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PREFACE FOR THE SECOND EDITION

In this second edition, additional sections have been incor-
porated to make it a more complete tome. In Chapter 4, a
historical account of how Isaac Newton solved a binomial
probability problem posed (1693) by the diarist Samuel
Pepys when the field of probability was relatively unknown
is described. In Chapter 10, Pearson correlation coefficient
introduced earlier in the chapter has been expanded to
include Spearman and Kendall correlation coefficients with
their properties and usages discussed. In Chapter 14, con-
vergences have been generalized. In Chapter 19 on estima-
tion, two adaptive estimation techniques such as Recursive
Least Squares and Least Mean Squares have been added. In
Chapter 20 on random processes, additional topics such as
Birth and Death Processes and Renewal Processes useful
for analyzing queuing have been incorporated. Chapter 23
is a new chapter on Probability Modeling of Teletraffic
Engineering written by my colleague Kavitha Chandra
discussing various probability models in teletraffic
engineering.

This new edition now contains 455 carefully detailed fig-
ures and 377 representative examples, some with multiple
solutions with every step explained clearly enhancing the clar-
ity of presentation to yield a more comprehensive reference
tome. It explains in detail the essential topics of applied math-
ematical functions to problems that engineers and researchers
solve daily in the course of their work. The usual topics like
set theory, combinatorics, random variables, discrete and con-
tinuous probability distribution functions, moments, and con-
vergence of random variables, autocovariance and cross
covariance functions, stationarity concepts, Wiener and Kal-
man filtering, and tomographic imaging of the first edition

have all been retained. Graphical Fourier transform tables
and a number of probability tables with accuracy up to nine
decimal places are given in the seven appendices. A new
eighth appendix on finding the roots of the probability gener-
ating function has also been added. The index has been care-
fully prepared to enhance the utility of this reference.

With these added material on theory and applications of
probability, the second edition of Probability and Random
Processes is a more comprehensive reference tome for practi-
cing scientists and engineers in economics, science, and
technology.

As in the first edition, the additional graphs in this edition
were also created with Mathcad software. All algebraic
calculations were also verified with Mathcad software.
Mathcad is a registered trademark of Parametric Technology
Corporation Inc., http://www.ptc.com/product/mathcad/
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PREFACE FOR THE FIRST EDITION

Many good textbooks exist on probability and random pro-
cesses written at the undergraduate level to the research level.
However, there is no one handy and ready book that explains
most of the essential topics, such as random variables
and most of their frequently used discrete and continuous
probability distribution functions; moments, transformation,
and convergences of random variables; characteristic and
generating functions; estimation theory and the associated
orthogonality principle; vector random variables; random
processes and their autocovariance and cross-covariance
functions; stationarity concepts; and random processes
through linear systems and the associated Wiener and Kalman
filters. Engineering practitioners and students alike have to
delve through several books to get the required formulas or
tables either to complete a project or to finish a homework
assignment. This book may alleviate this diffculty to some
extent and provide access to a compendium of most distribu-
tion functions used by communication engineers, queuing
theory specialists, signal processing engineers, biomedical
engineers, and physicists. Probability tables with accuracy
up to nine decimal places are given in the appendixes to
enhance the utility of this book. A particular feature is the pres-
entation of commonly occurring Fourier transforms where
both the time and frequency functions are drawn to scale.
Most of the theory has been explained with figures drawn
to scale. To understand the theory better, more than 300
examples are given with every step explained clearly. Fol-
lowing the adage that a figure is worth more than a thousand
words, most of the examples are also illustrated with figures
drawn to scale, resulting in more than 400 diagrams. This
book will be of particular value to graduate and undergradu-
ate students in electrical, computer, and civil engineering as
well as students in physics and applied mathematics for sol-
ving homework assignments and projects. It will certainly be

xiv

useful to communication and signal processing engineers,
and computer scientists in an industrial setting. It will also
serve as a good reference for research workers in biostatistics
and financial market analysis.

The salient features of this book are

Functional and statistical independence of random vari-

ables are explained.

* Ready reference to commonly occurring density and
distribution functions and their means and variances is
provided.

* A section on Benford's logarithmic law, which is used in

detecting tax fraud, is included.

More than 300 examples, many of them solved in differ-
ent ways to illustrate the theory and various applications
of probability, are presented.

* Most examples have been substantiated with graphs
drawn to scale.

More than 400 figures have been drawn to scale toimprove

the clarity of understanding the theory and examples.

* Bounds on the tails of Gaussian probability have been
carefully developed.

* A chapter has been devoted to computer generation of

random variates.

Another chapter has been devoted to matrix algebra so
that some estimation problems such as the Kalman filter
can be cast in matrix framework.

Estimation problems have been given considerable
exposure.

* Random processes defined and classified.

* A section on martingale processes with examples has
been included.



* Markov chains with interesting examples have been
discussed.

* Wiener and Kalman filtering have been discussed with a
number of examples.

* Important properties are summarized in tables.

* The final chapter is on applications of probability to
tomographic imaging.

* The appendixes consist of probability tables with
nine-place decimal accuracy for the most common prob-
ability distributions.

* An extremely useful feature are the Fourier transform
tables with both time and frequency functions graphed
carefully to scale.

