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Preface

A large international conference on Advances in Engineering Technologies and
Physical Science was held in London, U.K., 2–4 July, 2014, under the World
Congress on Engineering 2014 (WCE 2014). The WCE 2014 is organized by the
International Association of Engineers (IAENG); the Congress details are available
at: http://www.iaeng.org/WCE2014. IAENG is a non-profit international association
for engineers and computer scientists, which was founded originally in 1968. The
World Congress on Engineering serves as good platforms for the engineering
community to meet with each other and to exchange ideas. The conferences
have also struck a balance between theoretical and application development. The
conference committees have been formed with over 300 committee members who
are mainly research center heads, faculty deans, department heads, professors, and
research scientists from over 30 countries. The congress is truly global international
event with a high level of participation from many countries. The response to
the Congress has been excellent. There have been more than 900 manuscript
submissions for the WCE 2014. All submitted papers have gone through the peer
review process, and the overall acceptance rate is 51 %.

This volume contains 51 revised and extended research articles written by promi-
nent researchers participating in the conference. Topics covered include mechanical
engineering, bioengineering, internet engineering, wireless networks, signal and
image engineering, manufacturing engineering, and industrial applications. The
book offers the state of art of tremendous advances in engineering technologies and
physical science and applications, and also serves as an excellent reference work for
researchers and graduate students working on engineering technologies and physical
science and applications.

Chonnam, Korea, Republic of (South Korea) Gi-Chul Yang
Hong Kong, Hong Kong SAR Sio-Iong Ao
Cranfield, Bedfordshire, UK Len Gelman
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Chapter 1
Numerical Study of Conjugate Natural
Convection from Discrete Heat Sources

Farouq A. Gdhaidh, Khalid Hussain, and Hong-Sheng Qi

Abstract The coupling between natural convection and conduction within rectan-
gular enclosure was investigated numerically. Three separate heat sources were flush
mounted on a vertical wall and an isoflux condition was applied at the back of heat
sources. The governing equations were solved using control volume formulation.
A modified Rayleigh number and a substrate/fluid thermal conductivity ratio were
used in the range 104 � 107 and 10 � 103 respectively. The investigation was
extended to examine high thermal conductivity ratio values. The results illustrated
that, when Rayleigh number increased the dimensionless heat flux and local Nusselt
number increased and the boundary layers along hot, cold and horizontal walls
were reduced significantly. An opposite behaviour for the thermal spreading in the
substrate and the dimensionless temperature, were decreased for higher Rayleigh
number. Moreover, the thermal spreading in the substrate increased for higher
substrate conductivity, which affected the temperature level. However the effect of
the substrate is negligible when the thermal conductivity ratio higher than 1,500.

Keywords CFD study • Conjugate heat transfer • Control volume • Natural
convection • Rayleigh number • Thermal conductivity

1 Introduction

Coupling between natural convection and conduction heat transfer is evident in
many practical applications. In natural convection the fluid movement is created by
the buoyancy force due to the temperature difference. Therefore no external force
such as fans or coolers are needed which could be the main cause of noise and
vibration. The conducting solid wall could also give additional heat transfer from
the heat source to the fluid. The main drawback of natural convection is the rate of
heat transfer is small compared to forced convection. Previous researches showed,
this problem could be overcome by immersing the system in dielectric liquid [1].

F.A. Gdhaidh (�) • K. Hussain • H.-S. Qi
Faculty of Engineering and Informatics, University of Bradford, Bradford BD7 1DP, UK
e-mail: F.A.Gdhaidh@bradford.ac.uk; K.Hussain1@bradford.ac.uk; H.Qi@bradford.ac.uk
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2 F.A. Gdhaidh et al.

