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Preface

Oscillatory systems exist everywhere, from our planet circulating around the
sun with a period of 365.2422 days in an average tropical year; to a pendulum
in an antique clock ticking every second; to the vibrations of a quartz crystal
in a wrist watch. The study of oscillators was initiated centuries ago in basic
mechanics. Some of the very complicated problems of injection locking in
coupled oscillators were experimentally verified in the 17th century by Huy-
gens. He used coupled pendulums using elastic threads to move energy from
one pendulum to another. Oscillators belong to a class of systems known as
autonomous systems. As opposed to driven systems, oscillators possess the
unique feature that they do not need a time varying input to produce a time
varying output. The periodicity and amplitude of the produced oscillation are
regulated by the system’s energy balance rather than an external input. This
unique property makes the study of oscillators both complicated and fascinat-
ing.

In the field of electrical circuits, the study of oscillators was pioneered by
radio scientists and particularly flourished during World War II. Some inge-
nious circuit implementations were devised to produce the best oscillators
possible. Along with the circuit implementations, came the formal mathemat-
ical analysis. One of the earliest models is due to Van Der Pol in the 1920s.
Rigorous nonlinear analysis was carried out throughout the 1920°s until
today.

Despite the long history, most of the literature, until recently, focused on two
questions: ‘what is the precise amplitude of oscillation?” and ‘what is the
exact period of oscillation?’

The question of noise behavior was addressed much later. The work of Edson
was one of the earliest to discuss the output spectrum of an autonomous oscil-
lator in circuit terms. The work of Leeson in 1964 was perhaps one of the first
to address phase noise as a distinct class of noise in electronic oscillators and
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try to predict it using mathematical expressions. His heuristic model without
mathematical proof'is almost universally accepted. However, it entails a cir-
cuit specific noise factor that is not known a priori and so is not predictive.

In this work, we attempt to address the topic of oscillator design from a differ-
ent perspective. By introducing a new paradigm that accurately captures the
subtleties of phase noise we try to answer the question: ‘why do oscillators
behave in a particular way?’ and ‘what can be done to build an optimum
design?’ It is also hoped that the paradigm is useful in other areas of circuit
design such as frequency synthesis and clock recovery.

In Chapter 1, a general introduction and motivation to the subject is presented.
Chapter 2 summarizes the fundamentals of phase noise and timing jitter and
discusses earlier works on oscillator’s phase noise analysis. Chapter 3 and
Chapter 4 analyze the physical mechanisms behind phase noise generation in
current-biased and Colpitts oscillators. Chapter 5 discusses design trade-offs
and new techniques in LC oscillator design that allows optimal design.
Chapter 6 and Chapter 7 discuss a topic that is typically ignored in oscillator
design. That is flicker noise in LC oscillators. Finally, Chapter 8 is dedicated
to the complete analysis of the role of varactors both in tuning and AM-FM
noise conversion.

In some sense, oscillators are the last of obscure analog circuits. The purpose
of this book is to put together a sensible theory and optimization methodol-
ogy. The objective is to lead the reader to understand and efficiently design
oscillators using a mechanistic approach that does not entail complicated
mathematics yet gives accurate results and design insights.
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Basics of LC
Oscillators

1 Introduction

Phase noise has been one of the most interesting yet poorly understood topics
in circuit design. The challenge of predicting the amount of phase noise in a
given circuit has been approached from a variety of angles, from using a “heu-
ristic model without formal proof” [1] to simulation techniques that lead to
accurate results [2][3]. Completing this book involved hours of computer sim-
ulation, pages of algebra, translation of antiquated notation, and utilizing
archeological-type efforts to unearth significant but otherwise forgotten
papers.

