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Preface

By time—frequency (TF) analysis we mean, loosely, techniques and principles
used in signal analysis, PDE and harmonic analysis that combine consider-
ation of spatial/temporal content, on the one hand, and spectral content on
the other, in ways that yield more powerful results than from considering the
two domains separately. Time-scale analysis encompasses those aspects in-
volving wavelets and other multiscale methods. Wavelets provide particularly
useful TF-decompositions, and the first two chapters of this book focus on
certain aspects of wavelets. The most appealing aspects of TF-analysis, in our
view, are those that bring out connections between deep theoretical principles
on the one hand and intended uses of the methods on the other. These as-
pects include adaptive decompositions that come from viewing wavelets and
Fourier bases as special instances of a larger class of building blocks for func-
tion and signal decompositions, the sampling methods that can be attached
to such building blocks, and the uncertainty principles (UPs) that different
decompositions necessarily entail.

This is not a textbook. There are numerous resources, both on wavelets and
on time—frequency analysis in general, that are more foundational. David Wal-
nut’s An Introduction to Wavelet Analysis [356] and Karlheinz Grochenig’s
Foundations of Time—Frequency Analysis [168] are two excellent texts in this
book series. This monograph is really geared toward readers who have some
knowledge of the foundations of wavelets and time-frequency analysis.

Although applications are mentioned, the word “methods” in the title
refers to “mathematical methods” that readers working in applications will
find useful when thinking of how to fine-tune their own analysis tools. The
first part of this book (Chapters 1-4) builds up material that, while technical,
is more readily accessible to a more diverse audience. The second part of
the book (Chapters 5-7) builds on the first, but also makes use of important
elements of harmonic analysis.

Conceptually, three main threads intertwine throughout. These are: (i)
adaptive decompositions, (ii) methods for passing from continuous to discrete
information and vice versa, and (iii) uncertainty principles—theoretical limi-
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tations on TF-localization. The following three pictures serve to illustrate in
broad—and perhaps familiar—terms the main ideas of the book.

Fig. 0.1. A rectangular or “Gabor” grid

Fig. 0.2. A hyperbolic or “wavelet” grid

Figure 0.1 represents “classical” time—frequency analysis while Figure 0.2
represents wavelet analysis. The dyadic tiling in Figure 0.3 represents one
of a vast family of pictures, of which the first two are especially important
examples. When interpreted as having unit area, the cells in each picture
are called Heisenberg tiles. Consider associating to such a picture a family of
building blocks—one per cell—from which all signals or functions can be built.
The building blocks are thought to be localized on the corresponding cell or
tile. Time—frequency analysis addresses a whole raft of issues surrounding the
signal or function representations that can arise in this way.
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Fig. 0.3. A dyadic tiling

One aspect of the uncertainty principle concerns the possibility of localiz-
ing functions on a single rectangle R = I x wgr in which Ir and wg denote
the respective time and frequency intervals of R. If f is well localized about I
then its Fourier transform f cannot be well localized about w (and vice versa).
Working at Bell Labs in the 1960s, Landau, Slepian and Pollak showed that,
when appropriately phrased, the functions that are optimally localized on R
are prolate spheroidal wave functions. Moreover, when the area |R| of R is
large, the dimension of the space of functions “well localized” on R is essen-
tially the area |R| of R.

Functions “localized on R” are said to be essentially time- and bandlimited.
Functions f that are truly bandlimited live on a single horizontal strip—
one row of rectangles—in Figure 0.1. Shannon’s sampling theorem says that,
suitably normalized, such an f can be expressed as a sum of its sample values
via f(t) = >, f(k) sinc(t — k) where sinc(t) = sin(nt)/(nt). The functions
sinc(t — k) can be thought of as being localized about rectangles [k, k + 1) x
[-1/2,1/2). However, the localization is poor in time. This is the price one
must pay for the other nice properties of sinc(t). Specifically, the functions
sinc(t — k) are orthogonal. Hence, for bandlimited f, f(k) = (f,sinc(- — k) ).
The orthogonality is best seen by dualizing Figure 0.1, i.e., interchanging the
roles of f and f (rotating by 7/2). Then one is lookmg at a vertical strip; f is
localized on this strip, on whose rectangles live the modulated Haar functions
€™y 10,1)(t), which form an orthonormal basis for L2([0,1)).

By considering all integer translates and modulates s, (t) = e**"!sinc(t —
k) of the sinc function or all modulates and shifts hni(t) = e*™™™x i1y of
the Haar function, one obtains orthonormal bases for all of L?(R). However,
the basis elements are either poorly localized in time (s,x) or in frequency
(hnk). Can a (Riesz) basis—not necessarily orthonormal—for L?(R) be formed
of functions gnx that are “well localized” on the unit rectangles [k, k + 1) x
[n, n41)? The possibility of doing so with unit TF-shifts e*™"*G(z —k) of the
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Gaussian G{z) = e~ was suggested by Denis Gabor in 1946. This is why
Figure 0.1 is often called the Gabor picture. However, the TF-shifted Gaussians
turn out not to form a Riesz basis. The now famous Balian-Low theorem
says that, in fact, no well-localized basis of TF-shifts can exist. Ideas due to
Wilson actually furnish bases whose elements are “exponentially localized” on
symmetric pairs of time—frequency tiles, but this was not realized until after
the wavelet revolution.

