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Preface

At very low temperatures and at certain filling factors ν, the ground state of a high
mobility electron gas exposed to a strong magnetic field becomes incompressible,
forming an integer quantum Hall (IQH) or fractional quantum Hall (FQH) state.
The ν ¼ 5=2 state is one of the most exceptional of these states, as it is believed to
exhibit non-Abelian quasiparticle excitations. This property makes it not only
interesting from a fundamental physics point of view, but also for possible appli-
cations in topological quantum computing.

In this book, we investigate the properties of the IQH and FQH states, using
transport measurements in the bulk, in quantum point contacts (QPCs) and through
quantum dots (QDs) or interferometers implemented in high mobility GaAs sam-
ples. One important goal of the work presented in this book has been to study the
properties of the ν ¼ 5=2 state by investigating its tunneling and confinement
properties and to make progress towards the realization of an experiment that allows
to probe the statistics of the quasiparticle excitations at ν ¼ 5=2.

This book gives an insight into the work on the ν ¼ 5=2 state that has been
conducted at ETH Zürich in a collaboration of the groups of Werner Wegscheider
and Klaus Ensslin, since 2010. The book is based on a dissertation written by
Stephan Baer in the group of Klaus Ensslin [1].

This book provides an overview of recent developments in experiments probing
the fractional quantum Hall (FQH) states of the second Landau level, especially the
ν ¼ 5=2 state. It summarizes the state-of-the-art understanding of these FQH states.
It furthermore describes how the properties of the FQH states can be probed
experimentally, by investigating tunneling and confinement properties. The progress
towards the realization of an experiment, allowing to probe the potentially
non-Abelian statistics of the quasiparticle excitations at ν ¼ 5=2 is discussed.
The book is intended as a reference for graduate students and postdocs starting in the
field. The experimental part of this book gives practical advice for solving the
experimental challenges which are faced by researchers studying highly fragile FQH
states.

We thank the following colleagues for their contribution to this work or for
discussions: Clemens Rössler, Thomas Ihn, Szymon Hennel, Werner Wegscheider,

v



Christian Reichl, Anastasia Varlet, Tobias Krähenmann, Ernst de Wiljes,
Per-Lennart Ardelt, Thomas Hasler, Hiske Overweg, Sebastian Butz, Dominic
Blosser, Bernd Rosenow, Rudolf Morf, Lars Tiemann and many others.

Zürich Stephan Baer
July 2015 Klaus Ensslin
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Chapter 1
Introduction

This work contains many things which are new and interesting.
Unfortunately, everything that is new is not interesting, and
everything which is interesting, is not new.

Lev Landau, not in reference to this book

Motivation

Some of the most intriguing physical phenomena, like superconductivity, superflu-
idity or Bose-Einstein condensation, are many-body effects. Here the interaction of
the particles that constitute the physical system can change the system’s behavior
dramatically. Many of these effects have been discovered unintentionally in experi-
ments which were conducted for example at very low temperatures and in very pure
or very regular systems. Under such conditions, interaction effects that otherwise do
not play a role and which often were not anticipated, become relevant.

Two-dimensional electron gases (2DEGs) are the ideal system for the experimen-
talist studying many-body effects in solid state physics. These systems are excep-
tionally pure and can be cooled to temperatures below 10 mK with state-of-the-art
experimental setups. The fractional quantumHall (FQH) effect is amany-body effect
that has been discovered under these conditions. Electrons in a two-dimensional sys-
tem exposed to a strong magnetic field interact with each other via the Coulomb
interaction. It turns out that under certain conditions electrons form a collective
ground state, described by a many-body wavefunction proposed by Laughlin [1].
The interacting electrons in this state can be understood as new quasiparticles, so-
called composite Fermions [2]. In this description, they are only weakly interacting
and have different physical properties than the original electrons. For example, the
charge of the quasiparticles no longer corresponds to the original electron charge,
but is only a fraction of it. Another far-reaching consequence of the correlations in
a two-dimensional system is that composite particles do not behave as Fermions or
Bosons. While a particle exchange of Fermions or Bosons changes the phase of the
wavefunction by 0 or π, it can be any value for the quasiparticles of the fractional
quantum Hall effect, making them “anyons”.