With regard to this work, three major steps lead to the solution of this prob-
lem. The first is Lesson’s equation. All works on phase noise must reference
Lesson’s equation because it is simple, intuitive, and has withstood the test of
time [1]. The second innovation was in the development of Cadence, Inc.’s
SpectreRF simulation tool [2]. This tool accurately predicts phase noise and
served as a test bench to validate all derived equations. Finally, Huang [4]
showed it was possible to write out equations for phase noise explicitly. This
work takes inspiration and elements from all these works and forms a model
that is as intuitive as Leeson, as accurate as SpectreRF, and as rigorous as
Huang.

2 The Mathematical Oscillator

The mathematical model of an ideal voltage-controlled oscillator starting at
¢t = 0 is described by the following expression:
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t
v(£) = A(f)sin w0t+KVJvc(u)du : (1)
0

where v, is the control voltage of the oscillator as a function of time. The cen-
ter frequency of oscillation is ®, and the instantaneous frequency of oscilla-
tion is given by:

() = o, K v.(1), 2
where K, is the oscillator sensitivity and typically given in rad/sec/volt.

As can be seen from (1), the small signal model of an oscillator in frequency/
phase domain, with voltage as an input and phase as an output, functions as an
integrator. The frequency of oscillation is directly proportional to the control
voltage and the oscillator phase is the time-integral of frequency. Being a self-
timed system, the oscillator lacks the ability to correct for its own phase.
Imagine an oscillator running at some frequency with a constant bias applied
to its control voltage line. Any disturbance on the control line will result in
instantaneous frequency shift that integrates over the time the disturbance
lasts. The resulting phase error will last indefinitely and can never be recov-
ered even though the disturbance lasted for a short amount of time as shown
in Figure 1.

FIGURE 1 Phase jitter accumulation.
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3 Additive White Noise in LC Oscillators

An oscillation is fully characterized by its amplitude and phase. When white
noise is added to an oscillation, noise corrupts both the amplitude and phase
of oscillation. Assume a noise signal n(f) added to an oscillation v(#). It is cus-
tomary to model noise as an infinite number of uncorrelated sinusoids sepa-
rated by 1 Hz each. The sum of the oscillation signal at ®, and a noise signal
at frequency w,+ ®, is given by:

s(t) = A sin(® )+ a sin((o,+ o )r+0,), 3)

where a,, is the noise amplitude and ¢,, is a random phase. This equation can
re-written as

s(t) = Aosin(wot)+%’sin((mowL(Dn)t+¢n)+%‘sin((mo—mn)t—q)n) )

+ az——“sin((coo T )tTo) - %sin((wo— ®) =0.).

The first three terms constitute an amplitude modulated carrier with the mod-
ulating tones at ®,,. The last two terms together with the carrier, approximate a
narrow band phase modulation signal. This means that a single sideband noise
component added to the oscillator modulates both the amplitude and phase of
the oscillation. The power of amplitude modulation sidebands is equal to the
power of phase modulation sidebands.

In Chapter 2, we will rigorously define phase noise. For now, any noise that
modulates the phase of oscillation is phase noise. Any noise that modulates
the amplitude is considered amplitude noise and is unimportant in most prac-
tical cases, except when it later converts to phase or frequency noise.

4 The Linear Oscillator

4.1 Warning

In this section, we develop a misleading analysis of oscillators based on linear
system theory. Despite looking reasonable, we will show later why it is not
accurate or even correct.
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4.2 Linear System Theory Applied to Oscillators

Oscillators are fundamentally nonlinear. In fact oscillator’s nonlinearity is the
reason for their “stable” amplitude. Yet linear models are often used to
describe oscillatory behavior. This is acceptable when oscillation start-up
conditions are pursued because oscillation at start-up is a small signal. How-
ever, the periodically stable frequency can be far different from the small sig-
nal “linear” prediction. Furthermore, a linear oscillator model cannot predict
the oscillation amplitude. In fact, the assumption of linearity, leads to an un-
determined amplitude. This is because in a linear system, if the input doubles,
the output doubles. In an oscillator, this leads to an amplitude that is arbitrary
{51

So what is a linear model good for?