Thus, it came as a surprise that by modifying the geometry of the
rectangles—replacing the squares in the Gabor picture by the “hyperbolic
squares” of Figure 0.2—the so-called wavelet picture—one could generate or-
thonormal bases of L2(R) whose elements v;x(t) = 29/2¢(27t — k) are well
localized about corresponding unit TF-rectangles.

It is constructive to think of the tiling in Figure 0.3 as being obtained from
those of the first two figures by a sequence of recombinations of adjacent pairs
of rectangles, trading time sibling tiles sharing the same frequency interval for
frequency siblings or vice versa. Two specific methods for doing so conform
to respective wavelet packet and local trigonometric bases. Recombination
criteria lead to adaptive signal decomposition techniques including best basis
algorithms.

The preceding paragraphs give only a broad view of time—frequency anal-
ysis. The beauty of its methods comes out best in particular contexts and
intricate technical constructions. Once immersed in details it may be difficult
to follow the main threads and their connections, several of which are sum-
marized in Figure 0.4, and to discover surprisingly diverse uses of common
tools and methods, including the Zak transform (Sections 1.2, 3.5, 4.1, 5.1,
5.7), rearrangements (Sections 5.1, 5.4, 5.6, 6.2, 6.6, 7.3), and combinatorial
arguments based on dyadic trees (Sections 3.5, 4.3, 4.5, 6.4, 6.5, 7.2, 7.3, 7.5).

What follows is an outline of the first four chapters, plus some comments
pertaining to the remainder of the book. More detailed descriptions can be
found in the introductions of the individual chapters.

Though it is not an introduction, Chapter 1 addresses several basic prop-
erties of wavelets that crop up later. The technical heart of the chapter lies in
Sections 1.1.4 and 1.2. Section 1.1.4 addresses the problem of pointwise regu-
larity of wavelets, elaborating on the discussion in Daubechies’ book [99]. Reg-
ularity properties of wavelets play a fundamental role in their approximation
properties discussed in Chapter 6 and their role in establishing uncertainty
relations in Chapter 7. Wavelets having any regularity are associated with
multiresolution analyses (MRAs). An MRA is generated by a scaling function
¢ whose shifts p(z — k) form a basis for a basic space V(¢). When the shifts
ok = p(z — k) are orthogonal, the orthogonal projection of f € L%(R) onto
V(p) is defined by f — >, (f,¢x)px. The Shannon MRA is generated by
the function ¢(z) = sinc(z). In this case the space V(sinc) is the space of
functions bandlimited to {~1/2,1/2). As noted above, if f € V(sinc) then
(f,sinc(- — k)) = f(k). The problem of relating expansion coefficients of ele-
ments f € V(p) and samples of f has important ramifications, some of which
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WAVELETS 1.2 QMF Construction SAMPLING
Chapters 1,2,6 3.5 Sampling and MRA Chapter 3

2.1, 2.3 Wavelets
and Sobolev Estimates
5.8 Time-scale UPs
7.2 Fefferman-Phong Estimates
7.3 Improved Sobolev Inequalit

4.2 Locally Bandlimite
5.7 UP and Poisson
Summation

4.3 Wavelet packets

Ch. 6: Best Basis, 3.2 Nonuniform FFTs
Nonlinear 3.3 Pseudo PSWFs
Approximation, .4 Gabor Expansion
Compression
Ch. 4: UPs in Basis
Constructions
4.5 Discrete Walsh Plane
ADAPTIVE 7.5 Multilinear UNCERTAINTY
DECOMPOSITIONS Expansions, PRINCIPLES
Chapter 4 | Walsh Estimates ‘ Chapters 5,7

Fig. 0.4. Some relationships among main topics

are considered in Chapter 3. With these issues in mind, we present a construc-
tion of MRAs in Section 1.2 displaying some new aspects that boil down to
determining the MRA from the integer values of the basic scaling function ¢.

In Chapter 2 we investigate further regularity properties of wavelets, with a
focus on Sobolev spaces. Although we do not address any specific applications
to PDEs, the properties that we consider have their origins in questions of
how to apply wavelets in numerical analysis. We start out reviewing the fact
that, for suitably regular wavelets, L?-Sobolev space norms are characterized
in terms of magnitudes of wavelet coefficients. Half of this characterization is
one form of Sobolev inequality. The role of wavelets in proving sharper Sobolev
inequalities and, consequently, their role in establishing sharper forms of the
uncertainty principle, is documented in detail later in Chapter 7.

The goal of constructing new wavelets should not simply be to have more
wavelets—but rather to have ones that can do what could not be done before.
One of the major concerns with first-generation wavelets was their inability
to line up at boundaries of intervals, thus posing serious questions about
their possible application to boundary value problems. Boundary adapted
wavelets and biorthogonal wavelets were constructed to address this issue, but
they each posed their own tradeoffs. Starting in Section 2.3 we address these
concerns by means of the DGHM multiwavelets. These multiwavelets combine
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symmetry and minimal support properties in crucial ways to produce bases
for Sobolev spaces on half-lines and intervals. Implicit to this approach is the
question of building, from a dual pair of MRAs, a new pair of MRAs related to
the first by differentiating (roughening) one of the dual MRAs and integrating
(smoothing) the other.

