algebraic Geometry. Hence the concepts we will deal
with are function fields, field extensions, traces, norms, valuations, places, ratio-
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2 Towers of Function Fields

nal places, ramification indices and inertia degrees, tame and wild ramification,
etc.

Denote by I, the finite field of cardinality ¢. For a function field F' over I,
we denote by N (F') its number of I -rational places and by g(F') its genus.
The upper bound of Hasse-Weil is

N(F) <1+4q+2yg-g(F),

and Thara showed that if the equality holds above then 2¢g(F') < g(q — 1).
The following real number

A(q) == limsup N (F)/g(F),
g(F)—00

where F’ runs over all function fields over the field IF, was introduced by IThara.
It is of fundamental importance for the theory of function fields over a finite

field, since it gives information about how many rational places a function field
F/F, of large genus can have.

In order to investigate the quantity A(q), it is natural to study towers of
function fields over F; i.e., one considers sequences F = (Fy, F1, Fy,...)
of function fields F; over I, with Fyp C Fy C Fy C ... with the property
g(F;) — oo. It can be seen easily that the limit of the tower

A(F) := lim N(F,)/g(Fn)
n—oo
always exists (see Section 3), and it is clear that the estimate below holds:
0 < A(F) < A(g)-

As follows from the Hasse-Weil bound, we have that A(q) < 2,/q. Based on
Ihara’s ideas, this bound was improved by Drinfeld-Vladut who showed that

Ag) < g -1

Buteven before this bound of Drinfeld-Vladut was obtained, Thara (and indepen-
dently Tsfasman-Vladut-Zink) proved that if ¢ is a square then A(q) > /g — 1.
We thus have the equality

A(q) = +/q—1, if ¢ is asquare.

The proofs given by Thara and Tsfasman-Vladut-Zink use the fact that certain
modular curves have many rational points. However these curves are in general
not easy to describe by explicit equations. Another approach due to J.-P. Serre
uses class field theory in order to prove the existence of curves of arbitrary
high genus with sufficiently many rational points. Also this construction is not
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explicit. Our purpose here is to stimulate the investigation of explicit towers
of function fields over finite fields; i.e., the function fields of the towers should
be given explicitly by algebraic equations. The concept of explicit towers was
first introduced in 1995 in the paper [20].

These notes are organized as follows:

= Section 2 contains basic concepts such as towers of function fields and their
limits; recursive towers and the corresponding pyramids; tame and wild
ramification in towers; linear codes and their parameters. In Section 2 one
also finds:

The statement of the fundamental Hasse-Weil theorem (Theorem 2.3).

Serre’s “explicit formulae” for bounding the number of rational places
in a function field (Proposition 2.4).

The Drinfeld-Vladut bound (Theorem 2.5).

The Tsfasman-Vladut-Zink theorem connecting the asymptotics of func-
tion fields with the asymptotics of linear codes (Theorem 2.7).

Abhyankar’s lemma which is an important tool to study the behaviour
of the genus in recursive towers (Theorem 2.11).

m Section 3 is devoted to the investigation of the behaviour of the genus and
of the number of rational places in towers of function fields over finite
fields. It contains the following notions: the genus and the splitting rate of a
tower; subtowers; asymptotically good and asymptotically optimal towers;
ramification locus and splitting locus of a tower. In Section 2 one also finds:

A proof that the limit of a tower exists (Definition 3.4).

The limit of a subtower is at least as big as the limit of the tower (Propo-
sition 3.6).

A sufficient condition which ensures that the genus of a tower is finite
(Theorem 3.8 and Corollary 3.9).

A sufficient condition which ensures that a tower has finite ramification
locus (Proposition 3.10).

A sufficient condition which ensures the existence of completely split-
ting places (Proposition 3.13).

A sufficient condition which ensures that a polynomial f(X,Y") does
define a recursive tower (Proposition 3.14).

= In Section 4 we investigate some interesting recursive tame towers, in which
every step F,4+1/F, is a Kummer extension. It contains the following
subsections:



Towers of Function Fields
Section 4.1: The optimal tower 7; over F4 which is given recursively
by the equation Y3 = X3/(X? + X +1).

Section 4.2: For r > 2 and ¢ = (", the tower 7 over [, which is
defined recursively by the equation

Y™ =(X+1)"—1 with m=(¢g—1)/({—1).

