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PREFACE TO THE SERIES

Advances in science often involve initial development of individual specialized
fields of study within traditional disciplines followed by broadening and overlap,
or even merging, of those specialized fields, leading to a blurring of the lines
between traditional disciplines. The pace of that blurring has accelerated in the
last few decades, and much of the important and exciting research carried out
today seeks to synthesize elements from different fields of knowledge. Examples
of such research areas include biophysics and studies of nanostructured materials.
As the study of the forces that govern the structure and dynamics of molecular
systems, chemical physics encompasses these and many other emerging research
directions. Unfortunately, the flood of scientific literature has been accompanied
by losses in the shared vocabulary and approaches of the traditional disciplines,
and there is much pressure from scientific journals to be ever more concise in the
descriptions of studies, to the point that much valuable experience, if recorded at
all, is hidden in supplements and dissipated with time. These trends in science
and publishing make this series, Advances in Chemical Physics, a much needed
resource.

The Advances in Chemical Physics is devoted to helping the reader obtain
general information about a wide variety of topics in chemical physics, a field that
we interpret very broadly. Our intent is to have experts present comprehensive
analyses of subjects of interest and to encourage the expression of individual
points of view. We hope that this approach to the presentation of an overview of a
subject will both stimulate new research and serve as a personalized learning text
for beginners in a field.

STUART A. RICE
AARON R. DINNER
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I. INTRODUCTION

In 1946, Gabor proposed using a set of Gaussians located on a time—frequency
lattice as a basis for representing arbitrary signals [1]. Gabor’s motivation can be
understood by considering Fig. 1a. If one considers an acoustical signal, generally
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Figure 1. (a) A section of Beethoven’s fifth symphony, showing that if a musical score is viewed
as a plot of the time—frequency plane there is strong correlation between frequency and time. Note
that most of the time—frequency phase space cells are empty. (b) A schematic representation of the
von Neumann lattice in which one Gaussian is placed in every phase space cell of area /4. For a color
version of this figure, see the color plate section.

there is some form of time—frequency correlation. This is made explicit in musical
notation, where the score can be thought of as a two-dimensional (2D) time—
frequency plot, showing schematically that not all frequencies are present at all
times. Gabor’s proposal was to divide this 2D time—frequency space into cells of
area 2z and place one Gaussian per cell. If the Gaussians are considered as a basis
set, intuitively a substantial fraction of the Gaussians may be expected to have
near-vanishing coefficients.

It turns out that the identical lattice of Gaussians was discovered by von
Neumann 15 years earlier in the context of quantum mechanics, where instead
of w and r the conjugate variables are p and x and the area of the unit cell is
h [2]. However, in all respects the formalism is isomorphic. Von Neumann’s
interest was in a generalized uncertainty principle, but subsequently mathematical
physicists explored the properties of the von Neumann lattice as a basis. It was
proven that if one Gaussian is placed per cell of area & the von Neumann basis is
complete but not overcomplete, provided the width parameter of the Gaussian is
appropriate to the cell size [3]. In the late 1970s, Davis and Heller [4] explored
the use of the vN basis for solving the time-independent Schrodinger equation
(TISE). Their motivation was similar to that of Gabor’s. They reasoned that the
classical mechanical phase space contour at energy E should provide an excellent
guide for where quantum mechanical basis functions are needed. To the extent
that basis functions outside the classical contour can be eliminated, the basis
should provide a very efficient representation. Some prototypical examples of
classical energy contours are illustrated in Fig. 2.