In Chapter 3 we return to issues of sampling. The focus of the first part
of the chapter is on finite sample data using uniform and nonuniform Fourier
techniques. Several Fourier-based algorithms for processing sampled data are
outlined. Frame expansions play a useful role here in iterative reconstruc-
tion algorithms. The second part of Chapter 3 addresses connections between
phase space density and the existence of time—frequency localized building
blocks for signal approximation and reconstruction. This includes a review of
the work of Landau-Slepian—Pollak, identifying prolate spheroidal wave func-
tions (PSWF's) as bases for spaces of approximately time- and bandlimited
functions. Approximation properties of Gabor expansions are also considered.
The third and last part of Chapter 3 addresses the problem of sampling in
multiresolution and, more generally, shift-invariant, spaces. This includes it-
erative reconstruction as well as interpolation schemes. In the latter case, the
full structure of an MRA is shown to play an important and natural role
in validating reconstruction from samples. Because of their nestedness, MRA
spaces also furnish a natural context for discussing aliasing errors.

Chapter 4 develops specific time—frequency methods that underlie the gen-
eral tilings represented by Figure 0.3. As the discussion to this point is dispro-
portionately skewed toward the wavelet picture, we first review a construction
of the Wilson bases conforming to the Gabor picture. We then review the local
trigonometric bases (LTBs) and wavelet packets, which bear parallel relation-
ships to the respective Gabor and wavelet pictures.

Though it is constructive to think of Figure 0.3 as being derived from the
respective Gabor and wavelet pictures via recombination, the utility of the
corresponding decomposition tools thus derived is obscured by uncertainty
issues. The discrete Walsh plane provides a model for the time—frequency
plane. Orthogonal Walsh functions are indexed by sequency—a discrete but
imperfect substitute for frequency. Unlike exponentials that must be cut-off
in order to achieve time-localization, Walsh functions are truly supported in
[0,1). After the substitution of sequency for frequency is accepted, shifted
and dilated Walsh packets Wp associated with dyadic tiles P can then be
interpreted concretely as wavelet packets on the one hand and as a version
of LTB functions on the other. The advantage is that there is no uncertainty.
Packets associated with disjoint tiles are orthogonal. Thus, one is able to de-
velop precise combinatorial statements, associating time-sequency projections
to regions of the phase space. Specifically, if a region R in the plane can be
written as a finite pairwise disjoint union of tiles P € P, then there is a well-
defined orthogonal projection associated to R—defined as the span of those
Wp, P € P comprising a pairwise disjoint cover of R. Any other pairwise
disjoint covering of R defines the same projection. The Walsh model thus
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leads to a clean geometrical interpretation of best basis algorithms normally
associated with LTBs or wavelet packets.

Important theoretical uses of the ideas surrounding Figure 0.3 are dis-
cussed in Chapters 6 and 7. For example, associating LTBs to specific tilings
leads to a simple proof of boundedness properties of so-called exotic operators
discussed in Section 6.8—ones that are actually rather fundamental as regards
certain problems in PDE. To some extent, the technique of associating basis
functions with tilings of regions of the time—frequency plane has its origins in
the problem of stability of matter, which boils down to eigenvalue estimates
corresponding to bound states of Schrodinger operators. Associating function
decompositions to tilings leads to even more sophisticated techniques for esti-
mating multilinear operators that arise naturally in nonlinear PDE. We refer
here to Lacey and Thiele’s solution of the famous Calderdén conjecture [239]
regarding boundedness of the bilinear Hilbert transform. The Walsh model
for this problem, as well as connections of these ideas to perturbation theory
of Schrédinger operators, are also discussed in Chapter 7.

Chapter 5 is about the uncertainty principle as a limitation on joint lo-
calization of a function and its Fourier transform. The chapter is intended to
serve as a resource on methods for proving uncertainty principles and for es-
tablishing relationships among different forms of Fourier uncertainty. A major
theme is how to transform statements about joint localization of a function
f and its Fourier transform into, sometimes sharper, statements about phase
space decay of some time—frequency distribution of f.

Chapter 6 addresses consequences of regularity and geometric organization
of wavelets in terms of approximation—and thereby compression—of func-
tions and operators. The accompanying techniques culminate in an effective
coding scheme for wavelet approximations of signals due to Cohen, Dahmen,
Daubechies and DeVore [81]. The same set of techniques lead, surprisingly,
to a wavelet proof of a sharp Sobolev inequality {Section 7.3) due to Cohen,
DeVore, Petrushev and Yu [85]. On the surface, this inequality bears no rela-
tion to signal compression. Other parallels between compression and operator
bounds in the wavelet and Gabor pictures are also noted in Chapter 6.

Notational issues and some background results are mentioned in the Ap-
pendix. One point is worth mentioning here: in assigning notation, we have
tried to be consistent with standard usage in the literature. Because of the
breadth of subject matter in this monograph, this approach inevitably leads
us to assign multiple meanings to particular symbols such as “¥” and “§.”
The intended usage should always be clear from the context.