After the introduction of functional independence in
Section 1.2, the differences between functional and statistical
independences are discussed in Section 2.3 and clarified
in Example 2.3.2. The foundation for permutations and
combinations are laid out in Chapter 3, followed by discrete
distributions in Chapter 4 with an end-of-chapter summary of
discrete distributions. Random variables are defined in
Chapter 5, and most of the frequently occurring continuous
distributions are explained in Chapters 6 and 7. Section 6.4
discusses the new bounds on Gaussian tails. A comprehen-
sive table is given at the end of Chapter 7 for all the con-
tinuous distributions and densities. After discussion of
conditional densities, joint densities, and moments in Chap-
ters 810, characteristic and other allied functions are
explained in Chapter 11 with a presentation of an end-of-
chapter table of means and variances of all discrete and con-
tinuous distributions. Functions of random variables are dis-
cussed in Chapters 12 and 13 with numerous examples.
Chapter 14 discusses the various bounds on probabilities
along with some commonly occurring inequalities. Computer
generation of random variates is presented in Chapter 15.
Elements of matrix algebra along with vector and matrix dif-
ferentiations are considered in Chapter 16. Vector random
variables and diagonalization of covariance matrices and
simultaneous diagonalization of two covariance matrices
are taken up in Chapter 17. Estimation and allied hypothesis
testing are discussed in Chapter 18. After random processes
are explained in Chapter 19, they are carefully classified
in Chapter 20, with Section 20.10 presenting martingale pro-
cesses that find wide use in financial engineering. Chapter 21
discusses the effects of passing random processes through
linear systems. A number of examples illustrate the basic
ideas of Wiener and Kalman filters in Chapter 22. The final
chapter, Chapter 23, presents a practical application of

PREFACE FOR THE FIRST EDITION XV

probability to tomographic imaging. The appendixes include
probability tables up to nine decimal places for Gaussian, chi-
square, Student-#, Poisson, and binomial distributions, and
Fourier transform tables with graphs for time and frequency
functions carefully drawn to scale.

This book is suitable for students and practicing engineers
who need a quick reference to any probability distribution or
table. It is also useful for self-study where a number of
carefully solved examples illustrate the applications of prob-
ability. Almost every topic has solved examples. It can be
used as an adjunct to any textbook on probability and may
also be prescribed as a textbook with homework problems
drawn from other sources.

During the more than four decades that I have been con-
tinuously teaching probability and random processes, many
authors who have written excellent textbooks have influ-
enced me to a considerable extent. Many of the ideas and
concepts that are expanded in this book are the direct result
of this influence. I owe a scientific debt of gratitude to all the
authors who have contributed to this ubiquitous and exciting
field of probability. Some of these authors are listed in the
reference, and the list is by no means exhaustive.

Most of the graphs and all the probability tables in this
book were created with Mathcad software. All algebraic
calculations were verified with Mathcad software. Mathcad
and Mathsoft are registered trademarks of Mathsoft
Engineering and Education, Inc., http://www.mathcad. com.

While facing extreme personal diffculties in writing this
book, the unequivocal support of my entire family have been
a source of inspiration in finishing it.

I acknowledge with great pleasure the support given to me
by the Wiley staff. George Telecki welcomed the idea of this
book; Rachel Witmer did more than her share of keeping me
in good humor with her cheerful disposition in spite of the
ever-expanding deadlines; and Kellsee Chu who did an
excellent job in managing the production of this book.
Finally, the enthusiastic support given to me by the Series
Editor Emmanuel Desurvire was very refreshing. This is
my second book with Wiley, and the skills of their copyedi-
tors and staff who transform highly mathematical manuscript
into a finished book continue to amaze me.

I'have revised this book several times and corrected errors.
Nevertheless, I cannot claim that it is error-free since correct-
ing errors in any book is a convergent process. I sincerely
hope that readers will bring to my attention any errors of com-
mission or omission that they may come across.

Chelmsford, Massachusetts VENKATARAMA KRISHNAN

March 2006
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1

SETS, FIELDS, AND EVENTS

1.1 SET DEFINITIONS

The concept of sets play an important role in probability. We
will define a set in the following paragraph.

Definition of Set

A set is a collection of objects called elements. The elements
of a set can also be sets. Sets are usually represented by
uppercase letters A, and elements are usually represented
by lowercase letters a. Thus
A={aj,az,...,a,} (1.1.1)

will mean that the set A contains the elements ay, as, ..., a,.
Conversely, we can write that @, is an element of A as

ar €A (1.1.2)
and q; is not an element of A as
atA (1.1.3)

A finite set contains a finite number of elements, for example,
S = {2,4,6}. Infinite sets will have either countably infinite
elements such as A = {x:x is all positive integers} or
uncountably infinite elements such as B = {x: x is real num-
ber <20}.

Example 1.1.1 The set A of all positive integers less than 7
is written as

A={x:xisapositive integer <7} : finite set.

Probability and Random Processes, Second Edition. Venkatarama Krishnan.

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.

Example 1.1.2 The set N of all positive integers is
written as

N ={x:xis all positive integers} : countably infinite set.
Example 1.1.3 The set R of all real numbers is written as
R={x:xisreal} : uncountably infinite set.

