Michat Kisielewicz

Stochastic
Differential
Inclusions and
Applications

N Spring

€r



Springer Optimization and Its Applications

VOLUME 80

Managing Editor
Panos M. Pardalos (University of Florida)

Editor—Combinatorial Optimization
Ding-Zhu Du (University of Texas at Dallas)

Advisory Board

J. Birge (University of Chicago)

C.A. Floudas (Princeton University)

F. Giannessi (University of Pisa)

H.D. Sherali (Virginia Polytechnic and State University)
T. Terlaky (McMaster University)

Y. Ye (Stanford University)

Aims and Scope

Optimization has been expanding in all directions at an astonishing rate
during the last few decades. New algorithmic and theoretical techniques
have been developed, the diffusion into other disciplines has proceeded at a
rapid pace, and our knowledge of all aspects of the field has grown even more
profound. At the same time, one of the most striking trends in optimization
is the constantly increasing emphasis on the interdisciplinary nature of the
field. Optimization has been a basic tool in all areas of applied mathematics,
engineering, medicine, economics, and other sciences.

The series Springer Optimization and Its Applications publishes under-
graduate and graduate textbooks, monographs and state-of-the-art exposi-
tory work that focus on algorithms for solving optimization problems and
also study applications involving such problems. Some of the topics covered
include nonlinear optimization (convex and nonconvex), network flow
problems, stochastic optimization, optimal control, discrete optimization,
multi-objective programming, description of software packages, approxima-
tion techniques and heuristic approaches.

For further volumes:
http://www.springer.com/series/7393


http://www.springer.com/series/7393




Michat Kisielewicz

Stochastic Differential
Inclusions and Applications

@ Springer



Michat Kisielewicz
Faculty of Mathematics
University of Zielona Géra
Zielona Géra

Poland

ISSN 1931-6828

ISBN 978-1-4614-6755-7 ISBN 978-1-4614-6756-4
DOI 10.1007/978-1-4614-6756-4

Springer New York Heidelberg Dordrecht London

Library of Congress Control Number: 2013934966
Mathematics Subject Classification (2010): 34K09, 39A50, 49J21, 65M75

© Springer Science+Business Media New York 2013

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)


www.springer.com

To my wife with love
and gratitude for support






Contents

1 Stochastic Processes ................c..ocoiiiiiiiiiiiiiiiii 1
1 Filtered Probability Spaces and Stopping Times ....................... 1
2 Weak Compactness of Sets of Random Variables...................... 4
3 Stochastic ProCesses ......covvuuiiiiiiiiiiiiiii i 10
4 Special Classes of Stochastic Processes .................ooceeeiiiiiin. 21
5  Poisson Processes and Brownian Motion............................... 26
6  Stochastic Integrals .......... ... 31
7  The Indefinite It6 Integral ............ccooiiiiiiiiiiiiiiiiii . 37
8  Itd’s Formula and the Martingale Representation Theorem ........... 40
9  Stochastic Differential Equations and Diffusions ...................... 43
10 The Infinitesimal Generator of Diffusion............................... 54
11 Diffusions Defined by Nonautonomous Stochastic
Differential EQUations ... 57
12 The Feynman—Kac Formula....................ooooii .. 59
13 Harmonic Measure and the Mean Value Property of Diffusions ...... 64
14 Notesand Remarks ... 65
2 Set-Valued Stochastic Processes .......................ocooiiiii 67
1 Spaces of Subsets of a Metric Space...........cccooeiiiiiiiiiiine... 67
2 Set-Valued Mappings .......ooouuuiiiiiiiiii i 70
3 The AumannIntegral ......... ... 84
4 Set-Valued Stochastic Processes ..............coooeiiiiiiiiiiiiiin 95
5 Notesand Remarks ... 102
3 Set-Valued Stochastic Integrals......................ooiiiiiiii 103
1 Functional Set-Valued Stochastic Integrals............................. 103
2 Set-Valued Stochastic Integrals .................cooiiiiiii .. 114
3 Conditional Expectation of Set-Valued Integrals
Depending on Random Parameters ....................oooiioa. 126
4 Selection Properties of Set-Valued Integrals Depending
on Random Parameters ... 133
5 Notesand Remarks ... 144

vii



viii Contents
4 Stochastic Differential Inclusions .........................o 147
1 Stochastic Functional Inclusions...............cccoiiiiiiiiiiiie... 147
2 Stochastic Differential Inclusions.............cccoviiiiiiiiiiiiiiee... 163
3 Backward Stochastic Differential Inclusions........................... 165
4 Weak Compactness of Solution Sets............eeeiiiiiiiiiieeninnnnnn. 170
5  Some Properties of Exit Times of Continuous Processes............... 172
6  Notesand Remarks ..........ooouiiiiiiiiiiiiiiiiiiiiiiie e 178
5 Viability Theory.............o 181
1 Some Properties of Set-Valued Stochastic Functional
Integrals Depending on Parameters ...............ooeeeiiiiiiiiieannn. 181
2 Viable Approximation Theorems .............ccoviiiiiiiiiiiiiie... 185
3 Existence of Viable SOIUtions ...........ooviieiiiiiiiiiiiiniiiee... 201
4 Weak Compactness of Viable Solution Sets...............cceevvinnnn. 213
5 Notesand Remarks .........ooouuiiiiiiiiiiiiiiiiiiiiiiic e 214
6 Partial Differential Inclusions ... 217
1 Set-Valued Diffusion Generators. ............eeeeeeriiieeeennninnnee... 217
2 Continuous Selections of Set-Valued Diffusion Operators ............ 222
3 Initial and Boundary Value Problems for Semielliptic
Partial Differential Equations .............cccciiiiiiiiiiiiiiiiin, 228
4 Stochastic Representation of Solutions of Partial
Differential EQUAtions ..........cooiiiiiiiiiiiiiiiii i 230
5  Existence of Solutions of the Stochastic Dirichlet—Poisson
Problem ... 235
6  Existence Theorems for Partial Differential Inclusions................ 241
7  Notesand Remarks .........ooouuiiiiiiiiiiiiiiiiiiiiiii e 252
7 Stochastic Optimal Control Problems ........................ooooiiii 253
1 Optimal Control Problems for Systems Described
by Stochastic Differential Equations........................oooooa. 253
2 Optimal Control Problems for Systems Described
by Stochastic Functional Inclusions ......................ooa. 260
3 Optimal Problems for Systems Described by Partial
Differential InClusions ... 267
4 Notesand Remarks ... 272
References. ...........ooiiiiiii i 275
IndeX ... oo 279