© Springer International Publishing Switzerland 2015
S. Baer and K. Ensslin, Transport Spectroscopy of Confined Fractional
Quantum Hall Systems, Springer Series in Solid-State Sciences 183,
DOI 10.1007/978-3-319-21051-3_1
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2 1 Introduction

With the chase for new physics, samples have been further improved, revealing
new interesting phenomena. One of the most remarkable subsequent discoveries was
the ν =5/2 state [3], which could no longer be understood in the framework developed
for the ordinary FQH effect. A possible explanation for this groundstate suggests
a BCS-like p-wave pairing of composite Fermions [4]. However, alternative less
exciting explanations exist (see Sect. 3.6). The p-wave paired Moore-Read Pfaffian
groundstate would possess another property, which has tremendously increased the
interest in the ν =5/2 state: it is believed to exhibit non-Abelian anyonic excitations.
In a very simplified picture, this can be understood in the following way [5]: given
an ensemble of N quasiparticles, an exchange of two quasiparticles transforms the
total wavefunction to a different final state. The system is said to be non-Abelian,
if performing exactly the same exchange operations in a different sequence leads
to a different final state. By exchanging quasiparticles in a particular sequence, this
might allow to apply a desired unitary transformation to the wavefunction, which
could for example be used for quantum computation. Here, the exact trajectories on
which the quasiparticles are exchanged are irrelevant and the system is protected
from decoherence. Such a system is said to be “topologically protected”.

Though numerical and first experimental results favor the non-Abelian candidates
for ν =5/2, the definite proof is still missing. Also the nature of most of the other
FQH states in the second Landau level (LL), like the ν =7/3 and ν =8/3 FQH states
is not fully clarified yet. Given the large theoretical effort that is invested to explore
the potential properties of these states, answering the open questions is one of the
most important experimental tasks in the quantum Hall research community.

However, even without non-Abelian statistics, the FQH states in the second LL
contain interesting many-body physics and are worth studying. The physics in the
second Landau level is not only influenced by FQH states, but also by electron crystal
phases which compete with the FQH states. The properties of those states are still
largely unexplored and require further experimental study.

Impact of this work and outlook

An important goal of the experiments presented in this book was to investigate the
properties of the FQH states in the second LL, especially the ν =5/2 state. Our work
intends to advance towards the realization of an interference experiment that clarifies
the nature of the ν =5/2 state and its potential suitability for quantum computing.

This book is the result of the first Ph.D. project conducted on the ν =5/2 state in
the Ensslin group at ETH Zürich by Stephan Baer. Hence we describe the exper-
imental tasks, necessary for starting this project. For example, it was necessary to
improve a dry dilution refrigerator setup for low electronic temperatures and a new
low temperature cabling, filtering setup and silver cold finger had to be designed
and built. Furthermore the sample processing had to be carefully checked and opti-
mized, in order to avoid a degradation of the quality of the 2DEGs. Due to a close
collaboration with theWegscheider group, we could identify and characterize wafers
that exhibit a pronounced ν =5/2 state and which were suitable for the experiments
conducted by us. By accomplishing these tasks we were finally able to observe the
most fragile FQH states and could reach an electronic temperature of approximately

http://dx.doi.org/10.1007/978-3-319-21051-3_3
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12–13 mK at a cryostat temperature of approximately 9–10 mK. Compared to the
best electronic temperatures of around 50 mK that have been reached in the Ensslin
group before, this is a large improvement. This preliminary work paves the way for
future FQH experiments at very low temperatures in the Ensslin group. Starting from
the prototype cabling and filtering employed by us, cold filtering techniques have
been further improved. In the Ensslin group’s new cryostat with a base temperature
of less than 3.5 mK, these developments might allow the study of even more fragile
FQH states, like for example the ν =12/5 state.

Quantum point contacts (QPCs) allow a local manipulation of FQH states and
are a basic building block for interferometers that try to investigate the ν =5/2 state.
We have investigated the transport properties of QPCs fabricated on high-mobility
electron gases. Finite-bias measurements have allowed us to investigate the confine-
ment potential and its influence on the QPC transmission in magnetic fields. Here
correlation effects show up in the transport. They arise from an interplay of the
FQH states with localized states, which are described by single- or many-electron
physics. In the FQH regime, disorder has a large influence on the transmission and
we observe effects related to the localization of fractionally charged quasiparticles
in the constriction. We have investigated the transmission properties of QPCs, which
is necessary in order to be able to correctly interpret tunneling and interferometer
experiments using QPCs, especially at ν =5/2.