Insofar as this is a book about mathematical methods, we have chosen
to include proofs only of selected results that illuminate the power of the
methods. Many other results are reported in order to sketch the mathemati-
cal landscape of which they serve as landmarks. We have omitted or merely
outlined proofs of many important results due either to length, technical com-
plication or redundancy. Finally, we are guilty of sins of omission on many
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Wavelets: Basic properties, parameterizations
and sampling

Wavelets play a fundamental role in decomposing the function spaces—and
operators that act on them—that are considered throughout this book. Morlet
and colleagues (e.g., [278,279]) coined the term ondelettes to describe families
of shifted and modulated pulses generated from a single function . Their
discovery of the benefits of wavelets in geoexploration was quickly seen as a
germination of similar ideas incubating collectively in the mathematics (e.g.,
Calderén-Zygmund theory), mathematical physics (e.g., coherent states) and
electrical engineering (vis-a-vis subband coding) communities. The key fea-
tures of wavelets that enable their exploitation in discrete signal analysis have
long since been distilled into the conceptual framework of a multiresolution
analysis (MRA).

Some basic questions regarding wavelets that will be important throughout
this book are: what regularity properties can they have, and to what extent
does regularity complement or obstruct other desirable properties? Statements
regarding the inability of wavelets to possess simultaneous smoothness and
localization properties are a manifestation of the uncertainty principle. Nev-
ertheless, wavelets can have some degree of smoothness together with compact
support as Daubechies [97] first showed. Another basic question that will be
addressed in more detail in Chapter 3 is: how can multiresolution methods be
exploited when analyzing sampled data?

This chapter is not intended as an introduction to wavelets. We assume
that the reader has some familiarity with them already. The purpose, rather,
is to develop properties of wavelets that can be used to address the questions
just asked. Nevertheless, some basic discussion is needed both to set notation
and to help establish the perspective needed to answer.these questions. This
discussion, including a brief review of orthogonal and biorthogonal multireso-
lution analyses, subband coding schemes and computation of scaling functions
via the cascade algorithm, will comprise the first few parts of Section 1.1.

Daubechies’ construction of continuous, compactly supported orthogonal
wavelets [97] was a highlight among theoretical developments. Before then, the
very existence of such wavelets was suspect. The dependence of regularity—
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as measured by local Holder exponents—on scaling filters was first addressed
in contraction estimates due to Daubechies and Lagarias [107,108] showing,
essentially, how the rate of convergence of the cascade algorithm depends on
the spectral structure of the scaling filter. Section 1.1.4 contains details of
these estimates.

In Section 1.2 we present a “new” way of constructing quadrature mirror
filters predicated on a given sequence of integer sample values of the corre-
sponding scaling function. This construction is motivated by the desire to have
scaling functions amenable to extrapolation in the sense of Papoulis and Ger-
chberg [96,154,159,293] and to sampling (see [197,198,200,201] and Chapter
3). Such properties are not easily derived from standard constructions. Tech-
nically, this new construction hinges on properties of the Zak transform. The
techniques also provide an alternative method for computing the values of the
scaling function, as is discussed in Section 1.3.

The notes of this chapter focus largely on two other ways of parameterizing
wavelets by building them from basic components. Pollen’s product provides
a means of building orthogonal, compactly supported wavelets based on a cer-
tain factorization of unitary matrix-valued Laurent polynomials. A different
factorization, based on the Euclidean algorithm, provides a means of building
biorthogonal filters from lower-degree factors. This decomposition is the basis
for Sweldens’ lifting construction.

1.1 Scaling and multiresolution analysis

This section contains a more or less standard approach to the construction of
a wavelet basis from a multiresolution analysis (MRA) of L2(R). A two-scale
MRA consists of a sequence of closed subspaces {V;}jez of L2(R) that are
nested in the sense that V; C V;4; and, additionally, f(z) € V; if and only if
f(2z) € Vj11. The spaces also must satisfy: N;V; = {0} while U;V; = L%(R).
The base space Vp should be shift-invariant, in the sense that f € V; if and
only if f(- — k) € Vy (k € Z). Moreover, we insist that there exists a function
¢ € Vp whose integer shifts {¢(- — k) }xez form a Riesz basis for Vy, i.e., there
exist constants A, B > 0 such that for any sequence {ax} € £2(Z),

2
AN arf < <BY ekl
k 2 k

We write Vi = V(¢) when we wish to emphasize that V; is the principal shift-
invariant space generated by ¢ (see Chapter 3). The nestedness and Riesz
basis properties imply the existence of {hi} € £2(Z) such that

S axd( — K
k

59(5) = X mota—b) (L1)
k
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This is known as the two-scale relation or scaling equation or dilation equation.
In the Fourier domain this equation becomes

$(2¢) = H(E) $(¢) (1.2)

in which the Fourier series H(¢) = 3_, hxe™2"*¢ is called the symbol, scaling
filter, refinement mask, etc., of ¢, which itself is called a scaling function.
Here we normalize the Fourler transform so that f € = [f( av)e‘2’”zg dx
when f € L'(R). The simplest example of a scaling function ¢ in L*(R) is
é(x) = X[0,1)(%), the Haar scaling function, with H(§) = e~ cos €.

