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Dedicated to Paul Erdős, who envisioned Ramsey Theory,
shaped much of it by his problems, conjectures and results,
and inspired us all to dive into its deep and beautiful waters.





What This Book Is About and How It Came
into Being

Ramsey theory is a fascinating, approximately 100-year-old field of mathematics
that has a non-empty intersection with combinatorics, number theory, geometry,
ergodic theory, topology, combinatorial geometry, set theory, measure theory, and
so on. Ramsey theory possesses its own unifying ideas, and some of its results are
among the most beautiful theorems of mathematics. The main mathematical idea of
Ramsey theory is this: no matter how large and elaborate a system S is, and how
large a positive integer n is, we can choose a large enough super system Q contain-
ing S , so that no matter howQ is colored in n colors,Q contains a monochromatic
copy of S . Thus one can say that Ramsey theory studies mathematics of coloring.

In 2008 the director, Fred Roberts, and the executive committee of DIMACS1

invited me to organize a three-day workshop on Ramsey theory. In response to
Dr. Roberts’ desire to host a nongeneric original view of the field, I proposed
Ramsey Theory: Yesterday, Today, and Tomorrow. This was approved, and the work-
shop took place on May 27–29, 2009 at the Busch Campus of Rutgers University
in Piscataway, New Jersey. The workshop looked at the emergence and history of
Ramsey theory (Yesterday), its results (Today), and its future (Tomorrow) through
its open problems, conjectures, and aspirations. In addition to mathematical and
historical research, we also looked at how Ramsey theory can harness the power of
computing in discovering mathematical results.

The workshop turned out to be an international event. It attracted researchers
from the United States, England, Czech Republic, Hungary, and Germany. The
speakers included world-renowned leaders of the field, such as Ronald L. Graham,
Joel H. Spencer, and Jaroslav Nešetřil. It also included some of the most promis-
ing young researchers such as Jacob Fox of Princeton University, Andrzej Dudek of
Carnegie Mellon University, Lynn Scow of the University of California Berkeley,
and Dmytro Karabash of the Courant Institute of Mathematical Sciences.

1 The Center for Discrete Mathematics and Theoretical Computer Science, a collaborative project
of Rutgers and Princeton Universities, AT&T Labs – Research, Alcatel–Lucent Bell Labs, Cancer
Institute of New Jersey (CINJ), NEC Laboratories America, and Telcordia Technologies.
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viii What This Book Is About and How It Came into Being

The workshop inspired Ann Kostant, the executive editor of mathematics at
Birkhäuser, to propose that I organize and edit this volume of surveys authored or
coauthored by workshop participants under the title of the workshop Ramsey The-
ory: Yesterday, Today, and Tomorrow for its “Progress in Mathematics” Birkhäuser
series.

This volume opens with “Yesterday”, surveys of the prehistory and early his-
tory of Ramsey theory. They are followed by surveys of progress that has been
made in Ramsey theory and in areas that arose from Ramsey theory, the de-
scendants of Ramsey theory; these surveys point out directions in which Ramsey
theory and its descendants may move in the future. The last three surveys address
Euclidean Ramsey theory and related coloring problems. The survey on open prob-
lems is coauthored by Ronald L. Graham, one of the authors of Euclidean Ramsey
theorems I, II, and III, 1973–1975, which constitute a major portion of the founda-
tion of the subject. This survey is followed by a history of the mysterious problem
of the chromatic number of the plane, and the final survey is on similar problems
for the rational points in real Euclidean spaces.

In addition to invited and contributed talks, the workshop featured a “Problem
Posing Session.” Accordingly, this volume includes a section of open problems
proposed at the workshop.

On behalf of all contributors to this volume, I thank Fred Roberts and the
DIMACS Executive Committee for inviting and supporting the workshop, and the
National Science Foundation for financial support. I thank the entire DIMACS’ staff
for their wonderful help, especially Nicole Clark, Linda Casals, and Mel Janowitz.
I thank Ann Kostant of Birkhäuser for offering us such a fine vehicle for spread-
ing the Ramseyan word, and the editors of the “Progress in Mathematics” series
Hyman Bass, Joseph Oesterlé, and Alan Weinstein for accepting this volume in
their enlightened series.