Example 1.1.4 The set R* of real numbers x, y is written as
R?={(x,y) : xis real, yis real }

Example 1.1.5 The set C of all real numbers x,y such that
x +y <10 is written as

C={(x,y) :x+y<10}: uncountably infinite set.

Venn Diagram

Sets can be represented graphically by means of a Venn dia-
gram. In this case we assume tacitly that S is a universal
set under consideration. In Example 1.1.5, the universal set
S = {x:x is all positive integers}. We shall represent the set
A in Example 1.1.1 by means of a Venn diagram of Fig. 1.1.1.

Empty Set

An empty is a set that contains no element. It plays an impor-
tant role in set theory and is denoted by ). The set A = {0} is
not an empty set since it contains the element 0.
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FIGURE 1.1.1

Cardinality

The number of elements in the set A is called the cardinality
of set A, and is denoted by |A|. If it is an infinite set, then the
cardinality is oo.

Example 1.1.6  The cardinality of the setA = {2,4,6} is 3, or
|A| = 3. The cardinality of set R = {x:x is real} is .

Example 1.1.7 The cardinality of the set A = {x: x is pos-
itive integer <7} is |A| = 6.

Example 1.1.8 The cardinality of the set B = {x:xis areal
number <10} is infinity since there are infinite real num-
bers <10.

Subset

A set Bis a subset of A if every element in B is an element of
A and is written as B C A. B is a proper subset of A if every
element of A is not in B and is written as B C A.

Equality of Sets

Two sets A and B are equal if BC A and A C B, that is, if every
element of A is contained in B and every element of B is
contained in A. In other words, sets A and B contain exactly
the same elements. Note that this is different from having
the same cardinality, that is, containing the same number
of elements.

Example 1.1.9 The set B = {1,3,5} is a proper subset of
A={1273,45,6}, whereas the set C = {x: x is a positive even
integer <6} and the set D = {2,4,6} are the same since they
contain the same elements. The cardinalities of B, C, and D
are 3 and C=D.

We shall now represent the sets A and B and the sets C
and D in Example 1.1.9 by means of the Venn diagram of
Fig. 1.1.2 on a suitably defined universal set S.

Power Set

The power set of any set A is the set of all possible subsets
of A and is denoted by PS(A). Every power set of any set

BcA

C
Positive even
integer < 6

2

FIGURE 1.1.2

A must contain the set A itself and the empty set ©. If n is
the cardinality of the set A, then the cardinality of the power
set |PS(A)| =2".

Example 1.1.10 If the set A = {1,2,3} then PS(A) = {Q,
(1,2,3), (1,2), (2,3), (3,1), (1), (2), (3)}. The cardinality |PS
A)| =8 =2

1.2 SET OPERATIONS

Union

Let A and B be sets belonging to the universal set S. The
union of sets A and B is another set C whose elements are
those that are in either A or B, and is denoted by A U B. Where
there is no confusion, it will also be represented as A + B:

AUB=A+B={x:x € Aorx € B} (1.2.1)

Example 1.2.1 The union of sets A = {1,2,3} and B =
{2,3,4,5} istheset C=AUB ={1,2,3,4,5}.

Intersection

The intersection of the sets A and B is another set C whose
elements are the same as those in both A and B and is
denoted by A N B. Where there is no confusion, it will also
be represented by AB.

ANB=AB={x:x € Aandx € B} (1.2.2)
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AUB

AnB

FIGURE 1.2.1

Example 1.2.2 The intersection of the sets A and B in
Example 1.2.1 is the set C = {2,3} Examples 1.2.1 and
1.2.2 are shown in the Venn diagram of Fig. 1.2.1.

Mutually Exclusive Sets

Two sets A and B are called mutually exclusive if their inter-
section is empty. Mutually exclusive sets are also called
disjoint.

ANB=0 (1.2.3)
One way to determine whether two sets A and B are mutually
exclusive is to check whether set B can occur when set A has
already occurred and vice versa. If it cannot, then A and
B are mutually exclusive. For example, if a single coin is
tossed, the two sets, {heads} and {tails}, are mutually exclu-
sive since {tails} cannot occur when {heads} has already
occurred and vice versa.

Independence

We will consider two types of independence. The first is
known as functional independence [58]." Two sets A and B
can be called functionally independent if the occurrence of B
does not in any way influence the occurrence of A and vice versa.
The second one is statistical independence, which is a different
concept that will be defined later. As an example, the tossing
of a coin is functionally independent of the tossing of a die
because they do not depend on each other. However, the tossing
of a coin and a die are not mutually exclusive since any one
can be tossed irrespective of the other. By the same token,
pressure and temperature are not functionally independent
because the physics of the problem, namely, Boyle’s law, con-
nects these quantities. They are certainly not mutually exclusive.

Cardinality of Unions and Intersections
We can now ascertain the cardinality of the union of two sets

A and B that are not mutually exclusive. The cardinality of the

"Numbers in brackets refer to bibliographic entries in the References
section at the end of the book.