Preface

There has been a great deal of interest in optimal control systems described by
stochastic and partial differential equations. These optimal control problems lead to
stochastic and partial differential inclusions. The aim of this book is to present a
unified theory of stochastic differential inclusions written in integral form with both
types of stochastic set-valued integrals defined as subsets of the space I.>($2, R")
and as multifunctions with closed values in the space R”. Such defined inclusions
are therefore divided into two types: stochastic functional inclusions (SFI(F, G))
and stochastic differential inclusions (SDI(F, G)), respectively. The main results of
the book deal with properties of solution sets of stochastic functional inclusions and
some of their applications in stochastic optimal control theory and in the theory
of partial differential inclusions. In particular, apart from the existence of weak
solutions for initial value problems of stochastic functional inclusions, the existence
of their strong and weak viable solutions is also investigated. An important role
in applications is played by theorems on weak compactness of solution sets of
weak and viable weak solutions for the above initial value problems. As a result of
these properties, some optimal control problems for dynamical systems described
by stochastic and partial differential inclusions are obtained. Let us remark that
for a given pair (F, G) of multifunctions, the sets X'(F, G) and S(F, G) of all
weak solutions of SFI(F, G) and SDI(F, G), respectively, are defined as families
of systems (Pr, x, B) consisting of a filtered probability space Pr, a continuous
process X = (X;);>0, and an IF-Brownian motion B = (B;);> satisfying these
inclusions. Immediately from the definitions of SFI(F,G) and SDI(F,G), it
follows that X(F,G) C S(F,G). It is natural to extend the results of this book
to the set S(F, G) and consider weak solutions with x a cadlag process instead of
a continuous one. These problems are quite complicated and need new methods.
Therefore, in this book, they are left as open problems.

The first papers dealing with stochastic functional inclusions written in integral
form are due to Hiai [38] and Kisielewicz [50-56,58,60—62]. Independently, Ahmed
[2], Da Prato and Frankowska [23], Aubin and Da Prato [9], and Aubin et al.
[10] have considered stochastic differential inclusions symbolically written in the
differential form dx, € F(¢,x,)dt + G(t, x,)dB; and understood as a problem

ix
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consisting in finding a system (Pr, x, B) consisting of a filtered probability space
Pr, a continuous process x = (x;);>0, and an F-Brownian motion such that
X, = x0+f0t ftdt+f0t g.dB, with f; € (Fox), =: F(t,x;)and g, € (Gox), =:
F(t,x;) a.s. for t > 0. Stochastic functional inclusions defined by Hiai [38] and
Kisielewicz [51] are in the general case understood as a problem consisting in
finding a system (P, x, B) such that x, — x; € clp{Js (F o x) + J5 (G o x)} for
every 0 < s <t < oo, where J, (F ox) and Jy (G o x) denote set-valued functional
integrals on the interval [s, z] of F ox and G o x, respectively. It is evident that some
properties of stochastic functional inclusions written in integral form follow from
properties of set-valued stochastic integrals. Such properties are difficult to obtain
for stochastic differential inclusions written in differential form.

The first results dealing with set-valued stochastic integrals with respect to the
Wiener process with application to some set-valued stochastic differential equations
are due to Bocsan [22]. More general definitions and properties of set-valued
stochastic integrals were given in the above-cited papers of Hiai and Kisielewicz,
where set-valued stochastic integrals are defined as certain subsets of the spaces
L2(2,R") and I?(2, X) of all square integrable random variables with values at
R" and X, respectively, where X is a Hilbert space. In this book, such integrals
are called stochastic functional set-valued integrals. Unfortunately, such integrals
do not admit a representation by set-valued random variables with values in R”
and X, because they are not decomposable subsets of I>(22, R”") and I>(22, X),
respectively. Later, Jung and Kim [46] (see also [98]) defined a set-valued stochastic
integral as a set-valued random variable determined by a closed decomposable hull
of the above-mentioned set-valued stochastic functional integral. Unfortunately, the
authors did not obtain any properties of such integrals. In Chap. 3, we apply the
above approach to the theory of set-valued stochastic integrals of IF-nonanticipative
multiprocesses and obtain some properties of such integrals.

The first results dealing with partial differential inclusions were in fact simple
generalizations of ordinary differential inclusions. They dealt with hyperbolic
partial differential inclusions of the form z:’y € F(x,y,z). Later on, partial

differential inclusions z;/y y €F (x,y,z, z;, z;,) were also investigated. Such partial
differential inclusions have been considered by Kubiaczyk [65], Dawidowski and
Kubiaczyk [24], Dawidowski et al. [25], and Sosulski [92,93], among others. Some
hyperbolic partial differential inclusions were considered in Aubin and Frankowska
[11]. A new idea dealing with partial differential inclusions was given by Bartuzel
and Fryszkowski in their papers [15-17], where partial differential inclusions of
the form Du € F(u) with a lower semicontinuous multifunction F and a partial
differential operator D are considered. The existence and properties of solutions of
initial and boundary value problems of such inclusions follow from classical results
dealing with abstract differential inclusions. As usual, certain types of continuous
selection theorems for set-valued mappings play an important role in investigations
of such inclusions.

The partial differential inclusions considered in this book have the forms

u;(t,x) € (Lrgu)(t, x)4c(t, x)u(t,x) and ¥ (¢, x) € (Lrpgu)(t, x)+c(t, x)u(t, x),
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where ¢ and Y are given functions and Lrs denotes the set-valued diffusion
generator defined by given multifunctions F' and G. The first results dealing with
such partial differential inclusions are due to Kisielewicz [60, 61]. The initial and
boundary value problems of such inclusions are investigated by stochastic meth-
ods. Their solutions are characterized by weak solutions of stochastic functional
inclusions SFI(F,G). Such an approach leads to natural methods of solving
some optimal control problems for systems described by the above type of partial
differential inclusions. It is a consequence of weak compactness with respect to the
convergence in distribution of sets of all weak solutions of considered stochastic
functional inclusions.

