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Preface

The term nonsmooth analysis theory had been used in the 1970s by F. Clarke when
he studied and applied the differential properties of functions and sets that are
not differentiable in the usual sense. Since Clarke’s work, the field of nonsmooth
analysis theory has known a considerable expansion, namely with the appearence of
an important concept which is the concept of “regularity > (regularity of functions
and regularity of sets). The primary motivation for introducing regularity notions
is to obtain equalities in calculus rules involving various constructs in nonsmooth
analysis. The first notion of regularity appeared in Clarke’s work (in the 1970s) to
ensure equality form in the calculus rules of the Clarke subdifferential for Lipschitz
continuous functions.

Many investigators (Rockafellar, Mordukhovich, Thibault, Poliquin et al.) have
since then introduced and used many other notions of regularity in the development
of nonsmooth analysis theory.

In the last decades, regularity concepts played an increasing role in the applica-
tions of nonsmooth analysis such as differential inclusions, optimization, variational
inequalities, as well as in nonsmooth analysis itself. Consequently, it is becoming
more and more desirable to introduce regularity, at an early stage of study, to
graduate students and young researchers in order to familiarize them with the
basic concepts and their applications. This book is devoted to the study of various
regularity notions in nonsmooth analysis and their applications. To the best of my
knowledge, the present work is the first thorough study of the regularity of functions,
sets, and multifunctions as well as their important applications to differential
inclusions and variational inequalities.

This book is divided into three parts. In the first part, we present an accessible
and thorough introduction to nonsmooth analysis theory. Main concepts and some
useful results are stated and illustrated through examples and exercises.

In Part II, the most important and recent results of various regularity concepts
of sets, functions, and set-valued mappings, in nonsmooth analysis theory are
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viii Preface

presented. These results include some that have been demonstrated in different
works that were published either singly (see [39, 44, 45, 48]), or in collaboration
with Thibault (see [58-63]).

Part III contains six chapters, each of which addresses a different application
of nonsmooth analysis theory. These applications are the fruit of research that I
conducted either singly (see [42,43]) or in collaboration with various researchers in
the field (see [53-55,58,64]).

Batna, Algeria Messaoud Bounkhel
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Part I
Nonsmooth Analysis Theory



Chapter 1
Nonsmooth Concepts

1.1 Introduction

This book assumes a basic knowledge of topological vector space and functional
analysis. Moreover, we recall in this section several concepts and fundamental
preliminaries which will be used in what follows. The following notation is used
throughout this book.

X is a real topological vector space or a real normed vector space or a Banach
space with norm || - || and H is a real Hilbert space. The inner product between
elements of H is denoted by <~,->, the same notation is also employed for the
pairing between X and its topological dual space X* (the space of continuous linear
functionals defined on X). The closed unit ball in X or H centered at some point X
and with radius r > 0 is denoted by B(%,r). For ¥ = 0 and r = 1 we will use the
standard notation B instead of B(0,1). The notation B, is used for the closed unit
ball in X* centered at the origin and with radius 1. Whenever needed, we use the
notation Bz for the closed unit ball centered at the origin of a given normed vector
space Z. We will denote by .4 (X) the set of all neighborhoods of . For a given set S,
the following expressions: int.S, clS,bd S, signify the interior, closure, and boundary
of S, respectively.

Definition 1.1. Let X be a real vector space. A set S is said to be convex provided
that for every pair of element (x,y) of S the segment [x,y] = {oy+ (1 —o)x: o €
[0,1]} is contained in S. The convex hull of a nonconvex set S is defined as the
intersection of all the sets containing S. It is denoted by coS and has the following
characterization:

n n
COS—{ZO{,’XZ': n €N, 2061'21, a; >0, x,-ES}.
i=1 i=1

The closure of co S is called the closed convex hull and denoted by co S.

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 3
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4 1 Nonsmooth Concepts

Definition 1.2. Let f be an extended real valued function, i.e., f : X — RU {+eo}.
We call the sets

domf={xeX: f(x) <+e}andepif ={(x,r) eX xR: f(x) <r},

the effective domain of f and the epigraph of f, respectively.