Gating high-mobility 2DEGs is experimentally challenging and requires optimiz-
ing the gating procedure to the doping scheme of the heterostructure. By doing this,
we succeeded to define QPCs, with a perfect transmission of the ν =5/2 state. We
have demonstrated that this state can survive fully gapped in a top-gate defined inter-
ferometer, with an energy gap exceeding 200 mK. This is a crucial prerequisite for
interference experiments at this filling factor. To our knowledge, this has not been
clearly demonstrated before.

Using the gating techniques, we were able to define a QPC in a weak backscat-
tering regime, where quasiparticle tunneling in the FQH states at ν =5/2, 7/3 and 8/3
could be observed. Previous experiments were only conducted with a single sample
andwere not fully conclusive regarding the questionwhether the tunneling properties
at ν =5/2 favor an Abelian (3,3,1)-state or the non-Abelian Anti-Pfaffian or SU(2)2-
states. Hence, repeating those experiments with a different sample, fabricated with
a different growth technique was desirable. Furthermore, a correct interpretation of
the experiment in terms of the weak tunneling theory might depend sensitively on the
experimental situation, like the backscattering strength and the local filling factor.We
have addressed these open questions in detail and found that the Abelian (3,3,1)- and
(1,1,3)-states describe our data best. Though this result is for example inconsistent
with numerical findings, the quality of agreement of our data and theoretical predic-
tions for the (3,3,1)- and (1,1,3)-states is astonishing. The nature of the ν =8/3 and
7/3 states is not fully clear and non-Abelian candidate states have also been proposed
here.We present the first systematic investigation of these states in a tunneling exper-
iment. We find that the ν =8/3 state is best described by a particle-hole conjugate
Laughlin state. This finding is not only relevant for ν =8/3, but is also an important
crosscheck for the tunneling experiments that have investigated the ν =5/2 state. Our
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quasiparticle tunneling experiments will be supplemented by further experiments at
ν =1/3 and ν =2/3, which are currently being performed in the Ensslin group. These
studies might reveal whether additional interaction effects which have not been taken
into account in the theory modify the quasiparticle tunneling signatures.

In addition to theQPCmeasurements, we have performed transportmeasurements
of large quantum dots and interferometers in magnetic fields. We have optimized
charge detection techniques, which allow a time-resolved single-electron charge
detection on micron-sized quantum dots, which are suitable for interference exper-
iments in the quantum Hall regime. In order to perform charge detection on such
large QDs, the sensitivity had to be greatly enhanced. We have shown how this
can be accomplished using localized states. These optimized charge detection tech-
niques might be employed in the future to study the behavior of Coulomb dominated
Fabry-Pérot interferometers in the FQH regime. Here, (time-resolved) charge detec-
tion techniques might allow to study quasiparticle charges and the inner structure
of edge states, which are only accessible by direct transport in very special cases.
Subsequently, we have investigated such a special case: here, the transport prop-
erties of a single QD were modified due to the presence of different compressible
and incompressible regions in the dot. The transport behavior of the system could
be described in analogy to the physics of a double quantum dot. Our results show
that the inner structure of a QD can strongly influence the charging spectrum, which
is relevant for Coulomb blockade experiments trying to investigate the statistics of
the ν =5/2 edge excitations. Finally, transport in top-gate defined interferometers has
been investigated. Herewe have used different high-mobility 2DEGs that employ dif-
ferent doping techniques. We have investigated the experimental problems that arise,
for example due to the lack of stability of the structures. We have demonstrated how
a fully gapped ν =5/2 state can be confined in a top-gate defined interferometer with-
out destroying the quantization, by careful choice of the 2DEG in combination with
gating and illumination techniques. This is one of the experimentally most challeng-
ing prerequisites for the implementation of an interference experiment at ν =5/2 and
has to our knowledge not yet been clearly demonstrated in literature. Unfortunately,
no interference could be found at ν =5/2. This was mainly attributed to an inappro-
priate QPC geometry. Implementing an optimized interferometer geometry with the
techniques described by us, might in the future allow interference experiments at
ν =5/2.