FIGURE 1.2.2

union C = A U B can be determined as follows. If we add the
cardinality |A| to the cardinality |B|, we have added the car-
dinality of the intersection |A N B| twice. Hence we have to
subtract once the cardinality |A N B| as shown in Fig. 1.2.2.
Or, in other words
|AUB|=|A|+|B|-|A N B] (1.2.4a)
In Fig. 1.2.2 the cardinality |A| = 9 and the cardinality |B| =
11 and the cardinality [AUB| is 11 +9 - 4 = 16.
As a corollary, if sets A and B are mutually exclusive, then
the cardinality of the union is the sum of the cardinalities; or
|AUB|=|A| +|B| (1.2.4b)

The generalization of this result to an arbitrary union of n sets
is called the inclusion—exclusion principle, given by

n n n n
Ui =D 1A= D aina+ > JAina;nA
i=1 i=1 iyj=1 i,jo k=1

i#] ik

—(=1)" > JANANA--NA4,| (1.25)
iyj’k=1
i£itk. #n

If the sets {A;} are mutually exclusive, thatis, A;NA; = O for
i #J, then we have

n

U

i=1

n

=) Al

i=1

(1.2.5b)
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AnBNC

FIGURE 1.2.3

This equation is illustrated in the Venn diagram for n = 3 in
Fig. 1.2.3, where if |]AUBUC| equals, |A| +|B| + |C| then we
have added twice the cardinalites of |A N B|, |[BN C| and
|C NA|. However, if we subtract once |[ANB|, [BNC|,
and |C N A| and write

IAUBUC| =|A| +|B|+|C|~|A N B|-|B N C|-|CNA|

then we have subtracted |A N B N C| thrice instead of twice.
Hence, adding |A N BN C| we get the final result:

IJAUBUC|=|A| +|B| +|C|-|ANB|-|BN C|

-|CNA|+|[ANBNC] (1.2.6)

Example 1.2.3 In a junior class, the number of students in
electrical engineering (EE) is 100, in math (MA) 50, and in
computer science (CS) 150. Among these 20 are taking both
EE and MA, 25 are taking EE and CS, and 10 are taking MA
and CS. Five of them are taking EE, CS and MA. Find the
total number of students in the junior class.

From the problem we can identify the sets A = EE
students, B = MA students, and C = CS students, and the
corresponding intersections are ANB, BNC, CNA, and
ANBNC. Here, |A| = 100, |B| = 50, and |C| = 150. We
are also given |[ANB| =20, |[BNC| = 10, and |[CNA| =25
and finally |JA N BN C|=5. Using Eq. (1.2.6) the total number
of students are 100 + 50 + 150 — 20 — 10 — 25 + 5 = 250.

Complement
If A is a subset of the universal set S, then the complement of

A denoted by A is the elements in S not contained in A; or

A=S-A={x:x¢A C Sandx € S} (1.2.7)

Example 1.2.4 If the universal set S = {1,2,3,4,5,6} and
A={24,5}, then the complement of A is givenby A = {1,3,6}.

Difference

The complement of a subset A C S as given by Eq. (1.2.7) is
the difference between the universal set S and the subset A.
The difference between any two sets A and B denoted by
A — B is the set C containing those elements that are in A
but not in B and, B — A is the set D containing those elements
in B but not in A:

C=A-B={x:x € Aandx¢ B}

(1.2.8)
D=B-A={x:x € Bandx¢A}
A — Bis also called the relative complement of B with respect
to A and B — A is called the relative complement of A with
respect to B. It can be verified that A — B# B — A.

Example 1.2.5 IfthesetAisgivenasA={2,4,5,6} and Bis
given as B = {5,6,7,8}, then the difference A — B = {2,4} and
the difference B— A ={7,8}.Clearly,A—B#B—-AifA # B.

Symmetric Difference

The symmetric difference between sets A and B is written as
A A B and defined by

AAB=(A-B)U(B-A)
={x:x € Aandx¢B)or{x:x € Bandx¢A) (1.2.9)

Example 1.2.6 The symmetric difference between the set
A given by A = {2,4,5,6} and B given by B = {5,6,7,8} in
Example 1.2.5is AAB = {24} U{7,8} = {2,4,7,8}.

The difference and symmetric difference for Examples
1.2.5 and 1.2.6 are shown in Fig. 1.2.4.

Cartesian Product

This is a useful concept in set theory. If A and B are two sets,
the Cartesian product A x B is the set of ordered pairs (x,y)
such that x € A and y € B and is defined by

AxB={(x,y):x €A,y € B} (1.2.10)
When ordering is considered the cartesian product A x

B =# B x A. The cardinality of a Cartesian product is the prod-
uct of the individual cardinalities, or |A x B| = |A| - |B|.

Example 1.2.7 IfA={2,3,4} and B= {5,6}, then C=A x

B={(2,5),(2,6), (3,5), (3,6), (4,5), (4,6)} with cardinality 3 x
2 =6. Similarly, D =B x A = {(5,2), (5,3), (5.4), (6,2), (6,3),
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(6,4)} with the same cardinality of 6. However, C and D do
not contain the same ordered pairs.

Partition

A partition is a collection of disjoint sets {A;,i=1, ... ,n} ofa
set S such that UA; over all i equals S and A;,NA;, with i#j
empty. Partitions play a useful role in conditional probability
and Bayes’ theorem. Figure 1.2.5 shows the concept of a
partition.

Example 1.2.8 If set § = {1,2,3,4,5,6,7,8,9,10}, then the
collections of sets {A;, A,, A3, A4} where A; = {1,3,5},
Ay, = {79}, A5 = {2,4,6}, A, = {8,10} is a partition of S as
shown in Fig. 1.2.6.

