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Preface

This puzzlebook presents 11 different puzzles about knowledge and ignorance.
Each puzzle is treated in depth in a separate chapter, and each chapter also
contains additional puzzles for which the answers can be found at the back of
the book. A constant theme in these puzzles is that the persons involved make
announcements about what they know and do not know, and then later appear
to contradict themselves. Such knowledge puzzles have played an important
role in the development of an area known as dynamic epistemic logic. A separate
stand-alone chapter gives an introduction to dynamic epistemic logic.

The illustrations for this book were made by Elancheziyan. Elancheziyan is
a Tamil speaking Indian illustrator living in Chennai. Hans has an associate
position at the Institute of Mathematical Sciences (IMSc) in Chennai, India.
By the intermediation of his IMSc host Ramanujam, and the kind assistance
of Shubashree Desikan, who acted as a Tamil-English interpreter, he got in
contact with Elancheziyan. How the illustrations to each chapter came about
is story in itself, and we are very grateful for Elancheziyan’s essential part in
this joint enterprise.

We wish to thank Paul Levrie and Vaishnavi Sundararajan for their sub-
stantial and very much appreciated efforts to proofread the final version of the
manuscript. Peter van Emde Boas has indefatigably provided details on the
history of the Consecutive Numbers riddle, and has much encouraged us in
writing this book. We wish to thank Allen Mann, Springer, for his encour-
agement and for getting us started on this project. Nicolas Meyer from the
ENS des Mines in Nancy found an embarrassing error in a light bulb proto-
col when Hans gave a course there, only a few weeks before we handed over
the manuscript. He is one of many. If one were to go back all the 25 years
of teaching logic and puzzles at colleges, universities, and summer schools, a
much longer list of thanks to students and colleagues would be appropriate:
by making an example of one, we wish to thank them all. No doubt, there will
still be many remaining errors. They are all the responsibility of the authors.

Nancy, France, and Groningen, Hans van Ditmarsch
the Netherlands and Barteld Kooi
25 December 2014
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1
Consecutive Numbers

Anne and Bill get to hear the following: ‘‘Given are two natural numbers. They
are consecutive numbers. I am going to whisper one of these numbers to Anne and
the other number to Bill.’’ This happens. Anne and Bill now have the following
conversation.

• Anne: ‘‘I don’t know your number.’’
• Bill: ‘‘I don’t know your number.’’
• Anne: ‘‘I know your number.’’
• Bill: ‘‘I know your number.’’

First they don’t know the numbers, and then they do. How is that possible? What
surely is one of the two numbers?

The natural numbers are the numbers 0, 1, 2, 3, etc. Numbers are consecutive
if they are one apart. It is important for the formulation of the riddle that
Anne and Bill are simultaneously aware of this scenario, and also know that
they both are aware of this scenario, etc. Therefore, they are being spoken
to, instead of, for example, both receiving written instructions. It is therefore
too that the numbers are whispered into their ears—the whispering creates
common knowledge that they have received that information. We can imagine
the setting of this riddle as Anne, Bill, and the speaker sitting round a table,
such that the speaker has to lean forward to Anne in order to whisper to her,
and subsequently has to lean forward to Bill and whisper to him.

1.1 Which Numbers Are Possible?

We solve the riddle by analyzing the developing scenario piecemeal. The first
bit of information is as follows:

• Given are two natural numbers.

© Springer International Publishing Switzerland 2015 1
H. van Ditmarsch, B. Kooi, One Hundred Prisoners and a Light Bulb,
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We do not know yet what these numbers are, but apparently there are two
relevant variables: the number x that Anne is going to hear and the number y
that Bill is going to hear. The question is then to determine the pair (x, y). We
also know that x and y are natural numbers: 0, 1, 2, etc. So, the possible pairs
are (0, 0), (0, 1), (1000, 243), etc. Of course there are infinitely many such
pairs. The state space consisting of all such pairs looks as follows—to simplify
the representation we write xy instead of (x, y), and for convenience we order
the number pairs in a grid.

00

01

02

03

10

11

12

13

20

21

22

23

30

31

32

33

. . .

. . .

42

43

44...
... 24 34

The number pair (1, 2) is different from the number pair (2, 1): The first of
each pair is the number that Anne is going to hear, whereas the second of each
pair is the number that Bill is going to hear. In (1, 2), Anne is going to hear 1,
and in (2, 1) she is going to hear 2.