The content of the book is divided into seven parts. Chapter 1 covers basic
notions and theorems of the theory of stochastic processes. Chapter 2 contains
the fundamental notions of the theory of set-valued mappings and the theory of
set-valued stochastic processes. Chapter 3 is devoted to the theory of set-valued
stochastic integrals. Apart from their properties, it contains some important selection
theorems. The main results of Chap. 4 deal with properties of stochastic functional
and differential inclusions. In particular, it contains theorems dealing with weak
compactness with respect to convergence in distribution of solution sets of weak
solutions of initial value problems for stochastic functional inclusions. Chapter 5
contains some results dealing with viability theory for forward and backward
stochastic functional and differential inclusions, whereas Chaps. 6 and 7 are devoted
to some applications of the above-mentioned results to partial differential inclusions
and to some optimal control problems for systems described by stochastic functional
and partial differential inclusions.

The present book is intended for students, professionals in mathematics, and
those interested in applications of the theory. Selected probabilistic methods and
the theory of set-valued mappings are needed for understanding the text. Formulas,
theorems, lemmas, remarks, and corollaries are numbered separately in each chapter
and denoted by pairs of numbers. The first stands for the section number, the second
for the number of the formula, theorem, etc. If we need to quote some formula or
theorem given in the same chapter, we always write only this pair. In other cases,
we will use this pair with information indicated the chapter number. The ends of
proofs, theorems, remarks, and corollaries are denoted by [J.

The manuscript of this book was read by my colleagues M. Michta and J. Motyl,
who made many valuable comments. The last version of the manuscript was read
by Professor Diethard Pallaschke. His remarks and propositions were very useful
in my last correction of the manuscript. It is my pleasure to thank all of them for
their efforts.

Zielona Gora, Poland Michat Kisielewicz
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Chapter 1
Stochastic Processes

In this chapter we give a survey of concepts of the theory of stochastic processes. It
is assumed that the basic notions of measure and probability theories are known to
the reader.

1 Filtered Probability Spaces and Stopping Times

Let (2, F, P) be a probability space and ' = (F;),>0 a family of sub-o-algebras
F; of o-algebra F such that F; C F; for 0 < s <t < 00. A system Pp =
(2, F,F, P) is said to be a filtered probability space. It is called complete if P
is a complete measure, i.e., 28 ¢ F for every B € F suchthat P(B) = 0. We
say that a filtration I' satisfies the usual conditions if Fy contains all P-null sets of
F and F; = (.o Fi+e forevery t > 0. If the last condition is satisfied, we say
that a filtration IF is right continuous. We call a filtration I left continuous if F;
is generated by a family {F;: 0 <s <t} forevery t > 0,i.e., F/; =o({F;: 0 <
s < t}) forevery ¢t > 0. A filtration IF is said to be continuous if it is right and left
continuous.

Remark 1.1. From a practical point of view, a filtered probability space Pr =
(2, F,F, P) is usually regarded as a probability model of a given experiment with
results belonging to €2 . The family F is treated as a set of informations on elements
of €2, whereas the filtration contains all informations contained in F given up to
t>0. O

Given a filtered probability space Pr and a metric space (X, p), by an X-
random variable on Pr we mean an (F, 8x)-measurable mapping X : Q — X,
i.e.,suchthat X~'(A4) € F forevery A € B(X),where asusual, S(X) denotes the
Borel -algebraon X and X~ !(4) = {w € Q : X(w) € A}. We shall also say that
X is a random variable on Pr with values at X'. In particular, if X = R" then,
an X-random variable is also called an n-dimensional random variable. Given a

M. Kisielewicz, Stochastic Differential Inclusions and Applications, 1
Springer Optimization and Its Applications 80, DOI 10.1007/978-1-4614-6756-4_1,
© Springer Science+Business Media New York 2013



2 1 Stochastic Processes

random variable X : @ — X, we denote by Fx the o-algebra generated by
X, i.e., the smallest o-algebraon Q containing all sets X ~'(U) for all open sets
U C X.ltis easy to see that Fy = {X'(4) : A € B(X)}.

Remark 1.2. Tt can be verified thatif X,Y : 2 — R" are given functions, then Y
is Fx-measurable if and only if there exists a Borel-measurable function g : R" —
R” such that ¥ = g(X). |

From a practical point of view, random variables can be applied to mathematical
modeling of static random processes. In the case of dynamic ones, instead of
random variables, we have to apply families X = (X;);>0 of random variables
parameterized by a parameter ¢ > 0 usually treated as the time at which
the modeled dynamical process is taking place. Families X = (X;);>¢ of n-
dimensional random variables X; : 2 — IR" are called n-dimensional stochastic
processes on Pr. Such processes are called continuous if for a.e. w € 2 mappings
Rt st - X, (w) € R", called trajectories of X, are continuous. In a similar
way, we define cadlag and caglad stochastic processes on Pr. An n-dimensional
process X is said to be a cadlag process if for ae. w € €, its trajectory
Rt >t — X,(w) € R" is right continuous and possesses the left-hand limit
X;—(w) for every ¢t > 0. Similarly, a process X is called a caglad process if for
ae. w € Q, its trajectory R 3t — X,(w) € R" is left continuous and possesses
the right-hand limit X, 4 (w) forevery ¢ > 0. If for every ¢ > 0, a random variable
X, is F;-measurable, then a process X is called F-adapted. Many more notions
and properties dealing with stochastic processes are given in Sect. 3.

Remark 1.3. Tt can be proved that all random variables X : Q2 — C and X :
Q — D with ¢ = C@RT,R") and D = D(R*,R"), where C(R",R") and
D(RT,R") denote the metric spaces of all continuous and cadlag functions x :
R*™ — R” with appropriate metrics, can be described respectively as n-dimensional
continuous and cadlag processes. |

A random variable T : Q — [0, 00] on Pr such that {T" <t} € F; for every
t > 0 is said to be an IF-stopping time. If a filtration I is right continuous, then the
condition {7" <t} € F; in the above definition can be replaced by {T < t} € F;
for every ¢ > 0. This follows from the following theorem.

Theorem 1.1. Ifa filtered probability space Py is such that It is right continuous,
then a random variable T : Q2 — [0, 00| is an F-stopping time on Py if and only
if{T <t} e F; foreveryt >0.