Although the commercial aspects of the representation are probably much
larger for audio and image processing than for quantum mechanics, the advan-
tage of the von Neumann representation is potentially much higher in quantum
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Figure 2. Classical phase space contours for (a) harmonic oscillator Hamiltonian, (b) Coulomb
Hamiltonian.

mechanics. The reason is that quantum mechanical calculations for realistic atoms
and molecules involve solving a wave equation in 3N degrees of freedom, where
N is the number of electrons and nuclei, a dimensionality much higher than one
deals with in signal and image processing. Most basis function methods use a
tensor product Hilbert space and as a result the number of basis functions grows
exponentially with the number of degrees of freedom. This notorious problem
is called the “exponential wall” [5]. Although the von Neumann basis functions
in multidimensions are direct products of one-dimensional (1D) Gaussians, the
Hilbert space after removing the energetically inaccessible Gaussians is not a ten-
sor product Hilbert space. Thus, formally at least, the method has the potential to
defeat the exponential wall in basis set calculations.

Due to its intuitive appeal and its potential for simple and efficient represen-
tation, the von Neumann representation has attracted interest in the theoretical
chemistry community since the late 1970s. Similarly, the Gabor representation
has attracted interest in the signal processing community since its invention in
1946, with a peak of interest in the 1980s and 1990s. The development of the the-
ory in these two fields has been nearly independent, with only limited transfer of
ideas and methods between these communities. Figure 3a summarizes some of the
key milestones in the development of von Neumann/Gabor theory [1, 2, 4, 6-19].

One of the striking parallels in the development of the method in quantum
mechanics and signal processing is that the method never became mainstream
in either community. A key reason is undoubtedly the problems encountered in
converging the method, problems reported independently in both fields. Figure 3b
collects some quotations from the literature, both in quantum mechanics and in
signal processing, that testify to the problems with convergence of the method
[4,7,8, 11, 12].

We have recently discovered a simple but surprising way to converge the
von Neumann/Gabor method [15-19]. Our insight was to define a modified
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Quantum Mechanics Signal Processing
(position-momentum) (time-frequency)

1931 Von Neumann
T 1946 Gabor

1979 Davis and Heller <
1980 Bastiaans

19811985 Balian, Low «——

\ 1988 Porat and Zeevi
1990 Wexler and Raz
/ 1990 Daubechies
2004 Poirier \

«— 2009 Tannor and Brixner

2011 Shimshovitz and Tannor
2012 Takemoto, Shimshovitz, and Tannor

\ 2012 Shimshovitz and

Tannor

(a)

Davis and Heller (1979)

“For v = I, we have the von Neuman basis, which is very poorly convergent
as the grid is extended into phase space.”

Balian (1981), Low (1985)

“In order to represent a classical wavepacket, f(x) should go to zero rapidly
for large |x|, as should g(p) for large |p|. The requirement of completeness
turns out to make this property relatively useless.”

Daubechies (1990)
“Gabor’s original proposal, with woto = 27, leads to unstable reconstruction.”
Poirier (2004)

“[T]he phase space truncation scheme —tempting though it may be to apply
to the von Neumann lattice —is actually quite inefficient in this context”

(b)

Figure 3. (a) A schematic diagram of the development of the von Neumann/Gabor method
in the quantum mechanics and signal processing communities. The development proceeded largely
independently. (b) Quotes from the quantum mechanics and signal processing literatures indicating
that the von Neumann/Gabor basis on a truncated lattice does not converge.

von Neumann/Gabor basis in which the boundary conditions are taken to be peri-
odic and band limited. As we show below, this ensures that the representation has
exact informational equivalence with the Fast Fourier Transform method, which
has been used so profitably for quantum dynamics calculations. In the language of
signal processing, the significance of this result is that the modified Gabor basis



PHASE SPACE APPROACH TO SOLVING THE SCHRODINGER EQUATION 5

satisfies a Nyquist—Shannon sampling theorem [20—22], meaning that the represen-
tation is exact for functions that are band limited and periodic, and converges expo-
nentially fast for functions that decay exponentially in both time and frequency.
The net result is that the periodic von Neumann (pvIN) or periodic Gabor (pg) basis
combines the best of both worlds: Gaussian flexibility with Fourier accuracy.