1. It can yields a startup condition for oscillation, and

2. it gives a rough estimate of the frequency of oscillation.

FIGURE 2 Basic LC oscillator.

Consider the LC oscillator shown in Figure 2. If the oscillator loop is cut at
any point, the gain around the loop is given by:

2
G(jo) = Em )
+joC - L

1
R WL
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For a sustained oscillation, Barkhausen criterion mandates that the gain
around the loop is exactly unity and the phase shift around the loop is pre-
cisely 360 degrees. This leads to the following:

g.R=1, (6)

1
= . 7
0C = 57 ™

The oscillator shown in Figure 2 can be modeled as a positive feedback sys-
tem. In Figure 3, the oscillator is constructed using an amplifier and a phase
shift network. The amplifier provides no phase shift. The modes of oscilla-
tions for this system occur at the natural frequencies of the phase shift net-
work. At these frequencies, the phase shift of this network is a multiple of 360
degrees. If there are multiple frequencies at which Barkhausen criterion is
met, then the oscillator can have multiple modes of oscillation. The mode
with the highest gain is most likely to prevail but multiple modes of oscilla-
tion can coexist.

FIGURE 3 Feedback amplifier model of the oscillator.
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Another way to model an oscillator is a single port model. A lossless LC tank
is an oscillator with its frequency of oscillation that can be computed from (7).
Loss in the tank damps the oscillation with a time constant equal to 1/RC.
Adding a negative resistance element replenishes any current that flows
through the lossy element to sustain oscillation. If the oscillation is to grow
then the energy supplied by the negative resistance element must equal the
energy lost per cycle. For the oscillator in Figure 2, the two transistors are
arranged such that they provide a negative resistance of —2/g,,,. The differen-
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tial resistance of the tank is 2R. Therefore, for a sustained oscillation, the neg-
ative resistance should be equal to the positive resistance at all times. This
leads back to (6). Redrawn in Figure 4, this circuit is known as the voltage-
biased oscillator.

FIGURE 4 Basic LC oscillator (redrawn).
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5 Linear Oscillator Noise Analysis

Imagine an oscillator constructed using a parallel LC tank and a transconduc-
tor in a positive feedback loop. The frequency of oscillation is of course given
by (7). Note that the resonant frequency of the LC tank is the same as the
oscillation frequency because both the resistor and the transconductor do not
provide any extra phase shift as they carry no reactive current. The reader can
readily prove that if the resistive loss is modeled in series with the inductor
rather than it parallel, the oscillation frequency will be different from that
given by (7).

Now let’s consider the noise. Noise can come from two sources in this sys-
tem: the resistor and the transconductor. Resistor noise is modeled by a white
thermal noise current whose density is given by:

4kT

Oy = = ®)

Noise in the transconductor is also modeled as a white noise current whose
density is given by:
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52
in(f) = 4kTg,Y, ®
where 7y is the noise figure of the transconductor element.

The combined noise can be referred to the input of the transconductor as a
white noise voltage given by:

"2 4kTy | 4kT
vn(f)z_...__Y+-.2—, (10)
Em R

Substituting from (6), the input referred noise voltage at the transconductor
input is given by:

~2

vo(f) = 4kTR(1 +v) = 4kTFR, (an
where F'= 1 + 7 is the noise figure of the entire oscillator.

The tank impedance at a frequency dm away from the resonance frequency
can be approximated by

R

N TON
1+7202%
JQ(D

(o]

Z(3®) = (12)

where Q is the tank quality factor.