Proof. Let {T <t} e F, foru>t and t > 0.Since {T <t} = ()4, {T <
u} forevery ¢ > 0 and F is right continuous, we have {T' <t} € (., Fu = F
for t > 0. Therefore, the condition {T < t} € F; for t > 0 implies that {T <
t} € F; for t > 0. Conversely, if {T <t} € F; for t > 0, then we also have
{T <t} = Ueeo Useonoi—etT = s} € Fi, where Q is the set of all rational

numbers of the real line R . O
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Example 1.1. Let X = (X;);>0 be a cadlag process and A C R a Borel set. We
define a hitting time of A for X by taking T(w) = inf{t > 0 : X;(w) € A}
for € Q.1If A is an open set, then by right continuity of X, we have {T <
t} C UsEQﬂ[O,t){XS € A}. If furthermore, X is F-adapted, then {X; € A} =
XS_I(A) € F, for s € Q NJ[0,t). Therefore, for such a process X , one has
{T <1t} e UsEQﬂ[O.t) Fs = JF; forevery t > 0. From the above theorem, it
follows that if a filtration I is right continuous, then for the above process X and
anopen set A C R, a hitting time of A for X is an F-stopping time.

Theorem 1.2. Let X = (X;);>0 be a cadlag and ¥-adapted process on Py. Then
for every closed set A C R, the random variable T : Q — R defined by T (w) =
inf{t > 0: X,(w) € A or X;—(w) € A} for v € Q is an F-stopping time.

Proof. Let A, = {x € R : dist(x,A) < 1/n}. It is easy to see that A, is an
open set. But X,—(w) = lims_;;; X;(w) for w € Q. Therefore, {X,— € A} =
(Mus1 UseononiXs € An} for t > 0. Then {T <t} ={X; € AJU{X,— € A} =
{X: € A} UN,51 UseonjoniXs € An} for ¢ > 0. By the properties of a family
X it follows that {X; € A} € F; and ﬂnzl UseQﬂ[O,t){XS € A,y € F, fort >0.
Therefore, for every ¢ > 0 one has {T <t} € F;. O

The above result can be easily extended for n-dimensional cadlag and F-adapted
processes.

Theorem 1.3. Let X = (X,)i>0 be an n-dimensional cadlag and T-adapted
process. Then for every domain D in R", the random variable T : Q2 — R
defined by T(w) = inf{t > 0: X,(w) &€ D} for w € Q is an F-stopping time.

Proof. Let A = R"\ D .Theset A isclosedand T(w) = inf{t > 0: X;(w) € A}
for w € Q2. Hence, similarly as in the proof of Theorem 1.2, it follows that 7" is an
F-stopping time. |

The IF-stopping time defined in Theorem 1.3 is said to be the first exit time of the
process X from D . Usually it is denoted by 73 , or simply by tp if X is fixed.

Remark 1.4. Immediately from the definition of stopping times it follows that for
all F-stopping times S and 7 on Pp,also SAT, SvT, S+ T ,and S with
a > 1 are F-stopping times on Pr. a

Given a filtered probability space Pr = (2, F,F, P) with ' = (F;);>0, the
o-algebra F; can be thought as representing all (theoretically) observable events
up to and including time #. We would like to have an analogous notion of events
that are observable before a random time 7 . To get that, we have to define an IF-
stopping time o-algebra F7 induced by an IF-stopping time 7. It is defined by
setting Fr = {A € F: AN{T <t} € F,, for t > 0}. The present definition
represents “knowledge” up to time 7'. This follows from the following theorem.

Theorem 1.4. Let cad(IF) denote the family of all ¥-adapted cadlag processes
X = (Xi)i>0 on Pg. Then for every finite F-stopping time T, one has Fr =
o({ X7 : X € cad(IF)}).
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Proof. Let Gr = o({Xr : X € cad(IF)}) and let A € Fr. Define a process
X = (X:)i>0 on Pp by setting X; = 14-1gy>7y for t > 0. We have Iyr>ry = 1.
Therefore, X7 = 1,4. By the above definition of a process X, we have X €
cad(IF) , which implies that A € Gy. Then Fr C Gr.

Let X € cad(IF) . We need to show that X7 is Fr-measurable. We can consider
X as a function X : [0,00) x 2 — R. Construct a function ¢ : {T <t} —
[0, 00) x Q by setting ¢p(w) = (T (w),w) for w € {T <t}.Since X € cad(FF),
then X7 = X o ¢ is a measurable mapping from ({7 < ¢}, F, N {T < t}) into
(R, B(R)), where B(IR) denotes the Borel o-algebra on R. Therefore, {w € Q :
X(T(w),w) € ByN{T <t} € F; foreveryt > 0 and B € S(R). Then X7 is
Fr-measurable. Thus Gr C Fr. O

The following result follows immediately from the above definitions of an -
stopping time and an o-algebra Fr .

Theorem 1.5. Let S and T be IF-stopping times on Py such that S < T a.s.
Then Fs C Fr and Fs N\ Fpr = Fsar. O

2  Weak Compactness of Sets of Random Variables

Let (X,p) be a separable metric space and B(X) a Borel o-algebra on X.
Denote by M (X)) the space of all probability measures on S(X’) and let C;(X) be
the space of all continuous bounded functions f : X — RR. We say that a sequence
(P)3, of M(X) weakly converges to P € M(X) if lim, o0 [} fdP, =
/ + fdP forevery f € Cy(X). We shall denote this convergence by P, = P. We
have the following theorem.

Theorem 2.1. The following conditions are equivalent to weak convergence of a
sequence (P,)°2, of M(X) to P € M(X):

(i) limsup,_, o, P.(F) < P(F) forevery closed set F C X.
(ii) liminf, o P,(G) = P(G) for every open set G C X.

Proof. Let P, = P. Hence it follows that limsup, ., P,(F) < lim, e [,
frdP, = fx frdP forevery closed set F C X', where fi(x) = ¥ (k -dist(x, F))
with ¥ (t) =1 fort <0, ¥y(t) =0fort>1,and y(t) =1—¢t for0 <t <1.
Passing in the above inequality to the limit with kK — oo, we see that (i) is satisfied.
It is easy to see that (i) is equivalent to (ii). Indeed, by virtue of (i), for every open
set G C X we obtain limsup,_,., Pr(X \ G) < P(X \ G), which implies that
liminf, o P,(G) > P(G). In a similar way, we can see that from (ii), it follows
that lim sup,,_, ., P, (F) < P(F) forevery closed set FF C X.