This tower gives a very simple proof that A(q) > 0 if ¢ is not a prime
number.
Section 4.3: For ¢ = p? and p an odd prime number, the optimal tower
T3 over I, given recursively by the equation

Y?=(X%+1)/2X.

This tower corresponds to the modular curves X (2") and it reveals
some remarkable properties of Deuring’s polynomial.

We also mention in Section 4 some other interesting towers from the papers
[3, 14, 24, 33, 37].

Section 5 is devoted to recursive wild towers. Especially interesting are wild
towers where every step F}, 1/ F), is an Artin-Schreier extension, since some
of the best towers known in the literature are of this type. We present here a
simple method which allows a unified treatment of the genus behaviour of
several towers of Artin-Schreier type (Lemma 5.1). Section 5 contains the
following subsections:

Section 5.1: The optimal tower W, over F, with ¢ = ¢2, which is
defined recursively by the equation

Y4y =X (X5 +1).
A complete proof for the optimality of the tower W is given and this

proof is much simpler than the original one in [21].

Section 5.2: The optimal tower W, over [, with ¢ = £2, which is
the first explicit example in the literature attaining the Drinfeld-Vladut
bound [20].

Section 5.3: The optimal tower W3 over F,, with ¢ = ¢2, which is given
recursively by the equation

Y -1y =(Xx*-1)/X.

Section 5.4: The tower W, over the field with eight elements, which is
recursively given by

Y24Y =X+1+1/X.
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This tower was first introduced in [30], and we give here a much simpler
proof for its asymptotic behaviour.

Section 5.5: The tower W5 over the cubic field I, with ¢ = ¢3 which
is defined recursively by the equation

yi vyl - x - x- D),

The tower W5 generalizes the tower W, of Section 5.4, and its limit
A(Ws) > 2(£2 — 1)/(¢ + 2) gives the best known lower bound for
Thara’s quantity A(¢3).

m Section 6 contains some miscellaneous results on towers, among them a
couple of conditions which easily show sometimes that a given tower is
asymptotically bad (Theorem 6.2, Theorem 6.3 and Theorem 6.6). This
section has the following subsections:

2.

Section 6.1: In a tower (Fy, Fy, Fy, . ..) of function fields, the growth
of the genus g(F,,) depends on the behaviour of the different degrees of
the extensions F},/F),_1. This interrelation is explored in Theorem 6.1
and Theorem 6.2 where sufficient conditions are given for the tower to
have finite or infinite genus.

Section 6.2: Skew towers are asymptotically bad. This means: if the
equation f(X,Y) = 0 which defines a recursive tower has unequal
degrees in the variables X and Y, then the tower is asymptotically bad
(Theorem 6.3).

Section 6.3: Here the concept of the dual tower of a recursive tower is
introduced; if the ramification loci of the tower and of its dual tower are
distinct, then the tower is bad (Theorem 6.6).

Section 6.4: This subsection contains a classification result on recursive
towers defined by an Artin-Schreier equation of prime degree p of the
form

YP 4+ aY = ¢(X),

with a € F and with a rational function ¢(X) € Fy(X). If such a
tower is asymptotically good, then the function ¢(X) must have a very
specific form (Theorem 6.8).

Towers and Codes

Throughout this Chapter we denote by [, the finite field with ¢ elements and
by p = char(F,) its characteristic. We are interested in function fields over
I, (briefly, F,-function fields) having many rational places with respect to the

genus.

For basic concepts and facts about algebraic function fields (such as the
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definitions of function fields, places, divisors, rational places, genus, ramifica-
tion, and Riemann-Roch theorem, Hurwitz genus formula, etc.) we refer to the
Appendix or to [48]. For an [F,-function field F' we always assume through-
out that IF is the full constant field of F'; i.e., that IF; is algebraically closed in F.

We denote by N (F') the number of rational places and by g(F') the genus
of an [F;-function field /', and we will be mainly interested in the behaviour
of the ratio N (F')/g(F') for function fields of large genus. To investigate this
behaviour, Thara [31] introduced the following quantity A(q):

A(q) = limsup N(F)/g(F),

g(F)—o0

where F' runs over all function fields over IF,. To deal with this quantity A(q)
one is naturally led to towers of function fields.