1. f is said to be a convex function on an open convex set 2 C X provided that
flax+(1—a)y) < af(x)+ (1 —a)f(y), forall x,y € Q, and all & € [0,1].

When Q is the whole space X we will say that f is convex.
2. f is said to be lower semicontinuous (in short 1.s.c.) at some point ¥ in dom f
provided that
f(®) < liminf £ (x).

X—X

We will say that f is l.s.c. on X if it is L.s.c. at any point of X.
Exercise 1.1.

1. Prove that f is 1.s.c. on X if and only if its epigraph epi f is closed in X x R.

2. Prove that f is Ls.c. on X if and only if the r-level set {x € X : f(x) <r} is closed
for any r € R.

3. Prove that f is convex if and only if its epigraph epif is convex. As a
consequence the effective domain of convex functions is always convex.

4. Prove that the convexity of f implies the convexity of all the r-level sets. Prove
by giving a counter example that the converse in the last question is not true in
general.

1.2 From Derivatives to Subdifferentials

In this section, we begin with some classical concepts of differentiability (direc-
tional, Gateaux, and Fréchet) and we will try via optimization problems to explain
the evolution of the concept of differentiability from the Fréchet derivative to the
generalized gradient concept (also called Clarke subdifferential).

Let X be a real topological vector space, f : X — RU{+e} be an extended real
valued function and X € dom f.

1. The directional derivative of f at X in the direction v € X is given by

S = N 1 —1 — =
£/(529) = tim 3~ [+ 6v) £ (2], (1.1

when the limit exists.
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2. We say that f is Gateaux differentiable at x provided f’(x;v) exists for all v €
X and f (%;-) is linear continuous, that is, there exists an element (necessarily
unique) f( (%) € X* (called the Gateaux derivative) satisfying

(f6(®),v) = f'(x:v), forallv € X. (1.2)

3. If the convergence in (1.1) is uniform with respect to v in bounded subsets of X,
we say that f is Fréchet differentiable at X, and we write f’ (%) instead of f§(X).

Remark 1.1.

1. A function may admit a directional derivative f’(¥;v) at X in every direction v €
X, but fails to admit a Gateaux derivative f{(¥) at x. For example, let X be a
Banach space, f(x) = ||x||, and X = 0. This function has a directional derivative
f'(x;v) for every direction v € X and f’(x;v) = ||v||, while the Gateaux derivative
of this function at & does not exist because the function v — f’(x;v) = ||v|| is not
linear.

2. The Fréchet and Géteaux differentiability concepts are not equivalent in gen-
eral even in finite dimensional cases. It is not hard to check that Fréchet
differentiability at a point implies its continuity at that point, which is not the
case for Gateaux differentiability. For example, a ls.c. function f (which is
not necessarily continuous) may have a Géteaux derivative f; at a point of
discontinuity.

3. If X is a normed vector space and f is a locally Lipschitz, that is, for any point
X € X there exists some neighborhood V of X and some constant L > 0 such that

[f(x) = fW)I < Llly—x]|, forallx,y € V,

then the two above concepts are equivalent.

1.2.1 Unconstrained Minimization Problems

In most situations in optimization, we begin by considering the following abstract
minimization problem: minimize f(x) subject to x € S where f : S — R is defined
on S which is a subset of a real vector space X. If we redefine the function f so that
f(x) = oo for x ¢ S, then minimizing f over S is equivalent to minimizing the new
f over all of X. So, no generality is lost in this paragraph if we restrict our attention
to the case where S = X. Let f : X — R be a function and & be a point in X. Thus,
let us consider the following unconstrained minimization problem:

Minimize f(x)

UpP
(UP) {subjecttoxEX.
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Definition 1.3. We will say that

1. f has alocal minimum at & if and only if there exists a neighborhood V of x such
that f(%) < f(x), forallx e V.
2. f has a global minimum at ¥ over X if and only if f(X) < f(x), forall x € X.