Assume that (i) is satisfied and let f € C,(X). We can assume that 0 < f(x) <
1 for x € X. Then
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k.
Z’ {xeX T<f(x)< } /f(x)dP

i=1

=

k. . .
i i—1 i
EE E'P%)CEXI = E}
i=1

Forevery F; = {x e X :i/k < f(x)}, the right-hand side of the above inequality
is equal to Z ! P,(F;)/k , and the left-hand side to Zf:é P,(F))/k—1/k . This
and (i) imply

k—1 k—1
lim sup/ f(x)dP, <limsup Y P,(F)/k <> P(F)/k < 1/k+/ f(x)dP.
Then limsup, . [y f(x)dP, < [, f(x)dP. Repeating the above procedure
with a function g = 1 — f, we obtain liminf, »eo [, f(x)dP, > [, f(x)dP.
Therefore,

/X f(x)dP < limint /X F()dP, = timsup /X F(0dP, < /X F(0dP .

Thus lim, o0 [ f(X)dP, = [, f(x)dP forevery f € Cy(X). O

We can consider weakly compact subsets of the space M (X). Let us observe that
we can define on M(X) a metric d such that weak convergence in M(X) of a
sequence (P,),2, to P isequivalentto d(P,, P) — 0 as n — oo. Therefore, we
say that aset A C M(X) is relatively weakly compact if every sequence (P,)52,
of A possesses a subsequence (P, )72, weakly convergentto P € M(X).
If P € A then A, is called weakly compact. We shall prove that for relative weak
compactness of a set A C M(X), it suffices that A be tight, i.e., that for every
€ > 0 there exist a compact set K C X suchthat P(K) > 1—¢ forevery P € A.

Theorem 2.2. Every tight set A C M(X) is relatively weakly compact.

Proof. Assume first that (X, p) is a compact metric space. By the Riesz theorem,
we have M(X) = {u € C*(X) : u(f) = 0for f > 0 and u(1) = 1}, where
1(x) = 1 for x € X and C*(X) is the dual space of C(&X). Since C(X) =
Cy(&X), weak convergence of probability measures is in this case equivalent to
weak *-topology convergenceon C*(X’). Then M(X) is weakly compact, because
every weakly *-closed subset of the unit ball of C*(X) is weakly *-compact.

In the general case, let us note that X is homeomorphic to a subset of a
compact metric space. Therefore, we can assume that X’ is a subset of a compact
metric space X. For every probability measure p on (X, B(X)) let us define on
(X, B(X)) a probability measure ji by setting j1(A) = u(A N X) for A € B(X).
Let us observe that A C X' belongs to (X)) if and only if A = A N X for every
A e B(X).
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We shall show now that if A C M(X) is tight, then every sequence (i,),2,
of A possesses a subsequence weakly convergent to u € M(X). Assume
that a sequence (u,)s—, is given and let (ji,);2, be a sequence of probability
measures defined on ,8(2() by the sequence (,un 2, such as above, i.e., by taking
fn(A) = w(ANX) for A e B(X) and n > 1. It is clear that a sequence (fi,)52,
possesses a subsequence (fi,, ), weakly convergent to a probability measure
v on (X, ,3(22)) We shall show that there exists a probability measure @ on
(X, B(X)) such that ft = v and that a subsequence (,u,,k)]fo=1 converges weakly
to . Indeed, by tightness of A, forevery r = 1,2,..., there exists a compact set
K, C X such that u,(K,) > 1 —1/r foreveryn > 1 It is clear that K, is also a
compact subset of X, and therefore, K, € B(X)NA(X) and fn, (Kr) = pn, (K7).
But fi,, = v. Therefore, v(K,) > limsup,_, ., pin,(K;) = 1 — 1/r. Thus
E = U,-, K C X and E € B(X) N B(X). For every A € B(X), we have
ANE € B(X) because ANE=ANXNE=ANE for every A € B(X). Put
w(A) = v(ANE) forevery A € B(X).Itisclear that p is a probability measure on
(X, B(X)) and v = v. Finally, we verify that i, = w.Indeed, let A be a closed
subset of X. Then A = AN X for every closed set AC X and fi,(A) = ua(A).
Therefore, limsup;_, o, tn, (A) = limsup,_, o, ,u,,k(A) < ji(A) = u(A), which
by virtue of Theorem 2.1, implies that p,, = pas k — oo. a

Let (X,);2, be a sequence of X-random variables X, : ©, — X ona
probability space (£2,, F,, P,) for n > 1. We say that (X,);2, converges in
distribution to a random variable X : @ — & defined on a probability space
(2, F, P) if the sequence (PX, 1)§°=1 of distributions of random variables X,
Q, — X is weakly convergent to the distribution PX~! of X. It is denoted by
X, = X.If X,, and X are defined on the same probability space (2, F, P), then
we can define convergence of the above sequence (X,)72, in probability and a.s.

to a random variable X. We denote the above types of convergence by X, LY X
and X, — X a.s., respectively. We have the following important result.

Corollary 2.1. If (X,)72, and X are as above, then X, = X if and only if
E{f(X,)} = E{f(X)} as n — oo forevery f € Cy(X), where E, and E
are mean value operators taken with respect to probability measures P, and P,
respectively.

Proof. By the definitions of convergence of sequences of random variables and
probability measures, it follows that X, = X if and only if [, f(x)d
[P(X)™] —>fX f(x)d[P(X)7'] as n — oo for every f € Cu(X). The
result follows now immediately from the equalities | v f x)d[P(X,)™] =
Jo, fX)dPy = EJ{f(X,)} and [, f()d[P(X)7'] = [, f(X)dP =
ELf(X)}) O
Theorem 2.3. Let (X, p) be a Polish space, i.e., a complete separable metric
space, and (P,)2, a sequence of M(X) weakly convergent to P € M(X) as
n — oc. Then there exist a probability space (2, F, P) and X-random variables
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X, and X on (Q,ﬁ,f’) for n = 1,2,... such that (i) P, = PX,T_l for
n=12,..., P=PX7\ and (ii) p(X,,X) = 0 a.s. as n — oo.

Proof. Let @ = [0,1), F = B([0,1)),and P = p, where j is Lebesgue measure
on fB(][0,1)). To every finite sequence (iy,...,ix) for k = 1,2,... of positive
integers we associate a set S;, _;, € B(X)) with the boundary 9S;, _; such that

1° If (g, ix) % (jiaeo. o Jji) s then S, ,,(ms,1 _____ =0 fork=12,...,
2° ]fo=1 Sil i ZX and Uoo_l il

By virtue of 1° and 2°, a family {S,1 ,,,,, i,y is for every fixed k € IN a disjoint
covering of X that is a subd1v1510n of a covering for k¥’ < k. Such a system of
subsets can be defined in the following way. For every k and m = 1,2,..., we
take balls cr,i,k) with radii not greater then 2~**1 that cover X and are such that
P, (ao(k)) = 0 and P(aa(k)) = 0 for every n,k,m € IN. For fixed k € IN
D = o1, D =00\ o D= ol \ Uil and 5, =

presented above.
Now for fixed k, let us introduce in the set of all sequences (ii,...,i;) the

lexicographic order and define in [0, 1) intervals A;, ; and A(n) . such that

an It G, ..., i) < iy -y Jx) s then A,l i, and A() . are on the left-hand

A U,y Aioi = [0, 1) and g, ) A . =0,1) forn > 1.