Since the integer shifts of ¢ generate a Riesz basis for L2(R), a version of
Gram-Schmidt can be used to find an element ¢ of V (¢) whose shifts form an
orthonormal basis for ;. The idea goes back to Schweinler and Wigner [315]
and is discussed by Daubechies (in Section 5.3.1 of [99]). Consider the Gram
matrix with entries

G(k,l) = (¢(- = k), (- —1)).
By a change of variables, G(k,l) = G(k — [, 0), while

G(k,0) = / B(6) B(&) =2k g
W, e 1 N 2 —amike
= —2Te — l —~2mik ge
S Bereae =[5 e np et

Thus, G(k) = G(k,0) is the kth Fourier coefficient of the overlap function

B(€)2 = T, |#(6+1)[2. That the shifts of ¢ form a Riesz basis for V(4) is equiv-
alent to @ being essentially bounded above and below since, by Plancherel’s
theorem on R,

Zak(ﬁ( _ k ! Zake—%ikg
k

The claim then follows from Plancherel’s theorem on T.

In fact, the integer shifts of ¢ are orthonormal precisely when &(€) = 1.
Since 1/ is bounded and periodic, it can be expressed as the Fourier series
of some £2-sequence {v}. Define ¢(z) = 3, vkd(z — k). Then ¢ € V(¢) and
the integer shifts of ¢ form an orthonormal basis for V(¢) = V(p). We say ¢
is an orthogonal generator of Vo = V().

Although an orthogonal generator always exists, certain properties of an
MRA are often easier to deduce by referring to some other generator. For
example, in the space V = {f € L*(R) N C(R) : f|k,k+1 is linear}, the
function ¢(x) = (1 — |z|)+ serves as a nonorthogonal generator. It is cardinal
in the sense that ¢(k) = dx so that each f € V admits the sampling formula

z) = >, f(k)p(xz — k). While there are orthogonal generators of V, none
are simultaneously compactly supported and cardinal. In the remainder of this

2
B(£)% de.

Z ake—27rzk£¢(
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section, though, we consider properties of MR As predicated on the assumption
that ¢ is an orthogonal generator with scaling filter H.

Suppose now that ¢ is an orthogonal scaling function. Since Y, |§(§ +
D)2 =1, (1.2) applied to ¢ yields

1= Yleee+P = 3 [H(e+ )| [o(e+ )]
. !
=3 (1HE+DP e+ 0P + [H(e+1+3) [lofe+t+ %)|2)
l

- 5 (mef o+ e o))

1
2 1712
= [z + | e+ 3)]
That is, orthogonality plus scaling implies

]H(g)r + ’H(§+%)|2 =1 (1.3)

For purposes of wavelet construction, one associates to H a filter G such
that H and G satisfy |H(¢)|2 + |G(¢)> = 1. Then (H,G) is known as a
quadrature mirror filter pair (QMF). One of the possible choices for G is
G(&) = —e 2™ H(¢ + 1/2). One often refers to H itself as a quadrature
mirror filter.

Now consider the converse problem: when does a QMF give rise to an
orthogonal scaling function? Iterating (1.2) yields, at least formally,

a0 -17(%). (L4)
j=1

For convergence of (1.4) it is necessary that H(0) =1, i.e., >, hx = 1.

The product (1.4) will converge locally uniformly if H is sufficiently well
behaved at zero. Suppose, for example, that H is Holder continuous at zero
of some positive order . That is, there is a C' > 0 such that

H(E) — HO)| _ JH(E) 1]
e - e =

Then, since

llog |H(€)|| < log(1+Cl¢|%) < C'¢l1%, (Kl <)

it follows that

> Jisn(5)]| = ot 3
j=N

i=N
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converges absolutely which, in turn, implies absolute convergence of (1.4).
Thus, if H is a trigonometric polynomial or if its coefficients {hy} decay at
some rate, then @ is well defined as a pointwise product.

Convergence in L? of the infinite product in (1.4) then follows from the
QMF condition (1.3). Consider the sequence of truncated partial products
defined by

T
216 = T] H(5) xi-27-22-11(6). (L5)

j=1
Since H;Zl H(¢/27) is periodic with period 27, it follows that

2]—1

-1 J J-1
o= [, () = [, o) T ()
27~1 J-1 ‘
[ ) - DD T e
2/-1J-1 27-2 J~1
- [T e [ T () o - e

because of the QMF condition (1.3). Therefore, by induction from the base
case |12 =1 one has |||z = 1. It follows from the weak-star compactness
of the unit ball in L2(R) that ¢ has a weak-star limit in L? which must agree
with the pointwise limit defined by the infinite product (1.4).

Thus, any QMF whose coefficients hy are well behaved gives rise to a
scaling function ¢ € L2(R). The only remaining question is whether ¢ de-
fined through (1.3) and (1.4) must be orthogonal to its shifts. In fact, this
is not always the case. The filter H(¢) = (1 + e~%)/2 satisfies (1.3) but
gives rise through (1.4) to the stretched Haar function 3~/ 2X[0,3] (z) which
is not orthogonal to its integer shifts. More sophisticated examples can be
found in Daubechies [99] where the pathology is described in more detail.
For a trigonometric polynomial H (cf. Proposition 1.4.1 for the more gen-
eral case), A. Cohen characterized the pathology in the following simple way
(cf. Daubechies, [99], p. 188). Let 7 : [0,1) — [0,1) be given by 7(§) = 2¢
mod 1. A 7-cycle is a collection {£1,...,6n} € [0,1) such that §;41 = 7(§;)
1< 35 < N-1and ¢ = &y. The trivial 7-cycle consists of the single point
{0}. Cohen proved the following.