One more development is crucial to making the method useful. Although the
periodic von Neumann representation has complete informational equivalence
with the Fourier representation if the full basis is kept, it turns out that discarding
even a single pvN function incurs a considerable error—actually a much larger
error than incurred in discarding Fourier functions. In other words, Gabor’s original
proposal for compression turns out not only to fail, but to have exactly the opposite
consequences of what he expected. To understand the problem and its solution,
note that the von Neumann basis is non-orthogonal. As a result, the basis functions
do not satisfy a Kronecker delta relation (g,,|g,) = 6,,,. but rather a relation
(b,,|18,) = 6,,, where the {b,,} are a set of basis functions biorthogonal to the
{g,}. Although the {g,} are localized the {b,,} are not. In the implementation of
the vN representation as envisioned by Gabor and all subsequent work, the {g,} are
the basis functions and therefore the delocalized {b,,} determine the coefficients.
Our finding was that by interchanging the role of the basis and its biorthogonal
basis we obtain a delocalized basis {b,,} but the localized functions {g,} now
determine the coefficients, many of which are now nearly vanishing.

The remainder of this review is organized as follows. Section II presents the
basic theory. Sections III-V present applications, first to femtosecond pulse shap-
ing, then to quantum mechanics (both time independent and time dependent) and
finally to audio and image processing. Section VI is a Conclusion with some
discussion of future directions.

II. THEORY

A. von Neumann Basis on the Infinite Lattice

The von Neumann basis set [2] is a subset of the “coherent states” of the form:

gux) = (270‘)% exp (—a(x - xn)2 + i%(x - x,l)> (D

where n and [ are integers. Each basis function is a Gaussian centered at
(x,.pp) = (na + x, % + py) in phase space, where x, and p are arbitrary shifts.
The parameter a = 2%" controls the FWHM of each Gaussian in x and p space.

Taking Ax = a, Ap = h /a as the spacing between neighboring Gaussians in x and
p space respectively, we note that AxAp = h so we have exactly one basis function
per unit cell in phase space. As shown in [3] this implies completeness in the
Hilbert space.
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The “complete” vN basis, where n and / run over all integers, spans the infinite
Hilbert space. In any numerical calculation, however, n and / take on a finite number
of values, producing N Gaussian basis functions {g;(x)},i = 1... N. Since the size
of one vN unit cell is &, the area of the truncated VN lattice is given by S*N = Nh.

B. Fourier Method

Before proceeding to describe our modified version of the von Neumann lattice,
we need to present some background about the Fourier method.

The pseudospectral Fourier method [23,24] (also known as the sinc discrete
variable representation (DVR) [25]) is a widely used tool in quantum simulations
[26-29]. In this method a function y(x) that is periodic in L and band limited
in K = % can be written in the following form: y(x) = 22; L w(x,)0,(x), where

x,=06,(m—1),and o, = ”—:l = % The basis functions {6,(x)} are given by [30]:

Ny
2 1 i27xj
0,0=") exp <—<x—xn>>, )
= +1 VLN L

which can be shown to be sinc functions that are periodic on the domain [0, L]
[31]. A couple of representative functions from this set are illustrated in Fig. 4.

0.8

On(t)

ol Uﬂk Jﬂuﬂvwvwvﬂunv

-04UL 1 1 1 1 1 1
0 10 20 30 40 50 60

t

Figure 4. Tllustration of the Dirichlet or periodic sinc functions. These functions are the under-
lying basis of the fast Fourier transform (discrete Fourier transform with periodic boundary conditions).
They go to 1 at one of the Fourier grid points and to O at all the other Fourier grid points. The various
members of the basis are orthonormal. For a color version of this figure, see the color plate section.
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0 ot t

Figure 5. (a) N =9 coordinate grid points and N = 9 Gabor unit cells cover the same area in
phase space, S = 2zN. Superimposed is a typical Gabor function. Note that its boundary conditions
are not appropriate for the rectangular area. (b) The periodic Gabor (pg) basis is a complete set for the
truncated space. The pg basis functions are, loosely speaking, periodic and band-limited Gaussians
whose centers are located at the center of each unit cell.