Assume that f is Gateaux differentiable at X € X.

Fact 1. If f has a local minimum at X, then there exists some € > 0 such that
(fG(¥),x—x) >0, forall x € £+ €B. (1.3)

Proof. Assume that f has a local minimum at &, then there exists some o > 0
such that
f(x) < f(x), forallxex+ oB. (1.4)

Fix € € (0,) and 6 € (0, ¥ ), and fix any x € X+ £B. Hence,
I+6(x—X)cx+d6eBCi+aB

and so we get by (1.4)
fE+8(x—5)) - f(¥) =0,

forall § € (0, %) and for all x € X+ €B. Therefore, as f is Gateaux differentiable at
X, the limit

lim8 ! [f(x+ 8(x— %)) — f(F)]

510
exists and so ( f§(X),x— %) > 0 for all x € ¥+ €B. O
Exercise 1.2.

1. Prove that the converse in Fact 1 is not true in general. This ensures that (1.3) is
only a necessary optimality condition for (UP).
2. Prove that (1.3) is equivalent to

f6@=o0. (1.5)

Assume now that the function f is not Gateaux differentiable and f is convex.
Take for instance f(x) = ||x||. For this function, f§(0) does not exist and it is clear
that f has a global minimum over X at ¥ = 0. But we cannot make use of Fact 1 to
derive necessary optimality conditions like relations (1.3) or (1.5) for problem (UP),
because f is not Gateaux differentiable at X. So it is a natural question to ask what
could replace f{; in those relations? One could think of making use of the directional
derivative instead of the Gateaux derivative as follows:

f'(%v)=0, forallv € X. (1.6)

However, the relation (1.6) does not hold for the above function, although ¥ is a
global minimum. Indeed, we can check that f'(x;v) = ||v||, for all v € X and so
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Sf'(%v) =0 only for v=0 and f'(%;v) # 0 for every v # 0. Therefore, we have
to propose, something else to replace f¢; which is the subdifferential of f that we
define below.

Definition 1.4. Let f be a convex continuous function on X and let ¥ € X. We define

the subdifferential of f at x as follows

IMf(®) ={L e X" ({v) < f'(®v), forall ve X} (7

Exercise 1.3. For every convex continuous function f, every x € X, and every
direction v € X one has:

1. The function & — & ! [f(x+ &6v) — f(x)] is nondecreasing for § small enough.
2. The directional derivative f’(¥;v) exists and is positively homogeneous and
subadditive on X with respect to v.
IMf(E) ={CeX : ({,x—x) < f(x)— f(x), forall x € X}. (1.8)

4. Calculus rules:
aCOnV(f_"_g) (i) — aCOHVf(X) _"_ aCOan(X) and aCOHV(af) (.f) — aaCOHVf(X)’ (1.9)

whenever o € R and g is a convex continuous function on X.

Using the subdifferential concept we can derive an analogue to Fact 1 for convex
continuous functions, i.e., necessary optimality conditions.

Proposition 1.1. Let f be a convex continuous function on X and let X € X. If f has
a local minimum over X at X, then

0 € 9™ £(%). (1.10)

Proof. Tt follows the same lines as in the proof of Fact 1, by using the definition of
the subdifferential in (1.7) or it follows directly from (1.8). a

In fact, for convex continuous functions we have a stronger version of Fact 1. Indeed,
we can prove that (1.10) is a necessary and sufficient optimality condition for (UP).
Further, any local minimum is a global minimum.

Proposition 1.2. Let f be a convex continuous function on X and let x € X. The
relation (1.10) is equivalent to each one of the following assertions:

1. f has a local minimum over X at X;
2. f has a global minimum over X at X.