Theorem 1.1.1. Suppose that H(¢) is a trigonometric polynomial satisfying
(1.3) with H(0) = 1 and ¢ is the scaling function defined via (1.4). Then ¢
is orthogonal to its integer shifts if and only if there is no nontrivial T-cycle
{&1,...,éN} such that |H(&)| =1 for 1< j< N -1.

The criterion of the theorem will be called the 7-cycle condition. A separate
characterization of this nondegeneracy of ¢ was found by Lawton [252] (cf.
[99], p. 190 and [251]).
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Theorem 1.1.2. Suppose that H(¢) = 3, hxe™ 2™k is a trigonometric poly-
nomial satisfying (1.8) with H(0) = 1 and ¢ is the scaling function defined
via (1.4). Then ¢ is orthogonal to its integer shifts when the eigenvalue 1/2
of the matriz Ap; =3, hmhi_ok+m possesses a one-dimensional eigenspace.

Failure of the Cohen and Lawton conditions is easy to check for H(¢) =
(14 e75™€) /2. Cohen’s condition fails because {1/3,2/3} forms a nontrivial
7-cycle. For Lawton’s criterion, one has hg = hg = 1/2 and hy = 0 otherwise.
Thus Ag; = 0k~21/2 + 6x—21+3/4 (where —2 < k,l < 2). Lawton’s condition
then fails because [0,0,1,0,0]7 and [1,1,0,1,1]7 are both eigenvectors of A
with eigenvalue 1/2.

1.1.1 Orthonormal wavelet bases for L?(R)

Not every wavelet comes from an MRA, but every MRA gives rise to an
orthonormal wavelet. As before, assume that ¢ is an orthogonal scaling func-
tion with QMF H(£) = Y, hie2"%¢ As the spaces Vo(¢) C Vi(p) them-
selves are Hilbert spaces, one can define the relative orthogonal complement
Wo = (V4+|Vh) where the notation denotes the orthogonal complement of V4
as a subspace of V;. The space Wy is shift-invariant since g € Wy implies that
(g(- = 1),0(- = k) = (g, p(- = (k= 1))} = 0 for all k,1 € Z.

Suppose now that g(z) = >, ckp(2x — k) € Wy. Setting C(§) =
3= cke”2"¢ one has, for each | € Z:

(g, o(- = 1)) = [ G(&)B(&)e*™ e d¢

JEOEOIH R

C() H() ™™™ 37 [3(6 + k)P dg
k

- / ” (cermee) + o(e+3) B(e+3))e*de =0,

where we have used the fact that 3, |3(¢ + k)|2 = 1 for a.e. €& That is, all
Fourier coeflicients of the 1/2-periodic function C(§)H(§) + C(€+1/2)H({ +
1/2) vanish. Thus, C(§)H(¢) = —C(¢+1/2)H(£+1/2) a.e. on [0,1/2). Since,
by (1.3), H(¢) and H(¢ +1/2) cannot vanish simultaneously, there is a scalar
function M on [0,1) such that

e Pp] -0 [5] as

Moreover, (1.3) implies |C(&)|2 + |C(¢ + 1/2)|2 = |M(£)|? so M € L*(T).
Replacing € by £+1/2 in (1.6), one also has M(£+1/2) = —M(§) a.e. so that

—

I

Il
N
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M(€) = e*™ % N(2¢) for some N € L%(T). Thus, any g € Wy can be expressed
by 9(¢) = C(§/2)#(¢/2) = €™ H(£/2 + 1/2)N(§)§(£/2).

Setting ¥(&) = —e ™€ H(¢/2 + 1/2)5(€/2), any g € Wy then satisfies
G(€) = N(€)9(¢) for some N € L2(T). In particular, the functions {o(z -
k)}xez form an orthonormal basis for Wy. Actually, if 9 is defined by ¥(§) =
wEHE/2 +1/2)3(¢/2) in which [u(€)] = 1 and p(€ +1/2) = —pu(£), then
the collection {(z — k) }xez will also form an orthonormal basis for Wy. If ¢
is supported on [0, M] (M odd), then taking u(¢) = —e™™* puts the support
of ¥ in [(1 - M)/2,(1+ M)/2]. R

From now on we set G(§) = 3_,(—1)*hy_1e™ 2" so that ¥(2¢) = G(£)B(€).
For any j € Z, let W; = (V;}|V41). Arguing just as before, the functions
V;k(x) = 29/2p(29z~k) form an orthonormal basis for W;. Moreover, if j # j/
then the spaces W; and W;: are automatically orthogonal to each other: If,
say 7/ > j, then W; is a subspace of V;4; which is, in turn, a subspace of
Vj that is orthogonal to Wj.. It follows then from the limit properties of the
spaces V; that the functions ;x form an orthonormal basis for L*(R).