May 2010 Alexander Soifer



Some of the plenary speakers of the workshop, from the right: Ronald L. Graham,
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Ramsey Theory Before Ramsey, Prehistory
and Early History: An Essay in 13 Parts1

Alexander Soifer

What amazes us today is, of course, that no one in Hamburg
(including Schreier and Artin) had known about Schur’s work
[1916]. In that connection we must realize that the kind of
mathematics involved in the [Baudet–Schur] conjecture was not
mainstream, and that combinatorics was not a recognized field
of mathematics at all.

– Nicolaas G. de Bruijn2

It takes a long time to become young.
– Pablo Picasso

1 Overture

How does a new theory emerge? It usually manifests itself in the older and estab-
lished areas of mathematics. Gradually a critical mass of results appears, prompting
a realization that what we have is a new identifiable field of mathematical thought,
with its own set of problems and methods. As a fetus in a womb, the new theory
eventually does not fit in the existing classification of mathematical thought. That is
when the child is born. Ramsey theory has not been an exception.

In retrospect we all put history in a neat chronological order. In reality, older
results may not have been known in time to provide the influence that our chrono-
logical order would suggest. We plug historical holes in the emergence of Ramsey
theory not unlike filling holes in human evolution. History teaches that it is not
enough to be right. In order to influence the evolution of one’s field, one has to be
lucky to be right at the right time. Aristarchus of Samos (À¡š¢£’¡¦o−, 310 BC–ca.
230 BC) was the first to explicitly conjecture a heliocentric model of the solar
system. However, he did not influence the evolution of astronomy. Almost 1,800
years later, Nicolaus Copernicus (1473–1543), presented (more comprehensively)
the conjecture of the heliocentric cosmology again, and did influence the evolution
of astronomy in a major way.

1 Much of this material is contained in the author’s monograph [Soi], however, this text contains
new facts and observations that were not known to the author in 2008 when [Soi] was published.
Also, the emphasis here is quite different from [Soi].
2 E-mail to A. Soifer, January 5, 2004.

A. Soifer
University of Colorado at Colorado Springs, Coloredo Springs, CO 80918, USA
e-mail: asoifer@uccs.edu

A. Soifer (ed.), Ramsey Theory: Yesterday, Today, and Tomorrow, 1
Progress in Mathematics 285, DOI 10.1007/978-0-8176-8092-3 1,
c� Springer Science+Business Media, LLC 2011

asoifer@uccs.edu


2 A. Soifer

Let me summarize in one paragraph the fetal development preceding Ramsey
theory’s birth. As we believe now, David Hilbert’s cube lemma was the first
Ramseyan result, but it did not influence anyone at the time and thus did not give
birth to Ramsey theory. Issai Schur’s 1916 theorem could have remained unnoticed
too, but Schur was first to realize that he had run into something new and striking.
And so Schur continued by conjecturing the result on monochromatic arithmetic
progressions. However, Schur’s conjecture did not reach Bartel Leendert van der
Waerden, and the Ramseyan train of thought risked running out of fuel. The unborn
Ramseyan mathematics was very lucky that another person, Pierre Joseph Henry
Baudet, independently of Schur posed the same conjecture. Baudet passed away at
the tender age of 30, but his conjecture impressed his friend and mentor Frederik
Schuh. Schuh or Schuh’s circle at the University of Amsterdam was the source of
the conjecture for the 23-year old Van der Waerden. Having proved the conjec-
ture, Van der Waerden walked away from Ramseyan prehistory. Issai Schur, on the
other hand, continued to produce Ramseyan mathematics, and moreover directed
and inspired his PhD students Richard Rado, Hildegard Ille and Alfred Brauer to do
the same. Then came Frank Plumpton Ramsey who delivered the Two Command-
ments, the principles of the theory later named in his honor. Ramsey died at the age
of 26, before his publication announced to the world the birth of the new theory.

In what follows, we take a more detailed look at the emergence of Ramsey theory,
and trace how the Ramseyan baton was passed. A much more detailed exposition of
Ramsey theory’s prehistory and early history required a whole book, the book [Soi]
that now exists. I have continued historical investigations, and this survey contains
some new facts.

2 David Hilbert’s 1892 Cube Lemma

As far as we know today, the first Ramseyan-type result appeared in 1892 as a little-
noticed assertion in [Hil]. Its author was the great David Hilbert. In this work Hilbert
proved the theorem of our interest merely as a tool for his study of irreducibility of
rational functions with integral coefficients.