Definition 2.1. A tower F over I, (or an Fy-tower) is an infinite sequence
F = (Fy, F1, F, ...) of function fields F;/F, such that

i) FO;FlgFQ;;Fn;,
ii) each extension F}, 1 /F, is finite and separable;

iii) the genera satisfy g(F,,) — oo as n — oc.

For an [F-tower F the following limit does exist (see Section 3):
A(F) = lim N(Fy)/g(F).
n—oo
It is clear from the definitions that one has
0< A(F) < Alg).

Definition 2.2. The real number A\(F) is called the limit of the F,-tower F.
The tower F is called asymptotically good if it has a positive limit \(F) > 0.
If A\(F) = 0 then F is said to be asymptotically bad.

It is not easy in general to construct asymptotically good towers, and it is an
even harder task to construct towers over finite fields with large limits. These
are the main concerns of this Chapter.

We start by deriving an upper bound for A(q), the so-called Drinfeld-Vladut
bound. It states that
Alg) < va - 1. 2.1)

This bound is then also an upper bound for the limit of towers; i.e., the following
inequality holds for all F,-towers F:

AMF) < V-1
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In order to prove the upper bound in (2.1) for A(q) we will need the following
theorem due to Hasse and Weil, which is the central result of the theory of
function fields over finite fields. It is equivalent to the validity of the Riemann
Hypothesis in this context, cf. [48, p.169]. Hasse [29] proved it for elliptic
function fields (i.e., for g(F') = 1), and Weil [61] proved it in the general case.
For other proofs of the Hasse-Weil theorem we refer to [10] and [47].

We need some notation: for a function field F'/F,, let F’ " .= F. F,r be
the constant field extension of F' of degree r, and let N,.(F) := N(F()) be
the number of F,r-rational places of the function field F’ () over Fgr. The
Hasse-Weil theorem can be stated in the following form:

Theorem 2.3. (Hasse-Weil) Let F' be an IF,-function field of genus g(F') = g.
Then there exist complex numbers a1, 0, ...,00e € C with the following
properties:

i) They can be ordered in such a way that
Qgri =Q; for i=1,...,9.

ii) The polynomial L(t) := Hfi 1 (1 — ayt) has integer coefficients. It follows
in particular that each «; is an algebraic integer.

iii) Forallr > 1 we have
29
N(F)=q"+1-) of.
i=1

iv) The absolute value of o; is

lai| =+/q for i=1,...,2g.

The elements o 1€ C are the roots of the Zeta function associated to the
function field F'//F,. From item iv) and item iii) with » = 1, one gets the
so-called Hasse-Weil bound

N(F)<q+1+2/q g(F).

This bound implies immediately that A(q) < 2,/q. For the proof of the
Drinfeld-Vladut bound (2.1) we make use of Serre’s “explicit formulae”:

Proposition 2.4. (Serre) (see [49]). Ler 0 # h(X) € R[X] be a polynomial
with non-negative coefficients and with h(0) = 0. Suppose that the associated
rational function H(X ), which is defined as

H(X)=1+hX)+hn(X1),
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satisfies the condition
H(B) >0 forall 3 €C with || =1.
Then for any function field F'/F, we have
h(g'?)  g(F)
N(F) <1 .
B =157 T hig )

Proof. Let F be afunction field over F, with g(F') = g, andlet oy, aa, . .., a4
be the associated complex numbers, ordered as in item i) of Theorem 2.3. For
simplicity we set N,.(F') = N, and in particular N(F') = N;. Write

m
h(X) =) X",
r=1
with ¢, € R and ¢, > 0 for all . Then we have
g
N, =14q" =) (af +aj),
i=1
by item iii) of Theorem 2.3; hence
g
N, qfr/2 — q—r/2 + qr/2 . Z((aiqfl/Z)r + (&iq71/2)r)
i=1
2.2)
g —
=q g 2= 8+ B,
i=1

with 8; = a;g~'/2. By item iv) of Theorem 2.3, the complex numbers /3; have
absolute value |3;| = 1, s0 3; = 5; '. We now multiply Equation (2.2) by the

coefficient ¢, of h(X) and we sum up for » = 1,...,m, to obtain
m g
Y Neoer g P =hg ) +h(g ) 49 =D HB), 23
r=1 i=1

as follows from the definition of the rational function H(X). We then rewrite
Equation (2.3) as follows

Ni-h(g %) = h(g™/*) + h(¢"*) + g - R,
with

g m

R=> H(B)+> (N, — Ni)erg "/,
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Since N, > Ny, ¢, > 0and H(3;) > 0, it follows that R > 0 and hence

Ni-h(g™?) < h(g™ V%) + h(g"?) +g.