Such intervals are defined in a unique way. For every (ij,...,i;) such that

g i 7 9, select a point x;, E:S)‘,l ir» Where §,~1 ,,,,, i, denotes the interior of
S, i Forevery w€0,1), k=1,2,...,and n = 1,2,... we define X*(w)

and Xw) = Xiy .oy

.......... ik

hmk_moX (w) exist. Furthermore P(S,1 ,,,,, i) = |A(") | - |A; . ,k|

P(Xu(@), X (@) < p(Xn (@), XF (@) +p(Xf (@), X (@) +p(X " (w). X(w) <2/2F

for n > ng . Thus for every o € Qo =: (o Ui 2, i we get X,(0) —

X(w) as n — oo. It is easy to see that P(Qo) =1.
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Finally, we shall show that PX,! = P, for n = 1,2,... and PX_1 = P.
Let us first observe that P({Xs 17 € ;. ..} = P({Xk+p ES,l ,k}) =

of a countable disjoint famlly of sets S;, .. . Then by Fatou’s lemma, it follows
that liminf, . P(X7)~1(0) = P,(0) for every open set O C X . Therefore, by
virtue of Theorem 2.1, we have P(X/)™' = P, as p — oo, which implies that
PX; ' = P,.Similarly, we also get PX~! =P. O

Consider now the case X = C , where C is the space of all continuous functions
x 1 [0,00) — RY with a metric p defined by p(x;,x2) = Y o2, 27"[1 A
maxo<;<n |X1(t)—x2(t)|] for x1, x, € C .Itcanbe verified that (C, p) is acomplete

separable metric space. We prove the following theorem.

Theorem 2.4. Let (X,);2, be a sequence of C-random variables X, on a
probability space (2,, F,, Py) for n = 1,2, ... such that

() Timy oo SUPyo; Pa({|X,(0) > N}) =0 and
(ii) limy, o sup,s; Pn(Amax; sefo.7).ji—s|<n | Xn (1) — Xn(s)| > €}) =0

forevery T > 0 and & > 0. Then there exist an increasing subsequence ()7 |
of (n)>2,, aprobablllty space (Q.F.P), and C-random variables Xnk and X
for k =1,2,... on (Q,F.P) such that PXnk1 = PXnk for k =1,2,... and
p()?nk,)?) — 0 a.s. as k — oo.

Proof. We shall show that conditions (i) and (ii) imply that the set A = {PX, ! :
n > 1} is a tight subset of M(C). Let us recall that by the Arzela—Ascoli theorem,
aset A C C is relatively compactin (C, p) if and only if the following conditions
are satisfied:

(I) A is uniformly bounded, i.e., sup, ., max;ejo,7] |x(t)| < oo forevery T > 0,
(II) A is uniformly equicontinuous, i.e., limy o Sup,¢ 4 VhT (x) = Oforevery T >0,

where VhT(x) = max; sefo,7],)r—s|<h | Xn(t) — X, (s)|. By virtue of (i), for every
¢ > 0, there exists a number a > 0 such that PX;'({x : [x(0)| < a}) > 1 —¢/2
for n > 1. By (ii), for every ¢ > 0 and k = 1,2,... there exists s > 0
such that hx | 0 and PX;'({x : V[T (x) > 1/k}) < &/2"F! forevery n > 1.
Therefore, we have PX, (7o {x : VT(x) < 1/k}) > 1 —¢/2. Taking K, =
{x € C:|x(0)] <a}n (ﬂzo:l{x hk(x) < 1/k}) we can easily see that K,
satisfies conditions (I) and (II). Therefore, K, is a compact subset of C such that
PX;'(K;) > 1 —¢ forn > 1. Then the set A is a tight subset of M (C). Hence,
by virtue of Theorems 2.2 and 2.3, there exist an increasing subsequence ()2 |
of )52, a probablhty space (Q, F, P), and C-random variables Xnk and X

fork =1,2,... on (Q F.P ) such that conditions (1) and (ii) of Theorem 2.3 are
satisfied, i.e., such that PX, 1 — PX ! and p(Xnk,X) —0as.ask >o00. O
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Remark 2.1. Theorem 2.4 holds if instead of a condition (ii) of this theorem, the
following condition is satisfied for every ¢ > 0:

;E)I})ilill) ,25:1 P ({jss?sl?fﬁw | X, (s) — X(j6)| > s}) =0. 2.1
S

Proof. Let us note that Theorem 2.4 holds if we consider its condition (ii) with 3e
instead of ¢. Forevery § € (0,1) and s, € [0, T] such that |t —s| < § there is an
integer 0 < j < 87! such that s,¢ € [j§,(j + 1)§] or s At € [j8,(j + 1)8] or
sVt el[jé,(j+ 1)3]. Therefore, for every 6 € (0,1) and s,¢ € [0, T] such that
|t —s| < & onehas s,t € U05j<5_1[j8,(j + 1)8]. Thus for every § € (0, 1) and
n > 1 we have

max | X,(s) — X, (2)]
5,1 €[0,T],|t—s]|<8

< sup {1 X, () = Xu0) 5.1 € [ [78.G + D3}

j<871
< sup{|X, () = X, (7 :s € | 8. (j + D3}
j<871
+sup {|X,(0) = X,(j8)| 1 € | 18,/ + D3I},
j<8~!

Therefore,

p ({ max |Xn(s)—Xn(t)|>3s})

5,1 €[0,T],|t—s]|<8

Sr (] me 60 - XG> o ).

j<6—1

Then condition (ii) of Theorem 2.4 is satisfied for every & > 0 if condition (2.1) is
satisfied. O

Remark 2.2. If X and Y are given random variables defined on a probability space
(2, F, P) with values in a metric space (X, p), then X and Y are said to have
equivalent distributions if PX~!'(4) = 0 if and only if PY ~!(A) = 0 for A €
B(X). |

In what follows, we shall need the following results.