1.1.2 Subband coding and FWT

Well before Mallat’s discovery of MRA, quadrature mirror filters were uti-
lized by Esteban and Galand [132] to address a concrete application in speech
processing. The idea is simple. Start with a sequence s(k) thought of as in-
teger sample values of a continuous-time signal and form the Fourier series
S(€) = 3, s(k)e2m*¢, The idea of subband coding is essentially to replace
S by the subband elements SH and SG which can be processed separately.
Reconstruction is achieved by conjugate filtering SH — SHH, SG — SGG
and adding the components. The QMF condition (1.3) shows that this pro-
cess recovers S, i.e., S = SHH + SGG. Strang and Nguyen’s book [332] is
one of numerous excellent sources containing detailed descriptions of subband
coding and related algorithms and applications.

Discrete wavelet transform. The spaces V; (j € Z) may be thought of
as providing a scale of details or resolutions of images and the orthogonal
projection P; onto V; as an operator that removes details above some level
specified by the index j. Elements of V; are, roughly speaking, as detailed as ¢
itself. The space V; contains signals that are twice as detailed. The differences
(details) between signals in V; and their orthogonal projections onto V; are
contained in the wavelet space Wy = V) © Vp. This heuristic leads to an
efficient, hierarchical decomposition of sequences.

The collection {¢;x }rez Where @;x(z) = 29/%¢p(2/z—k) forms an orthonor-
mal basis for Vj. Similarly, {1;k}xez forms an orthonormal basis for W;.
Hence, orthogonal projections P; and Q; of f € L?(R) onto these respective
spaces are achieved by
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Pif = > "(f, i) e Qif = 3 (fs k) Yin-
k

k

Given f € Vj, let ¢} = c(f) = (f, ;) and d} = (f,%;x). Since ¢ satisfies
the dilation equation (1. 1) it follows that

eik(z) = V2 Z hi—2k Pj+1,(T)-
1

Define filters H, G : £2(Z) — £3(Z) by
(Ha)k = V2 ) hiakar; (Ga)k = V2 > Gi-akar (1.7)
1 ]

Notice that H acts by convolution against the sequence h] = h_; followed by
decimation/downsampling, and similarly for G. Then

fHPJk \/—Zhl chH'

ie., ¢/ = Hc't!, Similarly, d¥ = Ge/*!. This leads to a hierarchical scheme
for the computation of wavelet coefficients, symbolically represented in the
following diagram:

o L ol L 2 L i3 ——>cL
\ \ \ BN
g g g AN
dj—l dj—-2 d]-—3 dL

Given the sequence ¢/ we compute ¢/~! and d’~! using the decimation and
convolution filters 1 and G as in (1.7). Repeating the process on ¢/~ gives the
next layer of coefficients ¢/~2 and d?~2. Continuing gives ¢ = H/~L¢/ and

L = GHI~L=1¢J. This process is known as the discrete wavelet transform.

Inverse discrete wavelet transform. Reconstruction of ¢/ from cF, df,
dt+l ... d~! may be achieved with the aid of the filters H*, G* : £2(Z) —
¢%(Z) given by
(H*a)r = V2 Z he—gra;  (G*a)r = V2 Z Gk—21 Q1. (1.8)
1 1
The filters H* and G* are £-adjoints of H and G and act via upsampling
followed by convolution, i.e., (H*a)r = v/2(h * @), where

~ {0, if { is odd,
a; =

ayg, iflis even,



1.1 Scaling and multiresolution analysis 9
and similarly for G*. Now ¢/~1, d/~! determine ¢’ via

= (f, pir) = (Pj- 1f+Qj 1fs @ik)
_ZCJ (@j-1,0 Pjk) +Zd] Y io @ik

=\/_th—2lcl7_ +\/_ng—21¢1{
] 1

= (H*Cjnl)k + (g*dj-l)k,

ie., ¢ = H*1 + G*d’~1. Note that HH* = GG* = I on £%(Z) and H*H +
G*G = I on £*(Z), an equation equivalent to (1.3). Repeating this process on
the sequences ¢/~2 and d?~2 gives /! = H*c’~2 +G*d?~2 and continuing we
find

j—L-1
J=HY L+ Y (HYmgraT (1.9)
m=0
This formula, known as the discrete inverse wavelet transform, is represented
in the following diagram.

L+3——>C7 1_401

/// <

dL+1 dL+2

Fast wavelet transform. In order to implement these decompositions in
a practical way, one must preprocess signals in a suitable fashion. As in the
case of the fast Fourier transform, one can work with periodic signals and
periodized basis functions to build a fast algorithm for the wavelet transform
and its inverse. Other preprocessing, including truncation or zero padding,
will be addressed implicitly in Chapter 2.

Suppose (Vj, ¢) is an MRA of L2(R) with orthogonal generator ¢ € L* N
L°° and 9 is the associated wavelet. We define the periodizations goper and

. of ;i and i, respectively, by

oo (@) = D (@ +1); ¥i(2) = D di(z+1)
l l

and the periodizations V" and W} of V; and W, respectively, as the closed
subspaces of L?(T) given by

VP = SpEn (T WP = span {y).