Using basic feedback theory, it is trivial to prove that the closed-loop transfer
function from the noise input to the oscillator output is given by:

2 , \?
H@w)|" = (—0) : 13
HEOI = 5555 (13)
In noise analysis, it is customary to represent noise by a sine wave in a 1 Hz
bandwidth. Let’s consider a noise component at a frequency d® away from
the carrier (i.e. oscillation fundamental tone). Noise power at the output of the
oscillator can be deduced using (11) and (13),

0] 2
N, (3w) = 4kTFR(2Q%)) . (14)
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As shown earlier, additive noise shows as half amplitude noise and half phase
noise. The noise-to-carrier ratio is obtained by dividing the output phase
noise by the carrier power. We should also consider noise in the lower side
band at ®, + 3. The single side band noise to carrier ratio is obtained by add-
ing noise power at +3w and —3w resulting in the following expression:

_ [4kTFR( © |2 _ KTFR(®6\? 1
o) = ( P, (2Q8w) ]E P, (—Q—) 50 ()

This is the renowned Leeson’s equation [1]. In the original paper it was given
as a heuristic equation without formal proof. The preceding analysis is not
part of the original paper that was based on measurements and observations.
Many other researchers and design engineers derived, over the years, proofs
similar to the one we derived here and ended up with one version or another
of (15).

What’s wrong with the above analysis? First, it is linear and time invariant.
Therefore, no frequency translations of noise can occur. This means that low
frequency noise, such as flicker noise, cannot create phase noise under the
assumptions of this model. The only type of noise that can create phase noise
in this model is noise originating around the oscillation frequency. Moreover,
it has to have an equivalent amount of amplitude noise because it is in
essence, additive noise. In any LC oscillator, this is not true. As we will show
later, some elements contribute pure phase noise and no amplitude noise.
Finally, linear analysis cannot predict the amplitude of oscillation. The ampli-
tude limiting mechanism is fundamentally nonlinear and cannot be captured
in the context of a linear time-invariant analysis.

6 How Is This Book Different?

In the following chapters we will show in detail why the derivation in
Section 4 is wrong. We will show how to use circuit theory to derive an accu-
rate model for phase noise in electrical oscillators. We will describe what we
call a mechanistic model that captures the dominant nonlinearities in an oscil-
lator and provides a closed form expression for phase noise. No fudge factors
utilized!
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Concepts from nonlinear circuit theory are sometimes utilized yet we tried to
keep that to the minimum necessary.

By doing so, this book provides deep insight into the operation of oscillators
and provides simple procedures for designing high-purity oscillators. We are
answering the seldom tackled questions: ‘why does the oscillator behave that
way?’ and ‘how is an optimal oscillator designed?’
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Oscillator Purity
Fundamentals

1 Introduction

A sinusoidal oscillation is described completely by its amplitude and fre-
quency. The purity of the oscillation pertains typically to only the frequency
or period of oscillation. This is because an oscillator is typically used to syn-
chronize events in time. This applies to wireless transceivers as well as digital
circuits. The amplitude of oscillation, once above a threshold value, is typi-
cally irrelevant as long as it can generate an action (event) on the subsequent
circuit block. An oscillation that is perfectly pure has a constant period of rep-
etition. In frequency domain, the perfect repetition translates into a single
tone, for a sinusoidal oscillation anyway.

Historically, observing periodicity in time predates the observation of spectral
purity for obvious reasons. Ancient Egyptians noted that Sirius rises to its
place besides the sun exactly every 365 days. They divided the year into
twelve 30-day months and a short 5 day month that was called the “little
month”, Their calendar is still used today by peasants in the countryside of
Egypt, side-by-side with the Gregorian calendar, as it fits perfectly the Egyp-
tian climate and the flooding of the Nile. Their calendar was the basis of the
modern calendar we use today. The Babylonians of today’s Iraq used a lunar
calendar that follows the periodicity of the moon, a cycle of 29 to 30 days.
They are the ones who divided the day into smaller units that relate to their
base-60 numeral system. Around the 16 century, in the era of great expedi-
tions, there was a great need for accurate clocks for navigation. Determining
longitude accurately was not possible without a tool that can tell time with
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great accuracy [1]. Galileo sketched out the concept of the first pendulum-
based clock. It was Harrison who first implemented a clock that can tell time
within one second of error per day [1]. Various designs of mechanical move-
ments were implemented over the centuries that followed and are perfected
today in Swiss mechanical watches. The 1920s witnessed the first quartz
clock that enabled much higher frequency/period stability. Later, this fueled
the clock industry in Japan. For more accurate time bases, the atomic clock is
used as a calibration source. The search for the most accurate clock is in
essence the search for a high long-term stability signal source. The question of
noise in signal sources was not of concern until World War II. Only then was
the study of noise in the oscillator’s phase was born. In essence, phase noise
relates to the short-term stability of the oscillator’s period, frequency, or
phase.