The next bit of information is that

• They are consecutive numbers.

This means that the only possible number pairs (x, y) are those where x = y+1
or y = x + 1. Hence, only these pairs remain:
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10

01 21

12 32

23 43

34

1.2 What Anne and Bill Know

So far, your perspective, as reader, is the same as Anne’s and Bill’s: The numbers
are natural numbers, and they are consecutive. These are all the possibilities
that we have to take into account. We cannot distinguish among these pairs.
The next bit of information makes Anne’s and Bill’s perspective different from
your perspective as reader:

• “I am going to whisper one of these numbers to Anne and the other number
to Bill.” This happens.

Suppose that the whispered numbers were 5 to Anne and 4 to Bill. After
Anne hears 5, she knows that Bill’s number is 4 or 6. She can rule out all
number pairs except (5, 4) and (5, 6). Bill’s view of the situation is different
from Anne’s. He hears 4. After that, the remaining number pairs from his
perspective are (5, 4) and (3, 4). You, the reader, cannot rule out any number
pair! But you still have learnt something, namely what Anne and Bill learnt
about any number pair and about each other. We can make the information
change visible in the given set of consecutive number pairs: We can indicate
which pairs are indistinguishable for Anne or for Bill after the whispering has
taken place. A visual means is to link such pairs by an edge labeled with a for
Anne, or b for Bill. We get:
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10

01 21

12 32

23 43

34
... . . .

a

b

a

b

a

b

a

b

We might as well have the figure topple over a bit to save space on the page:

10

01

21

12

32

23

43

34 . . .

. . .
a

b

a

b

a

b

a

b

In fact, we simply have two infinitely long chains of number pairs, with
alternating labels. So, alternatively, just one of those is as follows:

10 12 32 34 . . .a b a b

Anne’s and Bill’s perspectives are now different from each other and also from
your perspective as a reader. Before the whispering action, all number pairs
were equally possible for Anne, for Bill, and for you. After the whispering, all
number pairs remain possible for you—they can equally well be 3 and 4, or 5
and 4, or 89 and 88—but for Anne and Bill this is no longer the case: If Anne
were to have 3, she would know that the other number cannot be 88, but only
2 or 4. What you have learnt as a reader is that Anne and Bill now have this
knowledge.
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1.3 Informative Announcements

A figure such as the above we call a model of the description of the initial state
of the riddle. We changed the model piecemeal with every new bit of informa-
tion in the problem description. There were two sorts of changes: eliminating
number pairs (for example, those number pairs that were not consecutive
numbers), and indicating which number pairs could be distinguished by Anne
and by Bill (for example, that Anne can distinguish (2, 3) from (5, 6), but not
(2, 3) from (2, 1)). Next on our list of problem-solving activities is to convert
each announcement by Anne and Bill into some such model transforming
operation. In this riddle, all further changes are of the first kind: elimination
of number pairs. The crucial aspect here is that we do not treat Anne’s an-
nouncement differently from the “announcements” of the anonymous speaker
who informs Anne and Bill in the beginning. Anne and Bill both hear their
own announcements, and know from one another that they both hear what
they say, and so on. And also, you as a reader can be said to be “hearing”
the announcements: You have to imagine yourself as silent bystander present
at the interaction between the initial speaker and Anne and Bill, and at their
subsequent announcements. Let us take the first announcement:

• Anne: “I don’t know your number.”

When would Anne have known what Bill’s number is? Suppose Anne had heard
0. She knows that Bill’s number is one more or one less than her own. It cannot
be −1, as this is not a natural number. Therefore, the only remaining possibility
is that Bill’s number is 1. So, Anne then knows that Bill has 1. However, as she
says, “I don’t know your number,” we can rule out the number pair (0, 1). And
not just we, but also Bill. The change is public (for Anne and for Bill), because
Anne said it aloud. If she had, for example, written it on a piece of paper, this
might have created uncertainty in her whether the message had reached Bill,
or uncertainty in Bill whether Anne knew that the message had reached him,
and so on. The message would not have been public. Given that the change is
public, the result is as follows:

10 21

12

32

23

43

34 . . .