Zinnes [2] investigated the conjugate effects in natural convection. He observed
that, the coupling between conduction in a substrate and convection in a fluid
is hugely affected by the substrate/fluid thermal conductivity ratio. Most of the
published works in the field of natural convection from rectangular enclosures
[3–5] whether these enclosures considered vertical or horizontal revealed that, the
isothermal condition was applied to create temperature gradient. Several numerical
investigations [6, 7] considered the conjugate natural convection from a heater
mounted on a substrate immersed in liquid within an enclosure. It was concluded
that most of the generated power was dissipated by the substrate for high value
of substrate/fluid thermal conductivity ratio and the maximum temperature of the
heater was decreased.

Heindel et al. [8] carried out a 3-D numerical and experimental study. Water
and FC-77 were used within the enclosure and an isothermal cold wall at room
temperature was assumed. They concluded that when the applied heat flux went
up the convection coefficients and vertical velocity along heater faces increased.
In addition, the flow inside the cavity became very complex when the Rayleigh
number increased. Moreover, the 2-D numerical predictions exceeded those of 3-
D model by 10–15 %. Further work by Heindel et al. [9] showed that the heat
transfer was enhanced as much as 15 and 24 times for horizontal and vertical cavity
orientations respectively by installing fins on the discrete heaters. The cold wall kept
isothermally at 15 °C by using parallel plate fin arrays.

Numerical predictions of steady state natural convection in a square cavity
was given by Banerjee et al. [10] to determine the sizes of heaters and the
value of applied heat fluxes to ensure the operation within the specified thermal
limit. Wroblewski and Joshi [11, 12] noticed that, at high substrate/fluid thermal
conductivity ratio Rs > 10, the effects of the substrate conductivity especially
on the maximum temperature were found to be very important due to the low
thermal conductivity of the coolant liquid (FC-75). Experimental and numerical
studies of conjugate heat transfer on a heated vertical wall were studied by Bilgen
[13]. It was noticed that the Nusselt number depended on the Rayleigh number
and wall thickness but it was a weak function of conductivity ratio. The thermal
performance of the enclosure was improved with an increase in the Rayleigh number
as reported in [14, 15]. Hyun and Kim [16] noticed that, in the case when the fluid
confined between two plates, the temperature difference had to exceed a certain
value between the plates before fluid motion could be detected.

Many efforts from previous studies using both numerical and experimental
methods are focused on investigation of the effects of Rayleigh number Ra,
substrate/fluid thermal conductivity ratio Rs and different fluids on the flow and
temperature fields. It is shown that the maximum temperature is decreased with
increasing Rs especially whenRs > 10. In the present study, numerical investigation
was carried out, which shows that although the maximum temperature is reduced by
increasing Rs, but there is a limit on Rs where the maximum temperature remains
constant with increasing Rs over that limit.
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2 Problem Description

A 2-D numerical investigation of the coupling between conduction and natural
convection heat transfer from three discrete heat sources mounted on vertical wall of
a cavity is presented. The opposite vertical wall and the horizontal walls are assumed
to be at constant temperature (isothermal) and adiabatic respectively. Figure 1.1
shows a schematic of the two-dimensional rectangular cavity filled with different
fluids of FC-77 (a dielectric fluorocarbon liquid) and air used in this investigation.
The isoflux condition is applied at the back of each heat source whereas the back of
the substrate was assumed to be adiabatic.

The height and length of the cavity where assumed as H and
�
Ls CLf

�
respectively. Aspect ratio of the cavity is fixed at

�
Az D H=Lf D 8

�
. Table 1.1

illustrates the dimension of the parameters in mm.

Adiabatic

Heater 1

Heater 2

Heater 3

g

Substrate

Fig. 1.1 A schematic diagram of the physical model

Table 1.1 Physical model
parameters

H Lz Pz Lf Ls ˛

96 12 16.8 12 6 25.2
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3 Mathematical Model

The mathematical model is constrained by the following assumptions: 2-D steady
state heat transfer, laminar natural convection flow without viscous dissipation,
contact resistance between the heater/substrate interfaces and the radiation effects
are neglected, the Boussinesq approximation is applied and the gravity acts in the
vertical downward direction.