The physics of the second LL is not only influenced by FQH states, but also
by density modulated phases corresponding to the reentrant integer quantum Hall
(RIQH) effect. A better understanding of the density-modulated phases might also
improve our understanding of the physics of the second Landau level as a whole.
Hence we have investigated the RIQH phases in non-equilibrium transport. Due to
their extreme fragility and high requirements to the sample quality, only few research
groups were able to investigate those states. Because of this, many properties of these
phases are still unknown and are still under experimental study. Our results suggest
that either these phases are not electron-hole symmetric as expected from theory or
that they possibly are of a more complicated nature than anticipated. As these phases
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reside in the same LL as the ν =5/2 state, such a particle-hole asymmetry might be
of relevance for the physics at ν =5/2 and the groundstate that is formed at this filling
factor.

Organization of this book

This book is structured in five parts:
Part I gives an introduction to two-dimensional electron gases, the quantum Hall

effect and edge states. We discuss the possibility of non-Abelian statistics and how
this could be probed with interference experiments. Finally, we give a short overview
of experiments at ν =5/2 by other authors and discuss their relevance for our results
and whether they are compatible with our findings.

Part II describes how the measurement setup and samples were optimized, which
in the end allowed us to perform experiments with the most fragile FQH states.

Part III discusses the QPC experiments: we start with investigating transport at
zero magnetic field and the QPC confinement potential. Then we turn to the question
of the magnetic field transmission of QPCs and how to observe a ν =5/2 state in a
QPC. Finally, we discuss the quasiparticle tunneling experiments in the second LL.

Part IV shows the results of quantum dot and interferometer experiments. After
a discussion of how charge detection techniques can be pushed towards the techni-
cal limit, we investigate a quantum dot, where the transport properties are strongly
modified due to the presence of compressible and incompressible regions inside the
dot. Then we discuss progress towards an interference experiment at ν =5/2.

Part V summarizes the non-equilibrium transport measurements in the reentrant
integer quantum Hall phases of the second Landau level.
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Chapter 2
Two-Dimensional Electron Gases

Abstract We review the basic low magnetic field properties of two-dimensional
electron gases (2DEGs). The influence of growth techniques on the observation of
the most fragile fractional quantum Hall states is discussed.

2.1 Introduction

Two-dimensional electron gases (2DEGs) in Gallium Arsenide (GaAs) represent the
cleanest solid state system that is accessible to experimentalists. Continuous tech-
nological progress in molecular beam epitaxy (MBE) growth (Fig. 2.1), has allowed
fabricating 2DEGs of higher and higher mobilities. In these systems new single- and
many-body quantum phenomena, like the integer quantum Hall (IQH) effect and
the fractional quantum Hall (FQH) effect, have been discovered. The Nobel prizes
of 1985 (Klaus von Klitzing) and 1998 (Robert B. Laughlin, Horst L. Störmer and
Daniel C. Tsui) attest the great importance of these discoveries and the large interest
they have raised, not only in the solid state physics community.

More recent discoveries, like the exotic fractional quantum Hall (FQH) states at
ν = 5/2 and ν = 12/5 show that still many interesting many-body phenomena
remain to be studied in these systems. In the following, we will shortly review the
basic properties and characteristics of 2DEGs. We will quickly discuss the sophisti-
cated growth techniques that make the observation of exotic FQH states possible and
hence provide the foundation for the experiments described in this book. Further-
more, these techniques have a large influence on the gating properties of top-gated
structures, which is of great relevance for the experiments discussed later in this
book.

© Springer International Publishing Switzerland 2015
S. Baer and K. Ensslin, Transport Spectroscopy of Confined Fractional
Quantum Hall Systems, Springer Series in Solid-State Sciences 183,
DOI 10.1007/978-3-319-21051-3_2
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10 2 Two-Dimensional Electron Gases

Fig. 2.1 Electron mobilities
versus temperature for
state-of-the-art GaAs 2DEGs
grown in different years. The
main lever for the mobility
improvement is indicated for
each curve. The best
currently available 2DEGs
reach mobilities of more than
30 million cm2/Vs (Taken
from [1]. Reprinted by
permission from Macmillan
Publishers Ltd)