Since H(1/2) = 0 and H(0) = 1, we have Y, hox = Y_; hok+1 = 1/2. Hence,
if F(z) =3, ¢(z+1) =p; (z), an application of the dilation equation (1.1)
gives
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Fz) =23 S hip@z+2—k) =23 3 heyme(20 — k) = F(2z).
1 k k i

(1.10)
However F' € LY(T), and (1.10) implies that its Fourier coeflicients satisfy
F (m)= F (27m) for non-negative integers j, thus contradicting the Riemann—
Lebesgue lemma unless F is constant. Since 1 = ${0) = f p(r)dr =

fol F(z)dz, this constant must be 1, i.e., 3, ¢(z + 1) = 1. As a consequence,
for j < 0, the spaces Vjper are one-dimensional spaces containing only the
constant functions. Similarly,

Zz/)a:+l/2 _QZZ )% Ry k¢(zx+z-k)~22( 1)*hi_p =0

from which we see that WP* = {0} for j < —1. We need then only concern
ourselves with the spaces V* and WP for j > 0.

The nestedness of the multiresolution spaces V; is inherited by their
periodizations Vper as is the orthogonal decomposition Vjper = V]p_ei <) ijfrl.
Further, each Vper has an orthonormal basis {<pper}2;‘01 and each WF®" has

per 29 -1
k=0 *

We denote 27 -perlodlzed versions h(j ) and g ) of the filter sequences hy
and g; by h,(cj) 31 Pryoi and similarly for g(J) Then g,(cj) = (—l)k}_zgj_)k
where the subscripts are now taken modulo 2. Periodized filters H) and
GU) acting on 27-periodic sequences are then defined by

an orthonormal basis {y]

291 29 -1

HPa) = v2 Y A an (GDa)e = V2 Y g,
=0 =0

and their adjoints (H))* and (G¥)* by

21 291

(HY*a), = V2 thz’maz (6D a)s = V2 Zg,‘:’m«u

Given a discrete signal ¢/ of length 27, we compute the signals ¢/=! and
&by gt = HO I di-1 = G I, Both ¢/~ and d/~? are signals of length
29=1 (or, more precisely, are signals with period 2/~1). Continuing in this
way we construct sequences dj L @i=2,...,d° of lengths 2971,29-2 .. 21,
respectively, and a constant & The sum of the lengths of these sequences is
2971499724 ... 4924141 = 27, the length of the original sequence ¢/. When
the fast Fourier transform is used to compute the convolutions that appear
in the action of the operator Wy, : C¥ — C? which decomposes a signal
¢ € C? to the sequence (d7~1,di~2, ... d° c°), it is easily shown that the
algorithm has complexity O(N log N ) where N = 27 is the length of the data
sequence ¢’. If the low-pass filter {h4}« has finite impulse response (FIR) in
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the sense that hy = 0 if k < 0 or k > M for some positive integer M, then
the algorithm has complexity O(M N). Under either of these circumstances,
W), is known as the fast wavelet transform (FW'T).

In analogy with (1.9), ¢/ may be recovered from (d~1,di~2,...,d° c°)
with the aid of the adjoint operators (H(™)*, (G{™)* (1 < m < j —1). The
operator W;! that implements this mapping is known as the fast inverse
wavelet transform (FIWT).

The cascade algorithm. There are several schemes for computing the values
of the scaling function ¢ given the QMF H. The first is the spectral method
as outlined in (1.4) and subsequent discussion. Another method will be given
in Section 1.3. For now we concentrate on the cascade algorithm that arises
directly from (1.1). For reasonable H, iterating H* starting from the delta
sequence provides convergence to the values of ¢ at dyadic rationals.

Given a scaling function ¢ with associated QMF H(¢) = 3, hye™27ik¢,
define a bounded operator T' on L%(R) by

Tf(x) =2 hi f(2z — k).
k

By (1.1), ¢ is a fixed point of T and the condition ), hx = 1 ensures that
T preserves the first moment, i.e., [Tf = [ f. The iterates ¢, = T
(n > 0) of o € L?(R) having integral one will converge to ¢ under reasonable
hypotheses on H, ¢g.

Alternatively, suppose [ ¢ = 1, ¢ is Holder continuous of order a > 0 and
J1t1%lp(t)| dt < oo. Then if k/27 is a dyadic rational and j is large enough,

< JH(E) )

< 0o i,

k .
[‘P(y) - 2”2(% <Pj,k2j—1>

2p(2y)| dy

Recall that H* : ¢2(Z) — ¢3(Z) acts via (H*a), = \/-2_21 hx_oia;. The scaling
function ¢ is unique in L2(R) with the properties

(‘P, SOOk> = 5k1 (‘P, ¢]k> =0 (.7 2 07 k € Z)

We now run the inverse discrete wavelet transform on these sequences. Let c°
be the delta sequence ¢} = &, and define sequences ¢ by ¢/ = (H*)c? and
d? =0 (5 > 0). Then

{0y p1x) = & = (H*E0 + (G*d) = (H*)se.

More generally, (¢, ;) = ¢} = ((H*)7c®)x and as a consequence,

L"(?) — D2 ((H*) 60) ks | = <p(2—1) - 2%, ,| <027