. . .
a

b

aa

b

a

b

It is now crucial to observe that this is a different model, and that it may
therefore satisfy different propositions. Propositions that were false before may
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now be true, and propositions that were true before may now be false. This
will explain why saying, “I don’t know your number” now and “I know your
number” later only appears to be in contradiction, but is not really a contradic-
tion. These observations are about different information states of the system.
The announcements help us to resolve our uncertainty about what the number
pair is. Similarly, it will help Anne and Bill to resolve their uncertainty. We
continue our analysis by processing the next announcement:

• Bill: “I don’t know your number.”

When would Bill have known what was Anne’s number? There are two possi-
bilities. In the first place, Bill would have known Anne’s number if the number
pair had been (2, 1). If Bill has 1, then he can imagine Anne to have 0 and 2.
Given that 0 is no longer possible after Anne’s (first) announcement, only 2
remains. So, Bill then knows that Anne’s number is 2. But there is yet another
pair where Bill would have known Anne’s number, namely (1, 0). Now, just
like Anne in the case of (0, 1), Bill would have known that Anne has 1 because
−1 is not allowed. Because Bill said, “I don’t know your number,” neither of
these two pairs can be the actual pair. The resulting situation is as follows:

12

32

23

43

34 . . .

. . .

b

a

b

a

b

This brings us to the third announcement:

• Anne: “I know your number.”

We can see in the model that this is true for the number pairs (2, 3) and (1, 2),
as there is then no alternative left for Anne. We can alternatively see this as the
conclusion of a valid argument. For example, for the pair (2, 3):

If Anne has 2, then she now knows that Bill has 3, because, if Bill were to
have 1, he would have said in the second announcement that he knew Anne’s
number. But he did not.

All other number pairs have become impossible because of her announce-
ment. The resulting model is therefore,

12 23
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This depicts that if the numbers are 1 and 2, then Anne and Bill know this,
know from one another that they know this, etc. It is common knowledge
between them. If the numbers are 3 and 2, then they also have common
knowledge of the numbers. Although both (1, 2) and (2, 3) are in the model,
this does not mean that if the numbers are 1 and 2, then Anne and Bill also
consider it possible that they are 2 and 3: There is no link for a or for b in the
model. But you, as a reader, cannot determine which of the two pairs must be
actually the case. We now get to the last announcement:

• Bill: “I know your number.”

This proposition is already true for both remaining number pairs. Therefore,
nothing changes. We could also have said: This last announcement was not
informative. Anne already knew that Bill knew her number, and they both
knew this.

This solves the riddle. All four announcements were truthful. The contra-
diction between “I don’t know your number” and “I know your number” is
not a contradiction in the riddle, because these announcements are made at
different moments. What was true before can be false later. After the four
announcements, the remaining number pairs are (1, 2) and (2, 3). You cannot
choose between these two pairs. But the number 2 occurs in both pairs, and
is therefore certainly one of the two numbers.

1.4 Versions

Puzzle 1 Suppose that the actual numbers are neither 1 and 2, nor 2 and 3, but
4 and 5. The four announcements can no longer all be made truthfully. What is
going wrong? How often does ‘‘I don’t know your number’’ have to be repeated for
Anne and Bill to get to know the other number, and by whom?

Puzzle 2 An alternative presentation of the riddle is as follows:

Anne and Bill each have a natural number on their forehead. They are
consecutive numbers. Anne and Bill now have the following conversation.

• Anne: ‘‘I don’t know my number.’’
• Bill: ‘‘I don’t know my number.’’
• Anne: ‘‘I know my number.’’
• Bill: ‘‘I know my number.’’

What difference does this formulation make for the solution?
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Puzzle 3 Suppose that the numbers are not consecutive, but two apart. So, the
riddle will be as follows:

Anne and Bill get to hear the following: ‘‘Given are two natural numbers. The
numbers are two apart. I am going to whisper one of these numbers to Anne and
the other number to Bill.’’ This happens. Anne and Bill now have the following
conversation.

• Anne: ‘‘I don’t know your number.’’
• Bill: ‘‘I don’t know your number.’’
• Anne: ‘‘I know your number.’’
• Bill: ‘‘I know your number.’’

What does the model look like in this case, and how it is transformed due
to the announcements? And what if the numbers are m apart, where m is a
natural number?

Puzzle 4 Suppose there is a third person playing the game, Catherine. Now, the
riddle is:

Anne, Bill, and Catherine each have a natural number on their forehead. They
are consecutive numbers. Suppose, for example, that the numbers are 3, 4, and
5 (respectively). What sort of conversation is possible between Anne, Bill, and
Catherine, on knowledge and ignorance of each other’s number, in order to find
out their own number?

Puzzle 5 Anne and Bill have a natural number on their forehead. It is known
that the sum of these two numbers is equal to 3 or 5. Anne and Bill may now
consecutively announce whether they know their own number. Show that they can
have the following conversation:

• Anne: ‘‘I don’t know my number.’’
• Bill: ‘‘I don’t know my number.’’
• Anne: ‘‘I know my number.’’
• Bill: ‘‘I know my number.’’

(After Conway et al. (1977); see the history section below.)

1.5 History

An original source for the riddle is found straight at the beginning of A
Mathematician’s Miscellany by Littlewood (1953, p. 4):

There is an indefinite supply of cards marked 1 and 2 on opposite sides, and
of cards marked 2 and 3, 3 and 4, and so on. A card is drawn at random by
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a referee and held between the players A, B so that each sees one side only.
Either player may veto the round, but if it is played the player seeing the
higher number wins. The point now is that every round is vetoed. If A sees a
1 the other side is 2 and he must veto. If he sees a 2 the other side is 1 or 3;
if 1 then B must veto; if he does not then A must. And so on by induction.

In the Littlewood version, there is no “solution” (every round is vetoed), and
the synchronization is left open to interpretation (who vetoes first?). But a
player seeing number x on one side of the playing card is uncertain if the
number on the other side is x + 1 or x − 1. Only when a player is seeing
the number 1 can he be certain about the other number, namely that it is 2
(the number 0 is ruled out). This version is also treated, slightly differently, by
Gardner (1977):

You are one of two contestants in the following game: An umpire chooses two
consecutive positive integers entirely at random and writes the two numbers
on slips of paper, which he then hands out randomly to the two players. Each
looks at their number and either agrees or disagrees to play. If both players
agree, the person with the higher number must pay that many dollars to
their opponent. You only agree to play when the expected payout favors you.
Obviously, you would agree if your number was 1. For what other values
should you agree to play?

Assume infinite resources for payouts. I.e. it does not matter how high the
numbers are, the payment can be made.

A far more general version of the riddle is found in A Headache-Causing Prob-
lem by Conway et al. (1977). This is a contribution to an honorary volume
“presented to Hendrik W. Lenstra on the occasion of his doctoral examina-
tion.” The treatment is light, for example, the initials of the third author are
“U.S.S.R.” This is because Paterson and Conway discussed the riddle while
waiting in transit on Moscow airport (as van Emde Boas recently found out).

There are n persons, all having a natural number on their forehead. It is
known that the sum of these n numbers is equal to one of at most n possible
given numbers. The n players may now consecutively announce if they know
their own number, until one of them says that he or she knows it. Prove that
this will happen eventually.

The last publication in this series of original sources is then The Conway
Paradox: Its Solution in an Epistemic Framework by van Emde Boas, Groe-
nendijk, and Stokhof, orginally presented at the Amsterdam Colloquium in
1980, afterwards published in Mathematical Centre Tract No. 135 in 1981, and
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finally published in book format in (van Emde Boas et al. 1984). This publi-
cation is an important precursor of dynamic epistemic logic. It also provides
a very accurate historical section, on which this overview is based. After their
publication, the consecutive numbers riddle became known as the Conway
paradox. Yet another nice story comes with that: It is curious to observe that
the consecutive numbers riddle, even though it is now known as the Conway
paradox, is not a special case of the problem described in Conway et al. (1977),
so that “Conway paradox” is actually a misnomer for the consecutive numbers
riddle, as van Emde Boas confirms.

For example, if Anne has 3 on her forehead and Bill 2, that indeed involves
uncertainty by two players about two numbers, and therefore also about two
sums of numbers, but, unlike the Conway version, this is uncertainty about
more than two sums: Anne is uncertain if the sum is 5 or 3, whereas Bill is
uncertain if the sum is 5 or 7. And, of course, Bill is uncertain whether Anne
is uncertain between sums 5 and 3, or between sums 7 and 9, and so on. An
infinity of sums plays a role.

On a more abstract level (no doubt in the mind of van Emde Boas et al. at
the time), there is of course a correspondence. See Puzzle 5.