A set Qn .a; x1; x2; : : :; xn/ of integers is called an n-dimensional affine cube if
there exist n + 1 positive integers a, x1,. . . ,xn such that

Qn .a; x1; x2; : : :; xn/ D
n
aC

X

i2F
xi W ¿ ¤ F � f1; 2; : : :; ng

o
:

It is convenient to use the symbol [n] for the starting segment of positive integers:

Œn� D f1; 2; : : :; ng :
The theorem, which preceded the Schur and the Baudet–Schur–Van der Waerden
theorems, reads as follows.

The Hilbert Cube Lemma 1. For every pair of positive integers r , n, there exists
a least positive integerm D H.r; n/ such that in every r-coloring of Œm� there exists
a monochromatic n-dimensional affine cube.
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It seems that David Hilbert’s monochromatic cube lemma was the first example
of Ramseyan mathematics. Apparently nobody – including Hilbert – appreciated the
lemma much. Hilbert did not continue research in the direction the lemma showed.
The field did not learn about Hilbert’s lemma until much later. The lemma was
added as the first instance of Ramseyan thought, not due to its influence, which was
nonexistent, but due to its respectable birth year of 1892.

3 The Issai Schur 1916 Theorem

Probably nobody remembered the 1892 Hilbert lemma by the time the second
Ramseyan-type result appeared in 1916 as a little-noticed assertion in number
theory. Its author was Issai Schur. Our interest here lies in the result he obtained dur-
ing 1913–1916 when he worked at the University of Bonn as the successor to the
famed topologist Felix Hausdorff. There Schur wrote his pioneering paper [Sch]:
Über die Kongruenz xm C ym � zm .mod:p/: In it Schur offered another proof
of the 1908 theorem by Leonard Eugene Dickson [Dic], who was trying to prove
Fermat’s Last Theorem.

For use in his proof, Schur created, as he put it, “a very simple lemma, which
belongs more to combinatorics than to number theory.” Its setting is positive
integers, colored in finitely many colors. The beautiful proof I present here utilizes
coloring as well. Paul Erdős received this proof from Vera T. Sos, and included it
in his talk at the 1970 International Congress of Mathematicians in Nice, France
[E71.13]. We use the following natural lemma, which can be proven by a straight-
forward induction.

Issai Schur, courtesy of his daughter Hilde Abelin-Schur.
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Lemma 2 (R. E. Greenwood and A. M. Gleason, 1955, [GG]). For any positive
integer n there is a positive integer S.n/ such that any n coloring of edges of the
complete graphKS.n/ contains a monochromatic triangle K3.

The Schur 1916 Theorem 3 ([Sch]). For any positive integer n there is an integer
S.n/ such that any n-coloring of the set [S.n/] contains integers a, b, c of the same
color such that aC b D c.

In this case we call a, b, c a monochromatic solution of the equation x C y D z.
In fact, Schur proved by induction that S.n/ = n!e would work.

Proof of Schur’s Theorem. Let all positive integers be colored in n colors c1, c2, . . . ,
cn. Due to Lemma 2, there is S.n/ such that any n-coloring of edges of the complete
graphKS.n/ contains a monochromatic triangleK3.

Construct a complete graphKS.n/ with its vertices labeled with integers from the
initial integer array ŒS.n/� D f1; 2; : : : ; S.n/g. Now color the edges of KS.n/ in n
colors as follows: let i and j; i > j , be two vertices ofKS.n/, color the edge ij in the
color of the integer i �j (remember, all positive integers were colored in n colors!).
We get a complete graph KS.n/ whose edges are colored in n colors. By Lemma 2,
KS.n/ contains a triangle ijk, i > j > k, whose edges ij, jk, and ik are colored in the
same color (Fig. 2).

Denote a D i � j ; b D j � k; c D i � k. Since all three edges of the triangle ijk
are colored in the same color, the integers a, b, and c are colored in the same color
in the original coloring of the integers (this is how we colored the edges of KS.n//.
In addition, we have the following equality:

aC b D .i � j /C .j � k/ D i � k D c:
We are done! �

The result of the Schur theorem 3 can be strengthened by an additional clever
trick in the proof.