A tabulation of set properties is shown on Table 1.2.1.
Among the identities, De Morgan’s laws are quite useful in
simplifying set algebra.

1.3 SET ALGEBRAS, FIELDS, AND EVENTS
Boolean Field

We shall now consider a universal set S and a collection &
of subsets of S consisting of the sets {A;: i = 1,2,...,n,
n + 1,...}. The collection & is called a Boolean field if the
following two conditions are satisfied:

1. IfA;€F, then A; € &F.

2. f A€ % and A, € F, then A UA, € &, and hence if
{A;,i=1,...,n}€F, then U/'Z |A,€F.

TABLE 1.2.1 Table of set properties

Property Equation
Identity AU =A
ANS=A
Domination ANO =0
AUS=S
Idempotent ANA=A
AUA=A
Complementation A=A
Commutative AUB=BUA
ANB=BNA
Associative AUBUC) =AUB)UC
ANBNC)=(ANBNC
Distributive ANBUCO) =ANBUMANC)
AUBNC)=AUBNMAUC)
Noncommutative A-B#B-A
De Morgan’s law AUB=ANB
ANB=AUB

Let us see the consequences of these conditions being satis-
fied. fA; € F andA; € F,thenA|UA, =S F.IfS € F,
then S=0 € F. If A{UA,€F, then by condition 1
AjUA, € %, and by De Morgan’s law, A; N A, € &. Hence
AlﬂAzeF/". Also Al - A2697 and (A1 - Az) @] (A2 - Al) S
Z . Thus the conditions listed above are suffcient for any field
F to be closed under all set operations.
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Sigma Field

The preceding definition of a field covers only finite set
operations. Condition 3 for finite additivity may not hold
for infinite additivity. For example, the sum of 1 + 2 +
22+ 234+ 2%=(2° - 1)/(2 - 1) = 31, but the infinite sum
1+2+2%°+2° +2* + ... diverges. Hence there is a need
to extend finite additivity concept to infinite set operations.
Thus, we have a o field if the following extra condition is
imposed for infinite additivity:
4. If Ay, Ap, ... Ay, ... €EF then UR A €F

Many o fields may contain the subsets {A;} of S, but the smal-

lest o field containing the subsets {A;} is called the Borel ¢
field. The smallest o field for S by itself is # = {S, @}.

Example 1.3.1 We shall assume that S = {1,2,3,4,5,6}.
Then the collection of the following subsets of S, #F = {S,

0, (1,2,3), (4,5,6)} is a field since it satisfies all the set
operations such as (1,2,3)U(4,5,6) = S, (m) =(4,5,6).
However, the collection of the following subsets of S,
Fi1= 18,0, (1,2,3), (45,6), (2)} will not constitute a field
because (2)U(4,5,6) = (2,4,5,6) is not in the field. But we
can adjoin the missing sets and make & into a field. This
is known as completion. In the example above, if we adjoin
the collection of sets F, ={(2,4,5,6), (1,3)} to %, then the
resulting collection F=%FUF,={S, 0, (1,2,3), (4,5,6),
{2}, (2,4,5,6), (1,3)} is a field.

Event

Given the universal set S and the associated o field &,
all subsets of S belonging to the field & are called events.
All events are subsets of S and can be assigned a probability,
but not all subsets of S are events unless they belong to an
associated o field.



2

PROBABILITY SPACE AND AXIOMS

2.1 PROBABILITY SPACE

A probability space is defined as the triplet {S, %, P}, where
S is the sample space, & is the field of subsets of S, and P is a
probability measure. We shall now define these elements.

Sample Space S

Finest-grain, mutually exclusive, and collectively exhaustive
listing of all possible outcomes of a mathematical experiment
is called the sample space. The outcomes can be either finite,
countably infinite, or uncountably infinite. If S is countable, we
call it a discrete sample space; if it is uncountable, we call it
continuous sample space.

Examples of Discrete Sample Space

Example 2.1.1 When a coin is tossed, the outcomes are
heads {H} or tails {7T}. Thus the sample space S = {H,T}.

Example 2.1.2 When a die is tossed, the outcomes are
1,2,3,4,5,6. Thus the sample space is S = {1,2,3,4,5,6}.

Example 2.1.3 The set of all positive integers is countable,
and the sample space is S = {x:x is a positive integer}

Examples of Continuous Sample Space

Example 2.1.4 The set of all real numbers between 0 and 2
is the sample space S = {x:0 < x < 2}.

Example 2.1.5 The set of all real numbers x and y such
that x is between 0 and 1 and y is between 1 and 2 is given
by S={x,y:0<x<1,1<y<2}.

Probability and Random Processes, Second Edition. Venkatarama Krishnan.

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.

The continuous sample space given in Examples 2.1.4 and
2.1.5 is shown in Fig. 2.1.1.