By Nyquist’s theorem, if the spacing between points in the Fourier method
is 6x, the frequency range that can be spanned is 2P = 2zh, Thus, the set
{6,(x)} i=1,...,N spans a rectangular shape in phase space with area SFGH =
2LP = ZL”h = Nh [23]. Thus N unit cells in the vN lattice and N grid points

in the Fourler method cover the same rectangle with an area in phase space of
(Fig. 5a):

SN = §FGH — N, (3)

This suggests that N vN basis functions confined to this area will be equivalent
to the Fourier basis set. Unfortunately, the attempt to use N Gaussians as a basis
set for this phase space area leads to extremely large numerical errors. One may
think of this as a result of Gaussians on the edges of Fig. 5a protruding from
the truncated space; as a consequence, there are also gaps in the coverage of the
Hilbert space of the interior region.

C. The Periodic von Neumann Basis (pvN)

The problem with convergence of the truncated lattice of Gaussians can be over-
come by combining the Gaussian and the Fourier basis functions, generating a
“Gaussian-like” basis set that completely spans the truncated space. Specifically,
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the {g,,(x)} functions enter as the coefficients of the Dirichlet functions {8;(x)} to
construct a new basis set, {g,,(x)}:

N
Zn®) = ) 0,08, (x,) “)
n=1

form =1, ..., N. The new basis set is in some sense, the Gaussian functions with
periodic boundary conditions and band limited, henceforth the periodic von Neu-
mann or pvN basis (Fig. 5b). We can write Eq. (4) in matrix notation as: G = G,
where G;; = g;(x;). By taking the width parameter a = % we guarantee that the
pvN funct10ns have no linear dependence and that the matrix G is invertible, that is
GG~! = @. The invertibility of G implies that the {g 8,,(x)} and the {0,(x)} span the
same Hilbert space and therefore are informationally equivalent representations.

Inspection of Fig. 5b explains why the subtitle of this review is “thinking inside
the box.”

D. Biorthogonal von Neumann Basis Set (bvN)

Although the pvN and the Fourier methods span the same rectangle in phase space,
in the Fourier basis one is constrained to a rectangular area in phase space whereas
in the pvN method one has the freedom to place basis functions only where
needed in phase space. If the classical phase space up to energy E occupies only
a small fraction of the circumscribed rectangular area, the pvN basis can lead to
significant savings. This is particularly important for multidimensional problems,
where the savings in the pvN actually grows faster than exponentially with dimen-
sion, as discussed in Section II E. below. However, there is an important subtlety
in discarding basis functions that arises because the basis in non-orthogonal. We
therefore provide a brief review of some properties of non-orthogonal bases.
For an orthonormal basis, we have the relation:

(Dl Pn) = O (&)

For a non-orthogonal basis this relation does not in general hold and one writes:

(&ml&n) = Sns (6)

where S is the overlap matrix. Alternatively, one can write:

<bm|gn> = <gm|bn> = 5mn @)
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where the set {b,,} is called the basis “biorthogonal” to the set {g,}. The usual
completeness relation for orthogonal bases:

oo
PREMICAES ®)
n=1
is replaced by the relations:
o )
218l = 3 1B, {sal = 1. ©)
n=1 n=1

To obtain an explicit relation for the {5, } we note the following alternative expres-
sion for the completeness relation for a non-orthogonal basis [32]:

||M8

Z 18 (S mn(8al = 1. (10)

Comparing Eq. (10) with Eq. (9) we see that

|bn> - Z |gm>(S l)mn’ (11)
m=1
or on the truncated space
N
= 212 Dy (12)
m=1

Figure 6 shows a plot of the S and the S™! matrices on a logarithmic scale. As
seen clearly in the figure, although the S matrix is tightly banded, the S~! decays
slowly away from the diagonal. As a consequence, although the {g;} basis is
localized, the {b;} basis is delocalized. Figure 7 shows a typical b,, basis function,
which is seen to be not only delocalized but to be quite irregularly shaped with
discontinuous derivatives.