Lemma 2.1. Let (X, p) and (Y,G) be a metric and a measurable space, respec-
tively, and ® : X — Y a (B(X),G)-measurable mapping, where B(X) is a Borel
o-algebra on X. If X and X are X-random variables defined on a probability
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space (2, F P) and .{2,]},}5), respectively, such that PX~' = PX~', then
P(@oX) ' =P(@oX) L

Proof. Let Z = ®oX and Z = d>o)Z.Forevery A€ Gonehas P({Z € A}) =
P({®PoX € A}) = P(X71(®7'(4))) = P(X7'(@7'(4))) = P({PoX € A}) =
P({Z € A}).Then P(®o X)™ ! = P(®o X)L O

Lemma 2.2. Let (X,p) and (Y,d) be metric spaces, and let X" and X be
X-random variables defined on probability spaces (2,,F, P,) and (2, F P),
respectively for n = 1,2,... suchthat X" = X as n — oo. For every continuous
mapping ® : X — Y onehas ®o X" = ®o X as n — oo.

Proof. By virtue of Theorem 2.1, for every open set G C X’ one has liminf,_,
P(X")™'(G) > PX~'(G). By continuity of &, for every open set U C Y,
a set ®~!(U) is an open set of X. Taking in particular in the above inequality
G = &7 '(U), we obtain liminf, o P(X")~(®~'(U)) > PX~1 (7' U)). But
P(X")(@7'U)) = Pu[(X") (@' U))] = P(® o X")"'(U) and PX (D!
U)) = PIX (@7 'U))] = P(PoX)~'(U) forevery openset U C Y. Therefore,
for every openset I/ C Y onehas liminf, oo P(Po X))~ (U) > P(PoX)~ (U)],
which by Theorem 2.1 and the definition of weak convergence of sequences of
random variables implies that ® o X" = ® o X as n — oo. a

3 Stochastic Processes

Throughout this section we assume that Py = (2, F, F, P) is a complete filtered
probability space with a filtration I = (F;);>o satisfying the usual conditions.
We shall consider a family X = (X;);>0 of A-random variables X, on Pr with
X =R or X = R?. Such families are called one- or d-dimensional stochastic
processes on Pr. It is easy to see that such stochastic processes can be regarded as
functions X : RT x Q@ — R and X : Rt x Q — R, respectively, such that
X(t,-) is an R- or R-random variable. We can also consider stochastic processes
with the index set / C R7T instead of Rt. If I = IN, we call X a discrete
stochastic process on Pp. Given a d -dimensional stochastic process X = (X;);>0
on Pr and fixed @ € Q, we call a mapping RT 5 — X,(w) € R? a trajectory
or a path of X corresponding to w € 2. We can characterize stochastic processes
by properties of their trajectories. In particular, a process X = (X;);>o defined on
Pr is said to be:

1. Continuous if almost all its paths are continuous on R™*.

2. Right (left) continuous on R™ if almost all its paths are right (left) continuous
on RT.

3. A cadlag process if it is right continuous and almost all its paths have at every
t > 0 aleft limit limg—s; < X.
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4. A caglad process if it is left continuous and almost all its paths have at every
t > 0 aright limit limg—; s>, X;.

Stochastic processes X = (X;);>0 and ¥ = (¥;),>0 defined on Py are called:

5. Indistinguishable if P({X, =Y, :t > 0}) = 1.
6. Y is amodification of X if P({X;, =Y,}) =1 forevery ¢t > 0.

The properties of the above types of “equivalence” of two stochastic processes
are quite different. If X and Y are modifications, then for every ¢ > 0, there exists
anull set ; C Q such that if w & Q;, then X;(w) = Y;(w) . Since the interval
[0, 00) is uncountable, the set A = | J,., 2 could have any probability between
0 and 1, and it could be even unmeasurable. If X and Y are indistinguishable,
however, then there exists a null set A C Q such that if v € A, then X;(w) =
Y:(w) for all ¢ > 0. In other words, the paths of X and Y are the same for all
w & A.Wehave A € Fy C F; forall t > 0. In some special cases, the above
types of “equivalence” are equivalent.

Theorem 3.1. Let X and Y be two stochastic processes, with X a modification
of Y.If X and Y are right continuous, then they are indistinguishable.

Proof. Let Q2o C 2 be such that all paths of X and Y corresponding to @ €
Q \ Qo are right continuous on R* and P(p) = 0. Let A, = {X, # Y;}
and A = Ut €0 Ay, where Q denotes the set of all rational numbers of Rt. We
have P(A) = 0 and P(20 U A) = 0. Then X;(w) = Y,(w) for t € Q and
o & Qo U A. For fixed t € R, we can select a sequence (7,)°2, of Q such that
t, — t asn — oo. We can assume that the #, decrease to ¢ through Q. Then we
get X;(w) = limy00 Xy, (0) = limy00 ¥, (0) = Yi(w) for & Qo U A and
every t > 0. a

A d-dimensional stochastic process X = (X;);>0 on Pr is said to be:

(i) F-adaptedif X, is (F;, B(IR?))-measurable for every ¢ > 0.

(i) Measurable if a mapping X : RT x Q@ — R defined by X(1,w) = X;(w)
for (1,0) € Rt x Q is (B(R') ® F, B(RY))-measurable.

(iii)) IF-nonanticipative if it is measurable and IF-adapted.

(iv) IF-progressively measurable if for all + > 0, a restriction to I; x Q of a
mapping X : Rt x Q@ — RY defined in (ii) with I, = [0,7] is (B(];) ®
Fi. B(RY))-measurable.

(v) IF-predictable or simply predictable if it is measurable with respect to a o-
algebra P(IF) generated by all F-adapted caglad processes on Pr.

(vi) IFF-optional or simply optional if it is measurable with respect to a o-algebra
O(F) generated by all [F-adapted cadlag processes on Pr.