By using the above assumptions in the differential equations of continuity,
momentum and energy, the governing equations are written in dimensionless form
as:

• In fluid region:

Continuity:

@U

@X
C @U
@Y
D 0 (1.1)

X-momentum:

U
@U

@X
C V @U

@Y
D �@P

@X
C Pr

�
@2U

@X2
C @

2U

@Y 2

�
(1.2)

Y-momentum:

U

�
@V

@X

�
C V

�
@V

@Y

�
D �

�
@P

@Y

�
C Pr

�
@2V

@X2
C @

2V

@Y 2

�
CR�

aLz
Pr� (1.3)

Energy:

U
@�

@X
C V @�

@Y
D @2�

@X2
C @2�

@Y 2
(1.4)

• In solid region:

In this region there is only energy equation because the velocity components are
zero, therefore the energy equation is written as:

K1
@2�

@X2
CK2 @

2�

@Y 2
D 0 (1.5)

where K1 and K2 can be either the values of Rh or Rs depends on the position of the
calculation whether in the heater or in the substrate region and:

Rs D ks

kf
; Rh D kh

kf
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The above equations are obtained using the following dimensionless parameters:

X D x

Lz
; Y D y

Lz
; U D uLz

˛f
; V D vLz

˛f
(1.6)

P D p

�
�
˛f
.
Lz

�2 ; � D T � Tc�
q00Lz=kf

� (1.7)

(1.8)

In order to complete the mathematical model, the following dimensionless
boundary conditions are used:

• At X D 0:

U D V D 0; U D V D 0; @�=@X D
� �1=Rh at heater

0 at subst rate
(1.9)

• At X D �Ls C Lf � =Lz:

U D V D 0; � D 0 (1.10)

• At Y D 0:

U D V D 0; @�
@Y
D 0 (1.11)

• At Y D H=Lz:

U D V D 0; @�
@Y
D 0 (1.12)
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The thermal conductivity for dissimilar materials is obtained by the harmonic
mean formulation [17].

The local heat transfer coefficient at solid/fluid interface is defined as hs D
q00=

�
Ts.x/ � Tc

�
where Ts(x) is the local temperature on the surface [10]. Therefore,

the rate of convection heat transfer at any point in the solid/fluid interface wall is
introduced by the dimensionless number (local Nusselt number Nu(X)) based on
length of heat source, which is written as:

Nu.X/ D � �
�w

	
@�

@X



w

(1.13)

4 Solution Procedure and Validation

In present study, the control volume technique was used to discretise the gov-
erning Eqs. (1.1, 1.2, 1.3, 1.4, and 1.5). The resulting algebraic equations were
solved sequentially by “TDMA” (Tri-Diagonal Matrix Algorithm). The “SIMPLE”
algorithm (semi-implicit method for pressure linked equations) was used to handle
the coupling between pressure and velocity as described by Patankar [18]. To
avoid the divergence in the iteration process, Under-relaxation techniques were
used to slow down the change between iterations. It is noted that, although the
solid and fluid regions have different equations, the numerical solutions within the
computational domain for continuity, momentum and energy equations are obtained
simultaneously in both regions.

The effect of the number of grid size (Nx � Ny/ on the numerical analysis was
carried out under the condition of the enclosure filled with FC-77 and R�

alz
D 104.

Three different uniform grid sizes were tested in both x and y directions. The results
of dimensionless temperature at solid/fluid interface show that, the mesh size of
36 * 80 gave an optimum computational time in comparison with other mesh sizes
and also gave accurate results.

The code is validated against the benchmark results of Heindel et al. [18]. The
validation results show that, dimensionless temperatures at solid/fluid interface have
the same trends and the deviation between them decreases with increase ofR�

alz
. The

biggest deviation was at the base of the enclosure with 11 % when R�
alz
D 104 and

the percentage is reduced to 6 % at the top of the enclosure.