Field ¥
A field has already been defined in Section 1.3. We shall

assume that a proper Borel ¢ field can be defined for all
discrete and continuous sample spaces.
Probability Measure P

A probability measure is defined on the field % of events of
the sample space S. It is a mapping of the sample space to the
real line between 0 and 1 such that it satisfies the following three
Kolmogorov axioms for all events belonging to the field &:

Axiom 1:

If Abelongsto %, then P(A) >0 : nonnegativity. (2.1.1)

Axiom 2: The probability of the sample space equals 1.
P(S)=1: normalization. (2.1.2)

Axiom 3a: If A and B are disjoint sets belonging to &, that
is, AN B =, then
P{AUB}=P(A)+P(B): Boolen additivity. (2.1.3)

Axiom 3b: If {A}, A,, ... } is a sequence of sets belonging
to the field % such that A; N A; = @ for all i # j, then
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(%]

FIGURE 2.1.1

P{A{UAyU---UA;U---} =Y P{A;} : sigma additivity.
i=1

(2.1.4)

From these axioms we can write the following corollaries:

Corollary I:

P{0}=0 (2.1.5)
Note that the probability of the empty event is zero, but
if the probability of an event A is zero, we cannot con-
clude that A = (. All sets with zero probability are
defined as null sets. An empty set is also a null set,
but null sets need not be empty.

Corollary 2: Since AUA =S and ANA =0, we can write

P(A) =1-P(A) (2.1.6)
Corollary 3: For any A and B that are subsets of S, not
mutually exclusive, we can write

P{AUB}=P{AUJANB]} =P{A} +P{ANB}
P{B}=P{(ANB)U(ANB)}=P{ANB}+P{ANB}

Eliminating P{AUB} between the two equations, we
obtain

P{AUB}=P{A}+P{B}-P{ANB} (2.1.7)

Clearly, if P{A N B} =0 implying A and B are mutually
exclusive, then Eq. (2.1.7) reduces to Kolmogorov’s
axiom 3a. If the probabilities P{A} and P{B} are equal,
then sets A and B are equal in probability. This does not
mean that A is equal to B.

The probability of the union of three sets can be calculating
from the Venn diagram for the three sets shown in Fig. 1.2.3
and redrawn in Fig. 2.1.2.

The results of the analysis for the cardinalities given in
Eq. (1.2.6), can be extended to finding the P(AUBUC). We

AnBNC

FIGURE 2.1.2

subtract {P(ANB)+P(BNC)+P(CNA)} from {P(A)+
P(B)+P(C)} and add P(ANBNC), resulting in
P{AUBUC}=P{A} +P{B} +P{C}
-P{ANB}-P{BNC}-P{CNA}

+P{ANBNC} (2.1.8)

Using the inclusion—exclusion principle of Eq. (1.2.5a), we

can also generalize Eq. (2.1.8) to the probabilities of the
union of n sets Ay, A,, ..., A, as follows:

PlLA)=Y PlA}- Y Plana)
i=1 i,j=1

i#j
+ Y P{ANA;NA}
iy, k=1
i;éj#k

n
—(x1)" Y P{ANAINA:-NA,}
iyjy k=1
i;éjyjék...yén

(2.1.9)

Example 2.1.6 A fair coin is tossed 3 times. Since each toss
is a functionally independent trial and forms a Cartesian
product, the cardinality of the three tosses is 2 x 2 x 2 =8
and the sample space consists of the following 8 events:
S={[HHH|, [HHT), [HTT), [HTH|, [THH],
[TTH], [THT), [TTT)}

In this sample space



P{2 heads} = P{[HHH), [HHT), [HTH), [THH} =

o

P{both heads and tails} =
{[HHT], [HTT], [HTH], [THH], [TTH], [THT]} = g

Example 2.1.7 A telephone call occurs at random between
9:00 a.m. and 11:00 a.m. Hence the probability that the
telephone call occurs in the interval O < 7 < 1 is given by
10/120. Thus the probability that the call occurs between
9:30 a.m. and 10:45 a.m. is given by:

105-30 75 _5

P{30<1<105} = —> == 0=

Example 2.1.8 Mortality tables give the probability den-
sity that a person who is born today assuming that the lifespan
is 100 years as

() =3x10727(100—7*)u(z)

0.02 T T T T T T T . L
f(n
0.015 - i
Area under
0.01 - shaded portion ]
is 0.1052
0.005 - )
- - r
Mortality density
0 1 1 I 1 - L g

0 10 20 30 40 50 60 70 80 90 100

1 I I T T I
"""""" 09421 A

08F 08369 |

0.9421 - 0.8369 = 0.1052
0.6 —
04+ .
0.2+ 2

Mortality distribution | {

0 1 L 1 I 1 1 I
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FIGURE 2.1.3
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and the distribution function that the person will die at the age
to years as

To
F(ty)=P{t<to} =J 3x 1077 (100-) dt
0

These probabilities are shown in Fig. 2.1.3. The probability
that this person will die between the ages 70 to 80 is given
by P{70<r<80}=0.1052, obtained from the following
integral:

P{70<t<80} = F(80)-F(70)
80
=J 3% 10772 (100-#%)dt =0.1052
70

The density and distribution functions are shown in
Fig. 2.1.3.

2.2 CONDITIONAL PROBABILITY

The conditional probability of an event B conditioned on the
occurrence of another event B is defined by

P{BNA}
P{A} it P{A}#0
P{BNA}=P{B|A}P{A}

PiBIA}Y= (2.2.1)

If P{A} =0, then the conditional probability P{B|A} is not
defined. Since P{B|A} is a probability measure, it also
satisfies Kolmogorov axioms.