E. Periodic von Neumann Basis with Biorthogonal Exchange (pvb)

We now return to the issue of discarding unnecessary basis functions. If |y)
occupies only a fraction of the rectangle spanned by the Fourier basis, we may
expect that many of the pvN basis functions will fulfill the relation: (gjh//) =0
j=1,...,M.However, due to the non-orthogonality of the basis we cannot simply
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2 4 6 8 10 12 14 2 4 6 8 10 12 14
(a) (b)

Figure 6. Magnitude of S (a) and S~! (b) matrices on a logarithmic scale. For a color version
of this figure, see the color plate section.

eliminate the states g, since the coefficients of §; are not simply given by (g;ly) =
0. To see this, consider the representation of the state |y ) in the pvN basis set:

N N N
W)= X 18mdan = 2, D 12) S Bl (13)
m=1 n=1m=1
6
05} |
04+ |

—-04 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

X

Figure 7. A typical biorthogonal basis function.
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where in the second equality we have used the completeness relationship for non-
orthogonal bases, Eq. (10), applied to the truncated space. Comparing the two
expressions in Eq. (13) we find that

N
y = D (57)(B0lw)- (14)

n=1

The expression for the coefficients a,, is seen to contain S~!. Since as discussed
above S~ is delocalized, a,, can be quite significant, even if g, is remote from
y because a,, can draw amplitude from non-remote (g, |y). Nevertheless, we
can still take advantage of the many near-vanishing (g,|y) to obtain a compact
representation of the function |y ). The key is to exchange the role of the {g,} and
{b,,} basis sets. Substituting Eq. (12) into Eq. (13), |y) can be written as

N N
)= Y 1b,)e, = X 1B, )& lw). (15)
n=1 n=1

By assumption, M of the coefficients are zero, hence only N’ = N — M basis func-
tions are necessary in order to represent |y ) in this basis. Note that the new basis
functions, the {b,}, are not only delocalized but have discontinuous derivatives
(see Fig. 7); paradoxically, this is the farthest thing from the localized basis envi-
sioned by Gabor and by his counterparts in the quantum community! However,
this highly irregular basis is exactly what is needed to ensure that the localized
functions {g,} determine the coefficients, and hence that the representation is as
sparse as possible.

The equations take a particularly compact form in matrix notation: Eq. (12)
becomes B = GS™! = (G¥)~! or G'B = 1 at the Fourier grid points.

The biorthogonal basis is well known in the signal processing literature [6, 9,
10, 33-35], but the crucial idea of exchanging the roles of the pvN and the bvN
seems to have been overlooked. We attribute this to the fact that Eq. (10) involving
S~ does not appear in that literature. It is this expression, together with the non-
sparseness of the S~1 matrix that provides the motivation for the exchange of roles.
To distinguish our method from previous work we call our method the “periodic
von Neumann with biorthogonal exchange” method or pvb. When applying the
method to signal processing we refer to it as the “periodic Gabor with biorthogonal
exchange” method or pgb.

III. APPLICATION TO ULTRAFAST PULSES

As a first illustration of the use of the periodic Gabor basis we consider the repre-
sentation of shaped femtosecond laser pulses that emerge in the field of quantum
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Figure 8. Example of a non-intuitive Fourier transform pair. The solid line shows the amplitude
and the dashed line the phase. The “V” phase profile in frequency leads to a double-pulse structure
in time.

control [36—41]. These pulses are complex, and in general are shaped in both
amplitude and phase. We start with this example for three reasons. First, chrono-
logically this was our first application of the von Neumann lattice [14,15]. Second,
it provides a nice comparison of the visual form of the discrete Gabor representa-
tion with the Wigner and Husimi representations. Third, it shows the importance
of the periodic boundary conditions in the Gabor representation without the addi-
tional complications of quantum mechanical operators. In Section IV, when we
turn to the quantum mechanical applications, all the considerations introduced in
this section will still apply, with additional methods required to represent operators
in the pvb basis.