2.2 Basic Properties of Two-Dimensional Electron Gases

The growth of two-dimensional AlGaAs/GaAs heterostructures relies on the combi-
nation of layers of GaAs with layers of the ternary compound AlxGa1−xAs. GaAs
and AlAs have a small lattice mismatch of only 0.14% [2], but different band gaps
Eg (Eg = 1.424 eV for GaAs and Eg = 2.168 eV for AlAs [3]). Thus GaAs and
AlxGa1−xAs layers can be combined without creating significant strain, but creating
large discontinuities in the conduction band edge energy ECB. Figure2.2 illustrates
how this technique is used to specifically engineer the conduction band edge, in order
to create a two-dimensional electron gas. Figure2.2a shows a layer sequence of a
single-side doped heterostucture. A conduction band energy, obtained from numer-
ically solving Poisson and Schrödinger equations self-consistently, is shown on the
right hand side (Fig. 2.2b) as a function of the reversed growth direction z. The sur-
face of the heterostructure is capped by a thin layer of GaAs to prevent oxidation.
The conduction band bottom at the surface is raised due to surface reconstruction or
due to a Schottky barrier with a metallic top-gate and is far above the Fermi energy
EF = 0. Below the GaAs cap, a thick layer of Al0.24Ga0.76As is grown, which leads
to a discontinuity of the conduction band energy at the interface between these two
materials. At z = 250nm, the conduction band energy is pinned close to the Fermi
energy due to strong local doping with silicon (Si). At z > 320nm, another wide
region of GaAs has been grown. Due to the pinning of the conduction band edge at



2.2 Basic Properties of Two-Dimensional Electron Gases 11

(a) (b)

(c) (d)

Fig. 2.2 a Layer structure of a single-side doped high-mobility heterostructure. The conduction
band edge, obtained from a numerical self-consistent solution of Poisson and Schrödinger equations
is shown in (b). The electron densities and square of the electronic wavefunctions of the two lowest
subbands are shown in c and d as a function of z. Here, only the lowest subband has a negative
eigenenergy and is occupied

the doping plane and due to the discontinuity of the conduction band at z = 320nm,
the conduction band edge is pulled below the Fermi energy at the interface between
AlxGa1−xAs and GaAs. Here, free states in the conduction band are filled by elec-
trons up to the Fermi energy, leading to a finite electron density close to the interface.
The calculated electron density of the sample is shown in Fig. 2.2c. The conduction
band electrons are confined in an approximately triangular confinement potential.
The calculated square of the electron wavefunction in z direction, χ2(z), is shown in
Fig. 2.2d for the two lowest subbands (χ2

0 and χ2
1). In this situation, only the lowest

subband, with an eigenenergy of E0 = −6.2 meV is occupied, while the second sub-
band with E1 = 3.6 meV remains empty. In this situation, the electron wavefunction
ψ(x, y, z) can be written as a plane wave for the in-plane directions x and y [4]:

ψ(x, y, z) = χ(z)ei(kx x+ky y) (2.1)

with a parabolic dispersion relation [4]:

En,k = En + �
2

2m∗ (k2x + k2y) (2.2)

We have used k = (kx , ky)
T . En is the eigenenergy of the nth subband and m∗ is

the effective mass of the 2DEG electrons. In this situation, the small z-extent of the
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volume occupied with electrons becomes negligible and we are dealing with a quasi
two-dimensional system.

The following list comprises the most important quantities for the description of
a 2DEG (partially taken from [4]). We give typical values of the quantities for a high
mobility 2DEG with ns ≈ 2.5 × 1011 cm−2 and μ ≈ 20 × 106 cm2/Vs.

Electron density The electron density mainly depends on the doping concentration
and the thickness of the AlGaAs spacer between 2DEG and doping plane. Typical
electron densities are of the order of 1.0 × 1011 cm−2–1.7 × 1011 cm−2 for single-
side doped heterostructures and 2.0 × 1011 cm−2–3.5 × 1011 cm−2 for double-side
doped quantum wells (QWs).

Electron mobility The electron mobility μ relates to the effective mass m∗ and the
momentum relaxation time τ via [4]:

μ = eτ

m∗ (2.3)

In the best samples available, typical magnitudes of themobility are 5×106 cm2/Vs–
10 × 106 cm2/Vs for single-side doped heterostructures and μ ≥ 15 × 106 cm2/Vs
for double-side doped QWs.

Elastic mean free path The elastic mean free path le is given as:

le = τvF (2.4)

where vF is the Fermi velocity. In the best samples, the elastic mean free path can be
as large as 175 µm.

Effective mass The in-plane effective mass m∗‖ is given by [4]:

1

m∗‖
= pA

m∗
A

+ pB
m∗

B
(2.5)

Here, pA and pB are the probabilities for finding the electron in material A or B
[4]. For typical 2DEGs, the envelope of the electronic wavefunction is small outside
the GaAs region in which the 2DEG is defined. Hence, the in-plane effective mass
corresponds with a good accuracy to the bulk GaAs effective mass: m∗‖ ≈ m∗

GaAs ≈
0.063 me [3].