Conditional probability P{B | A} can also be interpreted as
the probability of the event B in the reduced sample space
S1 = A. Sometimes it is simpler to use the reduced sample
space to solve conditional probability problems. We shall
use both these interpretations in obtaining conditional
probabilities as shown in the following examples.

Example 2.2.1 In the tossing of a fair die, we shall calcu-
late the probability that 3 has occurred conditioned on the toss
being odd. We shall define the following events:

A={odd number}: B=3

P{A}=1and P{B}={ and the event ANB={3} and hence

P3odd} = 13 __

1
P{odd} 13

| =[O\ =

Note that P{2 | odd} =0 since 2 is an impossible event given
that an odd number has occurred. Also note that P{3 |3} =1.
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FIGURE 2.2.1

The conditional probability of 3 occurring, given that 3 has
occurred is obviously equal to 1.

We can also find the solution using the concept of
reduced sample space. Since we are given that an odd
number has occurred, we can reduce the sample space from
§={1,2,3,4,5,6} to S;={1,3,5} as shown in Fig. 2.2.1.

The probability of 3 in this reduced sample space is %,
agreeing with the previous result.

Example 2.2.2 Consider a family of exactly two children.
We will find the probabilities (1) that both are girls, (2) both
are girls given that one of them is a girl, (3) both are girls
given that the elder child is a girl, and (4) both are girls given
that both are girls.

The sample space S has 4 points {gg, gb, bg, bb}, where g is
girl and b is boy. The event B = {both children are girls}. The
conditioning event A will depend on the following four cases:

1. The event A = S. Hence P{B}=1.

2. The event A = {one child is a girl}. The reduced sample
space is S7 = {gg, gb, bg} and the conditional probabil-
ity P{B|A}= %

3. The event A = {elder child is a girl}. In this case, the
reduced sample space is S = {gg, gh}and P{B|A} =1

4. The event = {both are girls}. The reduced sample space
has only one point, namely, S3 ={gg} and P{B|A} =1.

As our knowledge of the experiment increases by the
conditioning event, the uncertainty decreases and the proba-
bility increases from 0.25, through 0333, 0.5, and finally to 1,
meaning that there is no uncertainty.

Example 2.2.3 The game of craps as played in Las Vegas
has the following rules. A player rolls two dice. He wins on
the first roll if he throws a 7 or a 11. He loses if the first throw
is a 2, 3, or 12. If the first throw is a 4, 5, 6, 8, 9, or 10, it is
called a point and the game continues. He goes on rolling
until he throws the point for a win or a 7 for a loss. We have
to find the probability of the player winning.

Total Pitotal}
1/36
2/36
3/36
4/36
5136
6/36
5/36
4/36
10 3/36
11 2/36
L12] 1/36

Die A
L¥=] oc e | (=% Lh =y L] {35

FIGURE 2.2.2

We will solve this problem both from the definition of
conditional probability and the reduced sample space.
Figure 2.2.2 shows the number of ways the sums of the pips
on the two dice can equal 2, 3,4,5,6,7, 8,9, 10, 11, 12, and
their probabilities.

Solution Using Definition of Conditional Probability:
The probability of winning in the first throw is

6 2 8
P{T}+P{11} = gp+ 32 =22=022222

The probability of losing in the first throw is

1 2 1 4

To calculate the probability of winning in the second
throw, we shall assume that i is the point with
probability p. The probability of not winning in
any given throw after the first is given by
r=P{notiand not 7}=1-p—% We compute the
conditional probability

P{win|i in first throw} =p+rp+r’p+---
p p

T1-r p+

=

as an infinite geometric series:

2

P{winin second or subsequent throws} = pT
p

A=

The probability p of making the point i = 4,5,6,8,9,10 is
obtained from Fig. 2.2.2. Thus, for i = 4,5,6, we obtain



P{win after point i=4} = 3\/(3 N 1
W1 p i= - 36 36 6
AN/

P{win after point i=5} = (36)/(% + =
P{ ft ti=6} = 5\*/(5 +] 25
win after point i = % S ao)=

with similar probabilities for 8,9,10. Thus the probability
of winning in craps is

P{win} = P{win in roll 1} + P{win in roll 2,3,...}

=§+2{L+3+£} =%=0.4929

36 36 45 396] 495

Solution Using Reduced Sample Space: We can see
from the figure that there are 6 ways of rolling 7 for a loss.
@@ - 1,i =4,5,6)ways of rolling the point for a win, and
(13 - i,i = 8,9, 10) ways of rolling the point for a win.
After the point i has been rolled in the first throw, the
reduced sample space consists of (i — 1 + 6) points
fori = 4,5,6and (13 — i + 6) points fori = 8,9,
10 in which the game will terminate. Thus

P{wininroll 2,3,... |iinroll 1} = P{W | i}

i-1
) itive =40
) 13-
- " = 1
Boite =8910
Thus, P{W|4} ,P{W\S} A P{W|6}=3,P{W|

8} =3, P{W |9} =1, P{W |10} =3. Hence probabil-
ity of a win after the first roll 1s P{W |i}-P{i}.
Hence

P{win after first roll}
B {3 3 44 5 5} 134
= TS

936 71036 1136|495
33 4 4 55
Plwin =3¢ +2 [6% 0% H%]
8 134 244
=361 495 T 205 =¥

a result obtained with comparative ease.