It can be verified that P(F) C O(F) C B(R") ® F. Therefore, each predictable
process is optional, and both are measurable. It is clear that every F-progressively
measurable process is IF-nonanticipative. Let us note that for a given stochastic
process X = (X;);>0 on Pr, we may identify each w € Q with its path RT >
t - X,(w) € R?. Thus we may regard Q as a subset of the space Q = (R¥)[*>)
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of all functions from [0, 00) into R?. Then the o-algebra F will contain the
o-algebra B, generated by sets {w € Q : w(t)) € Ay,...,0(tx) € A} for all
f1,...,tr € RT and all Borel sets 4; € R? for i = 1,2,...,k and k € IN.
The space (R¢)[®* contains some important subspaces such as C = C(R*T,RY),
Cy = C+(R*T,RY),and C_ = C_(R*,RY) of respectively all continuous, right
continuous, and left continuous functions x : RT — R4. A special role in such
an approach to stochastic processes is played by an evaluation mapping defined for
every fixed t > 0 by setting ¢; : (R)[%* 5 x — x(t) € R?. We can define on
the space X = (RY)[*%) a g-algebra of cylindrical sets, denoted by G(X), as a
o-algebra generated by a family {e, : t > 0}, i.e,, G(X) = o({e; : t > 0}).Ina
similar way, we can define a filtration (G;);>0 by taking G, = o({e; : 0 < s <1}).
We have the following important result.

Theorem 3.2. The o-algebra G(C) of cylindrical sets of C coincides with the o-
algebra B(C) of Borel sets of C.

Proof. We have only to verify that S(C) C G(C). Let us observe that a family of
sets {x € C : maXo</<u |¥(t) — x0(z)] < &} with fixed xo € C, ¢ > 0 and
n =1,2,... is a base of neighborhoods in C. On the other hand, we have {x € C :
maxo<;<n [X() — x0(t)| < &} = ﬂ,,GQ,OSI,Sn{x € C:x(r) € U(xo(r),e)}, where
Ua,e) = {x € R? : |x —a| < &}. Therefore, {x € C : maxo<;<, |x(t) — xo(t)| <
g} € G(C), which implies that S(C) C G(C). O

Remark 3.1. The above result is also true for the space D of all d-dimensional
cadlag functions on [0, 00), i.e., B(D) = G(D), where G(D) denotes the g-algebra
of cylindrical sets of D. O

Corollary 3.1. A stochastic process X = (X;)i>0 on Pr can be regarded as an
(RY)[0%)_random variable on Py, i.e., as a mapping from Q into (R?)1%% that is
(F, G(X))-measurable. In particular, by virtue of Theorem 3.2 and Remark 3.1, a d -
dimensional continuous (cadlag) process X = (X;)r>0 on Pr can be considered

as a mapping from Q2 into C (D) that is (F, B(C))- ( (F, B(D)))-measurable. O

Remark 3.2. Given a d-dimensional continuous (cadlag) stochastic process X =
(X¢)t>0 on Pr by PX ~1 we denote the distribution of C-random (D-random)
variable X : Q@ — C (X : Q — D), i.e., a probability measure defined by
(PXH(A) = P(X71(A)) for A € B(C) (A € B(D)). |

Corollary 3.2. Let X = (X;);>1 and X = ()Z,)tzl be d-dimensional continuous
stochastic processes on probability spaces (Q, F, P) and (., F, P), respectively,
suchthat PX~' = PX~\. For every (s,x) € Rt xRY suchthat X; = x, P-as.,
one has )ZS =X, P-as.

Proof. The result follows immediately from Lemma 2.1. Indeed, assume that there
is (s,x) € Rt x R? such that X, = x, P-as. Taking, in particular, X =
CRT,RY, ¥ = RY, and ® = e, in Lemma 2.1, where e, is an evolution
mapping corresponding to s > 0, we obtain P(e; o X)™! = P(e; o X)~!. Hence,
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for Ay = {x} C ]E{d , it follows that P (e o X)_1(4x) = P(es0 X)~'(Ay). Then
P{X; = x}) = P({X; = x}), which implies that P({X; = x}) = 1. |

Corollary 3.3. Let X" = (X' )i»0 and X = (X:)i>0 be d-dimensional con-
tinuous stochastic processes on probability spaces (2, F,, P,) and (2, F, P),,
respectively, for n = 1,2,.... If a sequence (X")°2, converges weakly in
distribution to X , then X! = X, as n — oo for every s > 0.

Proof. The result follows immediately from Lemma 2.2. Indeed, assume that a
sequence (X")72, converges weakly in distribution to X , and let s > 0. Taking,
in particular, X = C(R, ]Rd), Y = R?, and ® = e, in Lemma 2.2, one obtains
e;0 X" = e;0X as n — oco. Then X! = X as n — oo. O

Remark 3.3. A finite-dimensional distribution of a d-dimensional stochastic pro-
cess X = (X;);>0 on Py is defined as a probability measure [, , on ,B(Ide)
for k =1,2,... definedby py, 5 (A1 x---xAr) = P({X;, € A1,..., Xy, € Ar})

fort,-e[O,oo) and 4; € B(RY) for i =1,2,...,k. |

Remark 3.4. 1f d-dimensional continuous (cadlag) stochastic processes X =
(X¢)i>0 and X = (X,);>o on P]F and P, respectively, have the same dis-
tributions, then PX~! = PX ! is equivalent to ., (A1 X -+ x Ay) =
Pty (A% - -xAy) forevery t; € [0,00) and 4; € BMRY) fori =1,2,.... k.0

We have the following important theorems due to Kolmogorov.

Theorem 3.3 (Extension theorem). Let i, , beforall ty,.... t; € [0,00) and
k € IN a probability measure on B(R*?) such that (i) Ketoityotoy (Ao X =+ X

,,(k)) = .., (A1 X -+ X Ag) for all permutations 0 = (0(1),...,0(k)) of
11,2, k) and (ii) puy..q (Ar X oo X AR) = [yt gy oot (A1 X o X Ag X
RY x ---xR?) for all m € IN. Then there exist a probability space (2, F, P)

and a d-dimensional stochastic process X = (Xi)i>0 on (2, F, P) such that
Pt (A1 X oo x A) = P({Xy, € Ai,.... Xy, € Ax}) for t; € [0,00) and
A; € BRY) wzthi:l,Z,...,kandke]N. O

Theorem 3.4 (Existence of continuous modification). Suppose a d-dimensional
stochastic process X = (X;)i>0 on Pr is such that for all T > 0, there exist
positive constants «, B, and y such that

E[1X, = X,|"] < ylt —s|'*P

for s,t € [0, T]. Then there exists a continuous modification of X. O
We shall now prove the following theorem.

Theorem 3.5. Let (X"), be a sequence of d-dimensional continuous stochastic
processes X" = (X[');»0 on a probability space (2,,F,, P,) forn =1,2,...
such that:



