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Preface to the French Edition

This book is an introductory course to basic commutative algebra with a particular
emphasis on finitely generated projective modules, which constitutes the algebraic
version of the vector bundles in differential geometry.

We adopt the constructive point of view, with which all existence theorems have
an explicit algorithmic content. In particular, when a theorem affirms the existence
of an object — the solution of a problem — a construction algorithm of the object can
always be extracted from the given proof.

We revisit with a new and often simplifying eye several abstract classical the-
ories. In particular, we review theories which did not have any algorithmic content
in their general natural framework, such as Galois theory, the Dedekind rings, the
finitely generated projective modules, or the Krull dimension.

Constructive algebra is actually an old discipline, developed among others by
Gauss and Kronecker. We are in line with the modern “bible” on the subject, which
is the book by Ray Mines, Fred Richman and Wim Ruitenburg, A Course in
Constructive Algebra, published in 1988. We will cite it in abbreviated form
[MRR].

This work corresponds to an MSc graduate level, at least up to Chap. XIV, but
only requires as prerequisites the basic notions concerning group theory, linear
algebra over fields, determinants, modules over commutative rings, as well as the
definition of quotient and localized rings. A familiarity with polynomial rings, the
arithmetic properties of Z and Euclidian rings is also desirable.

Finally, note that we consider the exercises and problems (a little over 320 in
total) as an essential part of the book.

We will try to publish the maximum amount of missing solutions, as well as
additional exercises on the web page of one of the authors:

http://hlombardi.free.fr/publis/LivresBrochures.html.
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Preface to the English Edition

In this edition, we have corrected the errors that we either found ourselves or that
were signalled to us.

We have added some exercise solutions as well as some additional content. Most
of that additional content is corrections of exercises, or new exercises or problems.

The additions within the course are the following. A paragraph on the null tensors
added at the end of Sect. IV-4. The paragraph on the quotients of flat modules at
the end of Sect. VIII-1 has been fleshed out. We have added Sects. 8 and 9 in
Chap. XV devoted to the local-global principles.

None of the numbering has changed, except for the local-global principle X1I-7.13,
which has become XII-7.14.

There are now 297 exercises and 42 problems.

Any useful precisions are on the site:

http://hlombardi.free.fr/publis/LivresBrochures.html.

Acknowledgment

We cannot thank Tania K. Roblot enough for the work achieved translating the
book into English.

May 2014 Henri Lombardi
Claude Quitté
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Cpa(x)(1)
Fp/a()(T)
Np/a(x)
Trp/a(x)
a-o
Adjp/a(x)
[B:A]
Dy sk
¢

Ax

Jax

AV
Ak
Dery(A, M)
Der(A)
Q4 /k
EA/K
Ling(A,A)
PGL,(A)
An

k[G]

Characteristic polynomial of (the multiplication by) x . . .

Fundamental polynomial of (the multiplication by) x . . .

Norm of x: determinant of the multiplication by x . . . .
Trace of (the multiplication by) x ... ............
@0 fly P X (AX)
or x: cotransposed element . ..................
rka(B), see also pages 50 and 537 ..............
D (x,y) =A(XY) o
Tensor product of bilinear forms . ..............
A ®g A, enveloping algebraof A/k . ............
Ideal of A} . ... ... .. . ...
AX)=x®@1—1®x ...
H‘A/k (Zl a; @ b,) = Zi (l,’b,‘ ...................
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Quotient group GLL,,(A)/A™ .. ... ... .. ... ...
Subgroup of even permutations of S, ............
Algebra of a group, or of amonoid . . ............

The Dynamic Method

B(A)
B(f)

Boolean algebra of the idempotents of A .. ........
“Canonical” basis of the universal splitting algebra . . . . .

Local Rings, or Just About

Rad(A)
AX)

Suslin(by, ...

Radical of Jacobsonof A . .. ...................
Nagataring of A[X] . ........ .. .. ... .. . .....
Suslinsetof (by, ..., b)) ... oo

Finitely Generated Projective Modules, 2

G,

Gn
Hy (A)
[Pl (a)

G = T\ (h)jepu g /Gn v

Relations obtained when writing > = F .. .........
Semi-ring of ranks of quasi-free A-modules . .......

or [P] X (A)[P]a, or [P]: class of a quasi-free
A-module in Hj (A) .. ........ ... ... .......
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A-module M . . ... ... ... .. 531
HoA Ring of the ranks over A ... ................... 532
[B: A] rka(B), see also pages 50 and 320 ............... 537
G,(A) G, ®zA .. 540
Gk G+ {1 —r), with(inG,) =exIm F) ........... 540
G G =7 [(f,- .)ije“_n]] JGuk o8 Gu[L/r] oo 540
AG,x(A) “Subvariety” of AG,(A): projectors of rank k . ...... 540
GKoA Semi-ring of the isomorphism classes of finitely

generated projective modules over A .. ............ 557
PicA Group of isomorphism classes of projective modules

of constant rank 1 over A . .................... 557
KoA Grothendieck ring of A .. ........ . ... . ... ... 557
[P] Ko(A) or [P]a, or [P]: class of a finitely generated projective

A-module in Ko(A) .. ... . 557
Ro A Kernel of the rank homomorphismrk : KgA — HygA... 558
Ifr A Monoid of the finitely generated fractional ideals

ofthering A . ... .. ... .. . .. ... 560
Gfr A Group of invertible elements of Ifr A .. ........... 560
Cl A Group of classes of invertible ideals
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principal ideals) . ........... .. .. .. .. .. ... ... 560
Distributive Lattices, Lattice-Groups
la {xeX|x<a},seealsopage 612 ................. 610
Ta {xeX|x>a},seealsopage 612 . ................ 610
T° Opposite lattice of the lattice T .................. 611
Zr(J) Ideal generated by J in the distributive lattice T . . ... ... 613
Fr(S) Filter generated by S in the distributive lattice T ... ... 613
T/J =0, Particular quotient lattice . . . ... ................. 614
U=1)
Bo(T) Boolean algebra generated by the distributive lattice T ... 617
7,(P) Orthogonal direct sum of copies of Z, indexed by P 618
Hic/G; Orthogonal direct sum of ordered groups . .......... 618
C(a) Solid subgroup generated by a (in an [-group) ........ 621
Da(xy,..., x,)  Da({x1,..., x,)): an element of ZarA . ............. 634
ZarA Zariski lattice of A . ... ... ... .. ... L 634
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the monoid Sin A ......... ... ... ... ... ... .. 638
A* Reduced zero-dimensional ring generated by A .. ... .. 644
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App
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NA < \/B: implicative relation . . ...............
Spectrum of the finite distributive lattice T,

see also page 737
The conductor ideal of a in b (distributive lattices) . . .
ppring closure of A . ... ... L L oL
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Priifer and Dedekind Rings

a=+b
Alat]
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{x € Frac A |xb C a}
Rees algebra of theideal aof A ... .............
Integral closure of the ideal a in A

Krull Dimension

SpecA
QA (xl, ..
SpecT
Dr(u)
Oqc (T)

5 Xn)

TAx)

Tx(a)

A
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AK
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Kdim A<Kdim B

SE(.X(), ..
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Spectrum of the distributive lattice T
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