Example 2.2.4 We shall continue Example 2.1.8 and find
the probability that a person will die between the ages 70 and
80 given that this individual has lived upto the age 70. We
will define the events A and B as follows:

INDEPENDENCE 11

A={person has lived upto70}
B={person dies between ages 70 and 80}

The required conditional probability equals the number of

persons who die between the ages 70 and 80 divided by
the number of persons who have lived upto the age 70:

P{70<¢<80 and 1270} P{70<r<80}

P{B|A} =

P{t>70} P{r>70}
80 0
-92 2
LO3><10 1*(100—1)dt 0105
=-3%0 = =0.644
S 0.163
3x107°2(100-7)dt
70

This type of analysis is useful in setting up actuarial tables for
life insurance purposes.

2.3 INDEPENDENCE

We have already seen the concept of functional independ-
ence of sets in Chapter 1. We will now define statistical
independence of events. If A and B are two events in a field
of events &, then A and B are statistically independent if and
only if
P{ANB}=P{A}P{B} (2.3.1)
Statistical independence neither implies nor is implied by
functional independence. Unless otherwise indicated, we will
call statistically independent events “independent” without
any qualifiers.

Three events A, A,, A3 are independent if they satisfy, in
addition to

P{A] NA; ﬂA3}=P{A1}P{A2}P{A3} (232)
the pairwise independence
P{AiNA;} =P{A}P{A;}, i, j=1,23, i#] (233)

Note that if A and B are mutually exclusive, then, from Kol-
mogorov’s axiom 3a, we obtain

P{AUB}=P{A} +P{B} (2.3.4)
The concepts of independence and mutual exclusivity are
fundamental to probability theory. For any two sets A and
B, we recall from Eq. (2.1.7) that

P{AUB} =P{A} + P{B}-P{ANB} (2.1.7)
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TABLE 2.3.1
1,H 2,H 3,H 4, H 5.H 6, H
1, T 2, T 3, T 4, T 5T 6, T

If A and B are mutually exclusive, then P{A N B} =0, but if
they are independent, then P{ANB} = P{A}-P{B}. If this has
to be zero for mutual exclusivity, then one of the probabilities
must be zero. Therefore, we conclude that mutual exclusivity
and independence are incompatible unless we are dealing
with null events.

We shall now give examples to clarify the concepts of
functional independence and statistical independence.

Example 2.3.1 The probability of an ace on the throw of a
die is . The probability of a head on the throw of a coin is 3.
Since the throw of a die is not dependent on the throw of a
coin, we have functional independence and the combined
sample space is the Cartesian product with 12 elements as
shown in Table 2.3.1.

We assume as usual that all the 12 elements are equiprob-
able events and the probability of ace and head is % since
there is only one occurrence of {1, H} among the 12 points
as seen in the first row and first column in Table 2.3.1. Using
Eq. (23.1), we have P{l, H}=P{1}-P{H}={x1=1,
illustrating that in this example, functional independence
coincides with statistical independence.

Example 2.3.2 Two dice, one red and the other blue, are
tossed. These tosses are functionally independent, and we
have the Cartesian product of 6 x 6 = 36 elementary events
in the combined sample space, where each event is equiprob-
able. We seek the probability that an event B defined by the
sum of the numbers showing on the dice equals 9. There are
four points {(6,3), (5,4), (4,5), (3,6)}, and hence
P{B} = 5- =4. We now condition the event B with an event
A defined as the red die shows odd numbers. Clearly, the
events A and B are functionally dependent. The probability
of the event A is P{A}=1=1 We want to determine
whether the events A and B are statistically independent.
These events are shown in Fig. 2.3.1, where the first
number is for the red die and the second number is for the
blue die.

From Fig. 23.1 P{A ﬂB} =P{(3,6), 5.4)}=%=1%
and = P{A} x P{B} = § x § = & showing statistical independ-
ence. We compute P{B | A} from the point of view of reduced
sample space. The conditioning event reduces the sample
space from 36 points to 18 equiprobable points and the event
{B|A}={(3.6), (5.4)}. Hence P{B|A}=2Z=1=P{B},
or, the conditioning event has no influence on B. Here, even
though the events A and B are functionally dependent, they
are statistically independent.
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However, if another set C is defined by the sum being
equal to 8 as shown in Fig. 2.3.2, then P{C} ==

Here the events C and A are not statistically independ-
ent because P{C}-P{A}=Z x1==#P{CNA}=P{(3,5),
(53)}=F=7%

In thls example, we have the case where the events A and
C are neither statistically independent nor functionally
independent.

24 TOTAL PROBABILITY AND BAYES’
THEOREM

Let {A;, i=1,...,n} be a partition of the sample space and let
B an arbltrary event in the sample space S as shown in
Fig. 2.4.1.

We will determine the total probability P{B}, given the
conditional probabilities P{B|A;}, P{B|Az},..., P{B|A,}.
The event B can be given in terms of the partition as

B={BNS}=BN{A|UA U---UA,}

={BNA JU{BNA,}U---U{BNA,} (2.4.1)