Proof. 1t follows from the relation (1.8). a

Proposition 1.3. If f is a convex continuous and Gdteaux differentiable function
at %, then 9°°™ f(x) = { f(;(X)} and so the relation (1.5) becomes a necessary and
sufficient optimality condition for (UP).
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Fig. 1.1 Tangent and normal conv y
cones to convex sets T 7/"0 )~ S
y=-X

S, y=x

A1
N<//

Proof. Let { be any element of 9°™ f(%). Then, ({,v) < f'(%v) forall v € X. On
the other hand, by the Géteaux differentiability of f at ¥ one has f/(%;v) = ( f§(%),v)
for all v € X. Consequently, we get ({,v) < (f§(%),v), forall v € X, which ensures
that § = f(x) and so 9°°™ f(x) = {f(¥)}. The second part of the proposition
follows from Proposition 1.2 and the first part of this proposition. g

1.2.2 Constrained Minimization Problems

Consider now the following constrained minimization problem:

Minimize f(x)

Cp
P { subjecttox € S,

where f is a convex continuous function and S is a closed convex set in X. First, we
define the tangent cone and the normal cone for closed convex sets by

TOY(S;%) =cl[Ri(S—%)] =cl{A(s—X): A > 0,5 € S}
and N (S; %) is the negative polar cone' of 7™ (S;%), i.e.,

NOW($58) ={C e X" (L), forallve TW(8:%)}

IFor a closed nonempty set L C X, the negative polar of L is denoted by L and defined as

L'={eXx*: ({,v), forallveL}.
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Example 1.1. Let S; = {(x,y) € R*:y > |x|} and ¥ = (0,0) (see Fig. 1.1). This set
is a closed convex cone and

T (81:%) = cl[Ry (81 —%)] = cl Ry (S1)] = cl[S1] = 83

and
N (S1;%) = =8 = {(x,y) € R? 1y < —[xl}

Exercise 1.4. Prove the following assertions for closed convex sets S and X € S:

1. Nov(S;x) ={{eX: ({,x—x) <0, forall x € S}.

2. The distance function dy is convex if and only if S is convex.
3. 9°Mdg(x) = N°™(S;X) NB..

4. T°™(S;x) is a closed convex cone containing the vector zero.

Exercise 1.5. Prove the following:

1. Every l.s.c. convex function is continuous over int(dom f) the interior of the
effective domain of f.

2. Assume that X is a real normed vector space. Every convex function which is
finite on an open convex set £2 and bounded around some point X € €2, is locally
Lipschitz on €.

3. For any closed subset S of X, and f is Lipschitz with ratio X > 0 on an open
convex set £2 containing S, then any global minimum ¥ of f over S is a global
minimum of the function f + kdg over the whole space X.

We derive in the following proposition a necessary and sufficient optimality
condition for (CP).

Proposition 1.4. Let [ be a convex continuous function on a closed convex set S
and let x € int(S). Then the following assertions are equivalent:

1. f has a local minimum over S at %, i.e., there exists a neighborhoodV of X such
that f(x) < f(x), forallx € SNV;
2. f has a global minimum over S at %, i.e., f(x) < f(x), for all x € S;
3.
0 E aCOan()E) +NCODV(S;X).

Proof. The implication (1) = (2) is left to the reader as an exercise. We prove
the implication (2) = (3). Assume that f has a global minimum over S at X.
First, by the second part of Exercise 1.5, f is locally Lipschitz at ¥ with some
constant k > 0. Then by the third part of Exercise 1.5 the function f + kdg has
a global minimum over X at &, that is, (f + kdys)(X) < (f + kdys)(x) forall x € X.
This ensures by (1.9), (1.10) and the third part of Exercise 1.4, that 0 € 9°°™(f +
kds)(x) = 9™ f(X) + kd°™ds(X) C I f(x) + N™(S;%). The converse (3) =
(2) follows directly from the characterization of the normal cone in the first part of
Exercise 1.4. a
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Assume now that the function f is neither convex nor Gateaux differentiable.
In this case, the directional derivative f’ (%;v) does not exist necessarily. Take for
instance f(x) = —||x|| or f(x) = x*sin(1/x), for x # 0 and f(0) =0, and take % = 0.
Even if f/(%;v) exists, it may not preserve its important properties cited in Exercise
1.3. Consequently, the subdifferential 0°°™ f loses almost all of its properties, and
in particular relation (1.8) as well as the characterization of the global minimum
given in Propositions 1.1 and 1.4. Thus, it would be interesting to ask what could
possibly replace both the Gateaux derivative (for Gateaux differentiable functions)
in Fact 1 and the subdifferential (for convex continuous functions) in Propositions
1.1 and 1.4. The answer to this question was given by Clarke in [86] when he
introduced a generalized gradient (also known as the Clarke subdifferential) for
nondifferentiable nonconvex functions and developed a new theory that he called
Nonsmooth Analysis Theory. Our primary goal in this book is to focus upon this
theory and its applications.