5 Results and Discussion

The geometry used in this study is represented in Fig. 1.1. Firstly the numerical
study examined the effects of modified Rayleigh number which is based on the
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Fig. 1.2 Dimensionless streamlines § at (a) R�
alz

D 104 and (b) R�
alz

D 107 for FC-77 Pr D 25,
Rh D 2350 and Rs D 10

applied isoflux condition in the range R�
alz D 104 � 107 for both fluids (FC-77 and

air) and then the effect of thermal conductivity ratio Rs was examined in the range
10� 1000 for FC-77 only when the modified Rayleigh number fixed at 106.

5.1 Effects of Modified Rayleigh Number

Modified Rayleigh number was varied by changing the applied power to each
heat source. The heaters’ material used for the study was silicon with thermal
conductivity (kh D 148 W=mK) producing constant heat flux and the heater/fluid
thermal conductivity ratio is Rh D 2350 for FC-77 and Rh D 5627 for air. The
fluid Prandtl number is assumed to be 25 corresponding to FC-77 and 0.7 for
air, respectively. The flow field inside the enclosure is presented by dimensionless
stream function as follow:

U D @§=@Y; V D �@§=@X (1.14)

Figures 1.2 and 1.3 illustrate the dimensionless streamlines for FC-77 and air
respectively. Figure 1.2a represents the results for R�

alz
D 104, where the flow is

weak with j§jmax D 7:93, where § is an absolute value. There is a small core
of nearly stagnant fluid located slightly above the centre of the enclosure, and the
heaters regions are very clear.
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Fig. 1.3 Dimensionless streamlines § at (a) R�
alz

D 104 and (b) R�
alz

D 107 for air Pr D 0:7,
Rh D 5627 and Rs D 24

Figure 1.3a shows that, the flow inside the enclosure for air is also weak with
j§jmax D 6:436 but the flow is smooth. Additionally there is a thick thermal
boundary layer along solid/fluid interface wall for both fluids.

It is noticed that, with increasing R�
alz

the boundary layers along hot, cold and
horizontal walls become thinner. Also the flow developed in the central region of
the cavity and becomes complex. Additionally as a result of the fluid circulation in
clockwise direction, the cold fluid swept the hot fluid near the leading edge of each
heater row and that is more noticeable for FC-77.

The dimensionless isotherms � are shown in Figs. 1.4 and 1.5. For both fluids
whenR�

alz
D 104, the contour lines of � is nearly vertical in fluid region because the

heat transfer is controlled by conduction. The lines for air are smoother than FC-77
where the effects of heater edges are clear.

With increasing R�
alz
D 107 the central of fluid region is completely stratified

and the thermal boundary layers of hot and cold walls are extremely thin. Because
of the large thermal conductivity of heaters, each heater face is isothermal but the
temperatures are different from one heater to another.

The dimensionless temperatures (�) at solid/fluid interface for both fluids
are studied and presented in Gdhaidh et al. [19]. The results indicate that, the
dimensionless temperature decreases R�

alz
increase due to the increase in .T � Tc/

and hence not equal to the increase in q00.
Also the dimensionless local heat fluxbq00 and the local Nusselt number Nu(X) are

investigated. In general, both ofbq00 and Nu(X) increase for higher Rayleigh number.
For more details, see Gdhaidh et al. [19].
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Fig. 1.6 Dimensionless streamline § at (a) Rs D 10 and (b) Rs D 1000 for FC-77 (Pr D 25,
Rh D 2350 and R�

alz
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5.2 Effects of Substrate/Fluid Thermal Conductivity Ratio

Further investigation was carried using FC-77 to study the effects of the
substrate/fluid thermal conductivity ratio with a fixed modified Rayleigh number
R�
alz
D 106.