Strong Version of Schur’s Theorem 4. For any positive integer n there is an in-
teger S�.n/ such that any n-coloring of the initial positive integer array [S�.n/]
contains distinct integers a, b, c of the same color such that aC b D c.

Fig. 2
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Proof. Let all positive integers be colored in n colors c1; c2; : : : ; cn. We add nmore
colors c10, c20; : : : ; cn0 different from the original n colors and construct a complete
graphKS.2n/ with the set of positive integers f1; 2; : : : ; S.2n/g labeling its vertices
(see the definition of S (2n/ in the proof of Theorem 3). Now we are going to color
the edges of KS.2n/ in 2n colors.

Let i and j , (i > j /, be two vertices of KS.2n/, and cp be the color in which
the integer i � j is colored, 1 � p � n (remember, all positive integers are colored
in n colors c1; c2; : : : ; cn/. Then we color the edge ij in color cp if the number
bi=.i � j /c is even, and in color cp0 if the number bi=.i � j /c is odd (for a real
number r , the symbol brc, as usual, denotes the largest integer not exceeding r/.

We get a complete graph KS.2n/ whose edges are colored in 2n colors. By
Lemma 2, KS.2n/ contains a triangle ijk, i > j > k, whose edges ij, jk, and ik
are colored in the same color (see Fig. 2).

Denote a = i � j ; b = j � k; c = i � k. Since all three edges of the triangle
ijk are colored in the same color, from the definition of coloring of edges of KS.2n/

it follows that in the original coloring of positive integers, the integers a, b, and c
were colored in the same color. In addition we have

aC b D .i � j /C .j � k/ D i � k D c:
We are almost done. We only need to show (our additional pledge!) that the numbers
a, b, c are all distinct. In fact, it suffices to show that a ¤ b. Assume the opposite:
a = b and cp is the color in which the number a = b = i � j = j � k is colored. But
then

�
i

i � j
�
D
�
1C j

i � j
�
D 1C

�
j

i � j
�
D 1C

�
j

j � k
�
;

i.e., the numbers bi=.i � j /c and bj=.j � k/c have different parity, thus the edges
ij and jk of the triangle ijk must have been colored in different colors. This contra-
diction to the fact that all three edges of the triangle ijk have the same color proves
that a ¤ b. Theorem 4 is proven. �

Nobody then asked questions of the kind Issai Schur posed and solved in this
1916 paper. Consequently, nobody appreciated this result much when it was pub-
lished. Even Van der Waerden himself learned about the Schur theorem from me in
1995! See for yourselves Van der Waerden’s April 24, 1995 letter to me:

Now Schur’s theorem shines as one of the most beautiful, classic theorems of
mathematics. Leon Mirsky loved this theorem, and wrote [Mir] on the occasion of
the centenary of the birth of Schur:

We have here a statement of the type: “if a system is partitioned arbitrarily into a finite num-
ber of subsystems, then at least one subsystem possesses a certain specified property.” To
the best of my knowledge, there is no earlier result which bears even a remote resemblance
to Schur’s theorem. It is this element of novelty that impresses itself so forcibly on the mind
of the reader.
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Van der Waerden, April 24, 1995 letter to Alexander Soifer.

However, Mirsky continued [Mir]:

After writing his paper, Schur never again touched on the problem discussed there; and this
is in itself something of a mystery. For the strongest impression one receives on scanning
his publications is the almost compulsive striving for comprehensiveness. There are few
isolated investigations; in algebra, in analysis, in the theory of numbers, Schur reverts again
and again to his original questions and pursues them to the point of where one feels that
the last word has been spoken.... Why, then, did he not investigate any of the numerous
questions to which his Theorem points so compellingly? There is no evidence to enable us
to solve the riddle. (Footnote: As will emerge from the discussion below, Professor Rado, if
anyone, should be able to throw light on the mystery – and he tells me that he cannot.)

Mirsky’s statement, apparently backed by Richard Rado, was echoed in the author-
itative book on Ramsey theory [GRS2, p. 70], thus becoming a universal view
on this matter: “Schur never again touched on this problem.” In fact, the new
Ramseyan mathematics, discovered by Issai Schur in his 1916 paper, remained dear
to his heart for years to come. Even though at the time, nobody was interested in
the new direction the Schur 1916 theorem had shown, Issai Schur himself was:
read on!