Density of states The parabolic dispersion relation leads to a constant density of
states:

D2d(E) = gsm∗

2π�2
(2.6)

where gs denotes the spin degeneracy.
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Fermi energy The Fermi energy of the two-dimensional system is given as:

EF = 2πns�
2

gsm∗ (2.7)

In typical high-mobility 2DEGs, EF ≈ 30 meV is found.

Fermi wavevector The Fermi wavevector is defined as:

kF =
√
4πns

gs
(2.8)

It has a typical size of kF ≈ 1.3 × 108 m−1.

Fermi wavelength From this, the Fermi wavelength is obtained:

λF =
√

gsπ

ns
(2.9)

where typically λF ≈ 50nm in our samples.

Fermi velocity The Fermi velocity is the group velocity of an electron at the Fermi
energy and is given by:

vF = �kF
m∗ (2.10)

For our samples we find vF ≈ 2.4 × 105 m/s.

Classical cyclotron radius The cyclotron radius is the radius of a classical circular
orbit described by an electron in a magnetic field B due to the Lorentz force:

Rc = �kF
eB

(2.11)

At a given magnetic field B, we find: Rc × B ≈ 85 nmT.

Magnetic length The magnetic length at a given magnetic field B is given as:

lB = √
�/eB (2.12)

Typical magnetic lengths in quantum Hall experiments are of the order of 10nm:
lB × √

B = 25.6 nm
√
T.

Cyclotron energy Using the cyclotron frequency ωc = eB
m∗ , the cyclotron energy

Ecyc is given as:

Ecyc = �ωc = �eB

m∗ (2.13)
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Expressed in terms of thermal energy kBT , the cyclotron energy corresponds to:
Ecyc

B =̂ 20 K.

Coulomb energy The Coulomb energy is given as [5]:

ECoulomb = e2

4πεε0lB
(2.14)

Here, ε0 denotes the vacuum permittivity and ε the relative dielectric constant (in
our case GaAs: ε = 12.9). Expressed in terms of thermal energy, this corresponds
to: ECoulomb√

B
=̂ 50.8 K.

Zeeman energy The size of the Zeeman splitting is given as [6]:

EZ = 2gμBB · S = g

2

m∗

me
�ωc (2.15)

whereme is themass of a free electron. In bulk GaAs, the size of the Zeeman splitting
corresponds to: EZ

B =̂ 0.3 K. In reality, the effective g-factor and also the Zeeman
splitting can be strongly enhanced.

2.3 Low Field Magnetoresistance of Two-Dimensional
Electron Gases

A classical Hall measurement [7] at low magnetic fields can be performed in a setup
depicted in Fig. 2.3. Here, a four-terminal measurement scheme is used, where the
current is passed in the x-direction along the long axis of theHall-bar.Ahomogeneous
external magnetic field B is applied perpendicular to the 2DEG. The voltages Vxx

Fig. 2.3 Hall-bar measurement configuration. While a current ISD is passed along the long axis of
the Hall-bar, voltages Vxx and Vxy are measured. The voltage contacts define an area of a geometry
factor (W/L). An external magnetic field B is applied perpendicular the 2DEG plane
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and Vxy are measured on separate voltage contacts that define a geometry factor
(W/L).

In two dimensions, the electric field E = (Ex , Ey)
T and the current density

j = ( jx , jy)
T are related via:

(
Ex

Ey

)
=

(
ρxx ρxy

ρyx ρyy

)(
jx
jy

)
(2.16)

In the configuration of Fig. 2.3, we have jx = ISD/W and jy = 0. Hence we
can relate the components of the resistivity tensor to our measurement quantities via
ρxx = (W/L) Vxx

ISD
and ρxy = Vxy

ISD
.