Figure 1.6 displays the dimensionless streamlines § for different values of Rs. It
can be noticed that, the value of § increases from j§jmax D 46:9 when Rs D 10 to
j§jmax D 53:7whenRs D 103. As Rs increases, the flow pattern becomes smoother,
and the stagnant core is located at the centre of the fluid region. The difference
between the two streamlines in Fig. 1.6a, b is due to a higher thermal conductivity
ratio for the case presented in Fig. 1.6b. Also the flow regions related to the discrete
heaters become indistinguishable at high values of Rs, where the fluid below Heater
3 is preheated causing fluid movement. Additionally the flow is characterised by a
clockwise circulation arising from the heaters due to the buoyancy effects.

Figure 1.7 shows the isotherms � for different values of Rs. From the figure,
the heaters’ faces are isothermal but there are significant differences between the
heaters’ temperatures when Rs D 10. Those differences are due to the large
thermal conductivity of the heaters and low thermal conductivity of the substrate.
The heaters’ temperature increases from Heater 3 to Heater 1 as a result of the
increase in the local fluid temperature along the solid/fluid interface. For high value
of Rs D 103, the maximum dimensionless temperature is decreased as more energy
is dissipated by the substrate before being transported to the fluid. Moreover, the



1 Numerical Study of Conjugate Natural Convection from Discrete Heat Sources 11

0 0.5 1 1.5

8

7

6

5

4

3

2

1

0

0.02

0.04

0.06

0.08

0.1

0.12

Heater 1 

Substrate

a

0.079

0.0439

0.129

0.009

0 0.5 1 1.5

8

7

6

5

4

3

2

1

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.0994

0.0639

Substrate

Heater 1

b

0.0355

Fig. 1.7 Isotherms � at (a) Rs D 10 and (b) Rs D 1000 for FC-77 (Pr D 25, Rh D 2350 and
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alz

D 106)

heaters and substrate along the solid/fluid interface are approximately at the same
temperature.

The dimensionless temperature distributions at the solid/fluid interface for
different values of Rs are shown in Fig. 1.8. Increase in Rs gives another path to
dissipate the heat from the heaters where more energy passes through the substrate.
When the results from using two values of Rs D 10 and Rs D 103 are compared,
there is a noticeable difference between them at the substrate region under Heater
3 where the dimensionless temperature of Rs D 103 is about 6 times higher than
that of Rs D 10 at the base of the cavity. This difference decreases as y/lz increase
until y=Lz D 3:5, where the values of � for Rs D 10 passes those of Rs D 103 and
the maximum temperature when Rs D 103 is reduced by 23 %. Furthermore, the
dimensionless temperature over the entire cavity height becomes nearly isothermal
for large values of Rs.

In most applications, copper and aluminium are the preferred materials for the
substrate. These two materials have a large thermal conductivity where the thermal
conductivity ratios are 6,350 and 3,970 for copper and aluminium respectively. The
results of � along the solid/fluid interface are converged for both materials, also
the heaters and substrate regions cannot be distinguished as shown in Fig. 1.8.
Therefore, with very high values of Rs, the effect of thermal conductivity ratio on
the dimensionless temperature is disappeared. As a result, the aluminium can be
used instead of copper.



12 F.A. Gdhaidh et al.

876543210
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14
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(Pr D 25, Rh D 2350 and R�

alz
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5.3 Temperature Results in Dimensional Form

The previous results are presented in dimensionless form but it is important to
know the value of the temperature in dimensional form. To present the temperature
distribution at the solid/fluid interface in dimensional form (°C), as shown in Fig. 1.9
two values of modified Rayleigh number are selected, R�

alz
D 104 and R�

alz
D 105,

for the given values of Rs D 10 and Rs D 24 for FC-77 and air respectively.
The value of q00 could be found from modified Rayleigh number equation

R�
alz
Dg“q00L4z=kf’f� where the properties of FC-77 and air are known constant and

the cold wall has a constant temperature of 20 °C. So the temperature in dimension
form can be found from the following relation:

T D �q
00Lz

Kf
C Tc (1.15)

Table 1.2 shows the values of heat flux q00 for both working fluids at two selected
modified Rayleigh number 104 and 105.