1.3 Subdifferentials

In this section, we will assume that X is a normed vector space and f : X — Ris a
locally Lipschitz function at X € X with ratio k > 0.

1.3.1 The Generalized Gradient (Clarke Subdifferential)

We have seen that for convex continuous functions the subdifferential was defined
in terms of the directional derivative f'(%, -) (see Definition 1.4). Following the same
idea, we define the the generalized gradient by using a new concept of directional
differentiability because, as we have mentioned in the end of the previous section,
the directional derivative f'(,-) loses almost all of its properties and it is not the
appropriate directional derivative that can be used to define the generalized gradient
(Clarke subdifferential). The new concept of directional derivative is called the
generalized directional derivative (also known as Clarke directional derivative) and

is defined by
fO(®v) = limsupt ™! [f(x+1v) — f(x)]. (1.11)

x—X
110

The generalized gradient (Clarke subdifferential) of f at ¥ is defined then as
If(X)={Cex : ({v) < fO(®v), forallve X}. (1.12)
The following proposition summarizes the most important properties of the gen-

eralized directional derivative and the generalized gradient for locally Lipschitz
functions.
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Proposition 1.5.

1.

N

i

10.

The function v v+ fO(%;v) is finite, positively homogeneous, subadditive, and
satisfies
|F2(z:v)| < k|||, forallveX. (1.13)

(f+8)°x:v) < fO(&v) + g°(%;v), where g is a locally Lipschitz function at X.
Sum rules:

I°(f +8)(x) C I°F (%) + (%),
where g is a locally Lipschitz function at X.
For every o € R one has (of)°(%v) = of°(%;v) and hence 9€(ouf)(%) =
a0 f(%).
If f has a local minimum or maximum at %, then 0 € 9€ f(%).
The generalized gradient € f (%) is a nonempty, convex, w*-compact subset in
X* and satisfies I f (%) C kB..
If x, and &, are two sequences in X and X* respectively such that &, € I f(x,)
and x, strongly converges to x and §, w*-converges to §, then we have { €
ICf(x).
Mean Value Theorem: If f is locally Lipschitz on an open neighborhood
containing the segment [x,y], then there exists z € [x,y] and & € d°f(z)
satisfying

)= f(x) =&y —x).

Chain rule: Let F : H — R" be locally Lipschitz® at X and let g : R" — R be
locally Lipschitz at F(X). Then the function g o F is locally Lipschitz at X and

I(go F)(x) Ceo{d“((&,.F(-)))(¥): &€ dg(F()}.

Pointwise maximum rule: Let f be a pointwise maximum of a finite number of
locally Lipschitz functions at X, that is, f(x) = lgla<XN Jn(x) with each f, locally
<n<

Lipschitz at x. Then f is locally Lipschitz at X and satisfies
ICf(%) C co{d fu(X) : n € I(X)},

where 1(%) denotes the set of indices n for which f(X) = f,(X).

Proof.

1.

By the local Lipschitz property of f at X, we get for # > 0 small enough and for
x sufficiently close to X

[t [f(x+1v) — f(x)]| < k||v]|, forallv € X.

2F : H — R" is locally Lipschitz at ¥ means that F = (f1, f>,...,f,) and each f; : H = R (i =
1,2,...,n) is locally Lipschitz at x.