Classical diffusive transport At low magnetic fields when quantization effects are
absent, the transport properties of the system can be well described by the Drude
model [8]. With an external electric field E and a magnetic field B, the equation of
motion of an electron between two scattering events can be written as [4]:

m∗ dv
dt

= −|e|(E + v × B) (2.17)

Scattering processes can be taken into account by assuming a statistical distrib-
ution of scattering angles and scattering times. Taking this statistical averaging into
account, the components of the drift velocity vD = (vx , vy)

T can be found [4]. At B
= 0, the following relation between the external electric field E and the drift velocity
vx is found:

vx = − eτ

m∗︸︷︷︸
μ

Ex = −μEx (2.18)

Here μ is the electron mobility. Using the definition of the current density, j =
−ns |e|vD and (2.16) we find [4]:

ρxx = m∗

nse2τ
(2.19)

ρxy = B

|e|ns
(2.20)

These measurement quantities are connected to the electron density and mobility
via:

ns = 1

|e|dρxy/d B|B=0
(2.21)

μ = dρxy/d B|B=0

ρxx (B = 0)
(2.22)
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2.4 Growth Schemes for High Electron Mobilities

High mobility quantum wells used for the experiments presented in this book were
grown in the group of Werner Wegscheider at ETH Zürich, by Christian Reichl and
Werner Wegscheider. The MBE system in use is optimized for highly pure MBE
growth and incorporates only a very small amount of residual background impurities
in the wafers. The technical challenges that arise for the growth of a high-mobility
2DEG, for example providing puremetal sources and optimized growth temperature,
-rate, etc. are far beyond the scope of this book. A discussion with respect to an
optimization of 2DEGs for the observation of the ν = 5/2 state can for example be
found in [9].

However, the doping schemes employed for the 2DEGs are of great experimental
relevance. Thus we will give a short overview of the different techniques used. The
details of the doping strongly influence the gating properties of a heterostructure
and hence influence the behavior of top-gate defined devices. The samples that have
been used for the experiments presented in this book employ either conventional DX-
doping or quantum-well doping and are optimized for the formation of a pronounced
ν = 5/2 state without the requirement of prior illumination with a light emitting
diode (LED) [9]. For DX-doping, a δ-doping plane of Si dopants is located in a wide
AlxGa1−xAs region. Apart from the shallow donors with hydrogenic energy levels,
deep donor levels, the DX-centers exist. Here, the binding of an electron involves a
lattice deformation and leads to a strongly bound electron state [10, 11]. The energy
difference between conduction band edge and DX energy level,�DX, scales linearly
for 0.22 < x < 0.4 (from �DX = 0 at x = 0.22 to �DX = −0.16 eV at x = 0.4)
[12]. Hence DX centers become shallow energy levels for a small Al mole fraction.
Illuminating a DX-doped sample at low temperatures ionizes the electrons bound in
DX-centers and enhances the electron density. We will discuss in the next section
why illumination is often necessary in such samples, in order to observe a quantized
ν = 5/2 state.

An example of a DX-doped structure is shown in Fig. 2.4a. The corresponding
schematics of the conduction band edge is shown in Fig. 2.4b. Here a 27nm wide
QW is defined approximately 200nm below the surface and a DX-doping scheme
in Al0.24Ga0.76As is used, at a setback distance of approximately 100nm. Within
the Al0.24Ga0.76As spacers, two 1.5nm wide GaAs QWs are defined, which are
expected to provide additional screening of theQW from long-range remote impurity
scattering. However, without illumination of the sample, these narrow QWs are not
expected to be occupied by charge carriers.1

Quantum well doping [13–15] is an efficient technique for screening the 2DEG
from long-range remote impurity scattering. Here, the doping region consists of
a narrow GaAs quantum well, defined between thin barriers of AlAs [9]. The δ-
Si doping plane lies in the center of the narrow GaAs QW, hence no DX centers
are formed [10]. When the layer thicknesses are chosen appropriately, the X-band
minima of theAlAs layers reside below the conduction band edge of the narrowGaAs

1C. Reichl, private communication.
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(a)

(b)

Fig. 2.4 a Layer sequence of a 27nm wide QW grown 200nm below the sample surface and using
a DX-doping scheme. b Schematic conduction band energy as a function of position. The dashed
red line indicates the Fermi energy

quantumwells (�-band) and excess electrons occupy theAlAsX-band [15]. The high
effective mass X-band electrons provide additional screening of the 2DEG from long
range potential fluctuations [9], but do not contribute to the 2DEG conductance if
the growth parameters are suitably chosen.

(a)

(b)

Fig. 2.5 a Layer sequence of a 30nm wide QW grown 250nm below the sample surface and using
a QW-doping scheme. b Schematic conduction band energy as a function of position. The dashed
red line indicates the Fermi energy