Figure 8 shows a shaped laser pulse in both the frequency and time repre-
sentations. In frequency, it consists of a Gaussian amplitude multiplied by a “V”
phase profile. In the time domain, related by a Fourier transform, the “V” phase
profile leads to a double-pulse structure. Although both the frequency and time
representations contain the same information, it is difficult to appreciate all the
properties of the signal from one representation alone.

Figure 9a shows the same signal in the Wigner representation [42]. The
marginals of the Wigner representation give the absolute value squared in the
frequency and time representations, respectively. However, in the Wigner repre-
sentation one can visualize simultaneously both the single-lobed structure of the
frequency profile and the double-lobed structure of the time profile. Note that the
Wigner representation shows oscillations between the two portions of the pulse
in time. These oscillations can take on negative values, making it impossible to
interpret the Wigner representation strictly as a probability distribution. Figure 9b
shows the Husimi representation of the same signal. The Husimi representation
is defined as the absolute value squared of the overlaps of the signal with a
continuous-parameter set of time—frequency Gaussians [43], and therefore unlike
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Figure 9. The Wigner representation (a), the Husimi representation (b), and the von Neumann
representation (c¢) of the pulse in Fig. 8. All three representations allow the visualization of the pulse
in time and frequency simultaneously. For a color version of this figure, see the color plate section.

the Wigner representation is everywhere positive semidefinite. Formally, one can
show that the Husimi representation is a Gaussian smoothing of the Wigner repre-
sentation, and in fact one can see that the oscillations in the Wigner representation
are washed out in the Husimi representation.

Figure 9c shows the signal of Fig. 8 in the von Neumann/Gabor representation.
Since the basis set is discrete so is the representation. The major features of the
signal in both frequency and time are clearly observed. The discreteness of the
representation, which at first sight may appear somewhat jarring, is actually its
strength, providing exactly the same number of parameters as the discrete Fourier
representation.

As afirst test of the von Neumann representation, in Fig. 10 we consider whether
the transformation of a signal to the von Neumann representation is invertible. The
red curve in Fig. 10c portrays the amplitude profile of a frequency signal defined at
a finite, discrete number of points. Such a discrete representation occurs naturally
when considering shaped ultrafast pulses, since the masks used for pulse shaping
consist of a finite, discrete number of pixels. Figure 10a—b show the amplitude
and phase respectively of the von Neumann representation. The back-transformed
signal is shown as the blue curve in Fig. 10c, and differs significantly from the
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Figure 10. Transformation of a Gaussian pulse from frequency to the von Neumann repre-
sentation and back without periodic boundary conditions. The error in the back-transformed signal
is quite significant (blue vs. red curve in (c)). Panel (a) shows the amplitude of the von Neumann
representation and panel (b) the phase. Adapted from Ref. [15]. For a color version of this figure, see

the color plate section.

original signal. However, when the conventional von Neumann basis is replaced by
the pvN basis, the representation in Fig. 11a-b is obtained. The periodic boundary
conditions are clearly visible in the figure, with the effect that the ringing in the
interior region that is present Fig. 10a is eliminated. When Fig. 11a is back-
transformed to frequency, the signal is indistinguishable from the original (red
curve in Fig. 11c), and in fact the two signals are identical to the precision of the
computer. This shows the dramatic effect of the periodic boundary conditions on
the von Neumann representation.

IV. APPLICATIONS TO QUANTUM MECHANICS

‘We now turn to the main topic of this review, the application of the pvb method to
quantum mechanics. In this section we discuss the application to the TISE and in
the next section we will discuss the application to the time-dependent Schrodinger
equation.
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