Now we can prove:

Theorem 2.5. (Drinfeld-Vladut bound) (see [12]). The following bound
holds:

Alg) < Vg —1.
In particular we have for any tower F over Fy:
AMF) <q-—-1.

Proof. For each m € N with m > 2 we consider the polynomial h,,(X) €
R[X] which is given by

ho(X) = i (1 _ %) X7 (2.4)

r=1

The key point of the proof of Theorem 2.5 is the following equality

X Xm—1
(X —1)?

hm (X) =

m

+1-— X> , (2.5)

which we prove in Lemma 2.6 below. For the associated rational function
H,,(X) we then get

Hp(X) = 14 hpn(X) +hp(XY)

S Xl x
N (X —1)2 m
Xt X—m 1 .,
+(X_1_1)2< - +1—X) (2.6)
B X X"4X -2
(X —1)2 m

2 - (X™ 4 X~m)
m(X - (X T-1)

For any complex number 3 # 1 with |3| = 1, the numbers (3—1)(5~! —1)
and 2 — (8™ 4 [7) are positive real numbers. Hence the hypothesis in
Proposition 2.4 is satisfied; i.e., we have H,,(5) > 0 for all 3 € C with
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|B] = 1. It follows from Proposition 2.4 that for any function field F over F,
with genus g(F') > 0 the following inequality holds for all m > 2

N(F) 1 1 o (g1/2)
= hin(q=1/2) * g(F) (1 + W) - 2.7

Using again Equation (2.5) we see that

. 1
g1y VT

Let € > 0 be a real number and choose n = n(e) such that

WS\/&—1+6/2.

Choose go = go(€, n) such that

1 hn(q1/2)
— 1+ ———5 ] <¢€/2.
90 ( (7)) <
Then we conclude from (2.7) with m = n = n(e) that for all function fields

F/F, with g(F') > go,

N(F) _
mﬁ(ﬂ—l—i—e/?)—i—e/Qf\/cf]—l—i-e.

We still have to prove Equation (2.5):

Lemma 2.6. For all m > 2 the following identity holds:

f:l(l—;)-)(r: (X‘ifl)Q-(Xmm_lH—X).

r—=

Proof. We set

m
Xm+1_X
P T __
r=1
then we have
X-F(X) =7 o
b DR
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and therefore

i(l—r>-XT:f(X)—W

— m m
X . X (X-D(m+1)X™m—1)— (X" - X)
“xo KU X1
X Xm -1
o (T 1),

O]

The interest in the quantity A(q) also arose from applications of function
fields to coding theory, cf. [48, 54]. The Tsfasman-Vladut-Zink theorem
establishes a close connection between the asymptotics of F,-function fields
(represented by the quantity A(q)) and the asymptotics of codes over F,. Some
connections to cryptography are discussed in Chapter 2. For further connec-
tions to other areas we refer to [2, 40, 41, 44, 50, 52, 59].

Let us briefly recall the connection to coding theory. A linear code C' over
[y of length n = n(C') is a linear subspace of Fy;. The dimension k& = k(C)
of C'is its dimension as a vector space over IF,. An important parameter of a
linear code C' # {0} is its minimum distance d = d(C'), which is defined by

d = min {wt(c) | c € C and ¢ # 0},
where for a nonzero vector ¢ = (ci, ..., ¢,) € Fy its weight wt(c) is given by
wt(c) =#{i|1<i<n and ¢; # 0}.

A linear code C over F, of length n = n(C), dimension k& = k(C) and
minimum distance d = d(C) is briefly called an [n, k, d]-code, and the integers
n, k and d are called the parameters of the code. In order to compare codes
of different lengths, one also introduces relative parameters of the code C' as
follows:

- the transmission rate R(C'), given by R(C) = k(C)/n(C).
- the relative minimum distance §(C'), given by §(C') = d(C)/n(C).
We then get a map ¢ : {IF,-linear codes} — [0, 1] x [0, 1] by setting
C = (5(C), R(C)).

For a real number 6 € [0, 1] we consider the accumulation points of the image
of the map ¢ on the vertical line X = ¢. The largest second coordinate of