1 Numerical Study of Conjugate Natural Convection from Discrete Heat Sources 13

96847260483624120
20

25

30

35

40

45

96847260483624120

40

60

80

100

120

140

160

180

200

220

240

a b

Fig. 1.9 Local dimension temperature distribution at the solid/fluid with different R�
alz : (a) for

FC-77 and (b) for air

Table 1.2 The values of q00

for different modified
Rayleigh number for both
working fluids

R�
alz

q00(W/m2) for FC-77 q00(W/m2) for air

104 52:1 240

105 521 2400

6 Conclusions and Future Work

Steady state natural conjugate convection analysis for rectangular cavity with
discrete heat sources flush mounted on one vertical wall has been conducted
numerically. The control volume technique with the “SIMPLE” algorithm is used to
simulate the problem. The results from this research show that:

1. At small values of modified Rayleigh number R�
alz
D 104 the heat transfer is

controlled by conduction. With increase R�
alz

the thermal boundary layers of
the hot and cold walls become extremely thin and also the flow becomes more
complex.

2. The dimensionless temperature � at the solid/fluid interface for both working
fluids (FC-77 and air) decreases as R�

alz
increases, due to the increment in the

temperature differences is not equal to the increase in q00.
3. There is a strong effect of the substrate thermal conductivity on the temperature

distribution as well as the maximum temperature. With increase Rs, more energy
is dissipated by the substrate, which results in a decrease of the maximum
temperature level.

4. For high values Rs >10
3, the solid/fluid interface temperature becomes isother-

mal and the discrete heater locations become almost indistinguishable. Moreover
when the Rs >1500 the substrate has no effect on the maximum temperature.
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In this study, an isothermal boundary conditions were is used. Such conditions
are unrealistic for a normal desktop computer or other electronic devices. To keep
one wall or more of the enclosure at a constant temperature, an adjustable water
flow with pump and a heat exchanger is required. Moreover, when the ambient
temperature is higher than the temperature of the walls, a refrigeration system is
needed. Therefore, a large space is necessary and the levels of noise and vibration
induced could be increased. In future study the above problem could be overcome
by assuming the cold wall as a heat sink that is cooled by the air flow generated
from the exhaust fan.
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Chapter 2
Study of Soil-Structure Interaction Problems
Using Mixed FEM-BEM Formulations

Dimas Betioli Ribeiro and João Batista de Paiva

Abstract The objective of this paper is to present formulations developed for soil-
building interaction analysis, including foundations. The soil is modeled with the
boundary element method (BEM) as a layered solid which may be finite for the
vertical direction, but is always infinite for radial directions. Infinite boundary
elements are employed for the far field simulation, allowing computational cost
reduction without compromising the result accuracy. Beams, columns and piles are
modeled with the finite element method (FEM) using one dimensional elements.
Slabs and rafts are also modeled with the FEM, but with two dimensional elements.
The analysis is static and all materials are considered homogeneous, isotropic,
elastic and with linear behavior.

Keywords Boundary elements • Finite elements • Soil-structure interaction •
Pile • Raft • Slab

1 Introduction

The construction of buildings involve complex soil-structure interaction effects that
require previous studies to be correctly considered in the project. The basis of these
studies has to be chosen among many options available and each one of them implies
on advantages and disadvantages, as described below.

When possible, a good choice is to employ analytical methods. When correctly
programmed they give trustful results in little processing time. In Ref. [2], for
example, a solution is presented for an axially loaded pile with a rectangular cross
section and immersed in a layered isotropic domain. The main disadvantage of
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these solutions is that they suit only specific situations, so many researches keep
developing new ones to include new problems. Another reference that may be
cited is [9].