Signal purity measures can be divided into two main categories: deterministic
and stochastic. Deterministic impurity comes from spurious signals that show
in the signal spectrum as delta-Dirac impulses, known as spurs at a fixed fre-
quency offset from the main tone. Stochastic impurity arises from stochastic
variation of signal phase and are manifested in noise skirts around the funda-
mental frequency. Another way of quantifying stochastic purity is by looking
at the signal in time domain where stochastic perturbations are manifested as
perturbations in the zero crossings of the sinusoidal waveform. For practical
RF receiver design purposes, amplitude perturbations are typically of little
concern because mixers are not sensitive to them. In transmitters, however,
the situation is somewhat different. Amplitude noise would interfere with
neighboring channels just as phase or frequency noise does if it spills out of
its allotted bandwidth.

In this chapter we briefly describe the basic concepts of signal purity both in
time and frequency domains. The reader who is familiar with these concepts
can skip this chapter and advance to chapter 3.

2 Timing Jitter

A pure oscillation repeats in time precisely every T seconds, where T'is called
the oscillation period. In other words, if we set a particular threshold voltage
level, the oscillation waveform will cross this threshold in a given direction
precisely every 7 seconds. In the presence of noise, the points in time where
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the oscillation waveform crosses this threshold are dithered around their ideal
noiseless locations. In statistical terms, the oscillation waveform is a random
process described by:

V{9, 1) = Asin(o,t+¢,), ey
where ¢, 1s a stochastic process that produces a random phase fluctuation.

Consider now difterent realizations of this random process, i.e. different pos-
sible waveforms that fulfill (1). Such realizations are shown in Figure 1. The
first waveform is an ideal noiseless oscillation. The other two waveforms are
sample realizations for different values of ¢,(7) that have the same statistical
properties. The threshold is held at the }(#) = 0. As shown, each of the two
realizations rises through the threshold at random time points around the ideal
waveform crossing points. The difference in the crossing time between the
ideal waveform and the various realizations is a random process denoted by
Aj;. Tt is assumed that all of the realizations of the random process V(¢,, ?)
start from the same zero initial phase. The subscript j denoted the realization
number whereas the subscript i denotes the count of the threshold crossing
starting from the initial phase at i = 0.

At any particular zero crossing i, the difference in crossing times is a random
variable that has some particular mean and variance. Consider the zero'
crossing, i.e. at the initial point; all values of Ay, are equal to zero because all
realizations of V(0, f) start at the same initial phase. Therefore, the random
variable Ajy has zero mean and zero variance. In other words, the probability
distribution of A is an impulse,

2
(A = 0,45 = 0,P(4,) = 8(4), )
where 0 is the delta-Dirac impulse.

Now comes into play, the most characteristic property of oscillators; they are
autonomous circuits. The phase of the oscillator is determined only from
within. This means that the ending point of cycle 1 is the starting point of
cycle 2 and the phase error incurred in cycle 1 is carried over without correc-
tion to cycles 2 and 3, .... indefinitely. This is manifested in the basic mathe-
matical model of oscillators shown in Chapter 1; the oscillator is a phase
integrator. This means that if we try to evaluate the statistical properties of A
at the end of cycle m (4;,,), we are actually looking at the accumulation (inte-