If analytical solutions cannot be used, one alternative would be a numerical
approach. The developments [6] of the numerical methods in the latter years and its
versatility made them attractive to many researchers. The finite element method
(FEM) is still popular [5, 16], however has some disadvantages when compared
to other options such as the boundary element method (BEM). The FEM require
the discretization of the domain, which has to be simulated as infinite in most soil-
structure interaction problems. This implies on a high number of elements, leading
to a large and sometimes impracticable processing time.

It becomes more viable solving these problems with the BEM, once only the
boundary of the domains involved is discretized. This allows reducing the problem
dimension, implying on less processing time. This advantage is explored in several
works [1, 7, 12] and new developments are making the BEM even more attractive
to future applications. One is simulating non-homogeneous domains using an
alternative multi-domain BEM technique [13], another is using mapping functions
to make boundary elements infinite [14].

The objective of this paper is to present a formulation for building-soil inter-
action analysis that uses recent developments accomplished by the authors in
Refs. [13–15]. The proposed formulation is applied into two examples. In the first,
a squared raft resting on an infinite layered domain is considered. Results are
compared with other formulations available in the literature including an analytical
approach and good agreement is observed. The objective of the second example
is to show all functionalities of the proposed formulation, considering a complete
building interacting with a layered soil. No comparison with other authors is
presented, nevertheless the results obtained may be considered coherent. Finally,
it is concluded that the presented formulation may be considered a practical and
attractive alternative in the field of soil-structure interaction simulation.

2 Boundary Element Formulation

The equilibrium of a solid body can be represented by a boundary integral equation
called the Somigliana Identity, which for homogeneous, isotropic and linear-elastic
domains is

cij .y/ uj .y/C
Z
�

p�
ij .x; y/ uj .x/ d� .x/ D

Z
�

u�
ij .x; y/ pj .x/ d� .x/ (2.1)

Equation 2.1 is written for a source point y at the boundary, where the displace-
ment is uj .y/. The constant cij depends on the Poisson ratio and the boundary
geometry at y, as pointed out in Ref. [11]. The field point x goes through the whole
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Fig. 2.1 Triangular boundary
element

2

13

x2

x1

boundary � , where displacements are uj .x/ and tractions are pj .x/. The integral
kernels u�

ij .x; y/ and p�
ij .x; y/ are Kelvin three-dimensional fundamental solutions

for displacements and tractions, respectively. Kernel u�
ij .x; y/ has order 1=r and

kernel p�
ij .x; y/ order 1

ı
r2, where r D jx � yj, so the integrals have singularity

problems when x approaches y. Therefore the stronger singular integral, over the
traction kernel, has to be defined in terms of a Cauchy Principal Value (CPV).

To solve Eq. 2.1 numerically, the boundary is divided into regions within which
displacements and tractions are approximated by known shape functions. Here these
regions are of two types, finite boundary elements (BEs) and infinite boundary
elements (IBEs). The BEs employed are triangular, as shown in Fig. 2.1 with the
local system of coordinates, �1�2, and the local node numbering. The following
approximations are used for this BE:

uj D
3X
kD1
N kukj ; pj D

3X
kD1

N kpkj (2.2)

Equation 2.2 relates the boundary values uj and pj to the nodal values of the BE.
The BEs have 3 nodes and for each node there are three components of displacement
ukj and traction pkj . The shape functionsNk used for these approximations are

N1 D �1; N 2 D �2; N 3 D 1 � �1 � �2 (2.3)

The same shape functions are used to approximate the boundary geometry and to
interpolate displacements and tractions for the IBEs. The IBE geometry, on the other
hand, is approximated by special mapping functions, as discussed in more detail in
Sect. 3. By substituting Eq. 2.2 in 2.1, Eq. 2.4 is obtained:

cijuj C
NBEP
eD1

�
3P
kD1

h
�pek

ij ukj

i�
C
NIBEP
eD1

(
NpP
kD1

h
�1pek

ij ukj

i)


