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Foreword

One of the major advances in the field of mechanics comes from the emergence of
Mechanics of Soft Materials. Its fast progress is facilitated by four factors: the finite defor-
mation formulation becomes a necessity at its kinematic extreme; comparable effects are
encountered due to mechanical, electrical, and magneto fields to leverage multi-physics
coupling; the crossing between solid and fluid media makes its constitutive description dan-
gling from non-Newtonian fluids to weakly shear-resistant solids; and the affinity to biolog-
ical media leads to the interfacial matching between soft materials and human bodies and
the intervention of biochemical processes. It is exactly built on this context; the book that
addresses this need, Multi-field Modeling of Soft Active Materials: Properties and Design, is
brought to the science and education forefront.

Prof. Rui XIAO is an energetic scholar with a destiny to engage in the mission of elu-
cidating soft active materials. Rui got his PhD 10 years ago at Johns Hopkins Univer-
sity, and has been my young colleague at the Department of Engineering Mechanics,
Zhejiang University, since 2019. He has been pursuing an academic career with a focus on
the constitutive behavior of soft materials, encompassing shape-memory polymers, dielec-
tric elastomers, magnetic-responsive elastomers, liquid crystal elastomers, and hydrogels.
Though these contents are all hot topics in research, the current literature is mostly com-
posed of the technical papers, seldom with heavyweight monographs to address compre-
hensively the mechanical essence of the subject. Rui’s monograph has an ambitious goal:
to build a knowledge framework on the mechanics characterization of soft active mate-
rials, from properties to designs, from mechanics foundation to multi-physics coupling,
from shape memory to chemo-mechanical formulation. The methodology runs through
continuum mechanics (Chapter 1), hyper-elastic and visco-elastic modeling (Chapter 2),
and a spectrum of cases to exemplify multi-field modeling (Chapters 3-7). All formula-
tions start from the thermodynamics framework, then derive constitutive relations, and
finally to the finite element implementation. The content covers all major categories of
soft materials: amorphous shape-memory polymers (Chapter 3), dielectric elastomers
(Chapter 4), magnetoactive soft materials (Chapter 5), liquid crystal elastomers (Chapter 6),
and hydrogels (Chapter 7).
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With this book as the foundation, the readers may find a common approach to model
soft active materials under multi-field situations. And even go beyond, to explore a pathway
to construct and to model “intelligent soft materials” with self-healing, self-configuration,

self-programmable, and self-growth capabilities.
% ' Jﬁ

Wei Yang

Professor of Zhejiang University
Member of Chinese Academy of Science



Preface

Soft active materials, characterized by their capacity for large deformations in response to
various fields, are pivotal in the design of smart structures for applications such as soft
robotics and biomedical devices. This book presents a comprehensive exploration of the
multi-field modeling of soft active materials, encompassing fundamental principles and
recent advancements.

My engagement with this field commenced in 2009 during my doctoral studies, where
my research centered on shape-memory polymers. At that time, the mechanics of soft mat-
ter was a nascent area, with investigations primarily focused on systems like hydrogels
and dielectric elastomers. Concurrent with my PhD studies, I also conducted preliminary
explorations in these domains. Subsequently, as I transitioned to independent research, the
development of responsive soft materials, including magnetoactive elastomers, liquid crys-
tal elastomers, and fiber-reinforced hydrogels, progressed rapidly. While theoretical models
were developed to describe individual material systems, a consolidated resource detailing
the commonalities in their multi-field coupling theories was absent. This gap motivated me
to write this book.

This book addresses this need by providing a coherent theoretical framework applicable
to these diverse responsive materials. It is my aspiration that this work will offer valuable
insights to researchers and serve as a foundation for the development of models for increas-
ingly complex systems in the future.

The book begins with the basis of continuum mechanics in Chapter 1, introducing vec-
tors, tensors, kinematics, stress, and balance principles. Chapter 2 details constitutive mod-
els for hyperelasticity viscoelasticity, and damage. While these topics are typically intro-
duced in a standard Continuum Mechanics course, they serve as the foundation of multi-
field models developed in the subsequent chapters.

Thermomechanical coupling in amorphous shape-memory polymers (SMPs) is
discussed in Chapter 3, featuring the effective temperature model and its application to
solvent-driven shape-memory behaviors. Chapter 4 explores electromechanical coupling
in dielectric elastomers, including a thermodynamic framework and analysis of electrome-
chanical instability. Chapter 5 presents magnetic-mechanical coupling in magnetoactive
soft materials, comparing models for magnetorheological elastomers and incorporating
glass transition mechanisms. Multi-field modeling of liquid crystal elastomers (LCEs)
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Preface

is covered in Chapter 6, including theories for monodomain and polydomain LCEs.
Finally, Chapter 7 discusses chemo-mechanical modeling of kinetic diffusion in hydrogels,
addressing the coupling between solvent diffusion and large deformation.

Overall, this book aims to provide researchers, engineers, and graduate students in
mechanical engineering, materials science, and biomedical engineering a robust under-
standing of soft active materials and their multi-field modeling.

Rui Xiao
Zhejiang University
Hangzhou, China
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Basics of Continuum Mechanics

1.1 Vectors and Tensors

Continuum mechanics relies on vectors and tensors. We first introduce vector/tensor oper-
ations. In this book, scalars are denoted by italic lowercase letters, while vectors and tensors
are represented by upright boldface letters.

1.1.1 Vector

If a physical quantity contains only magnitude information, such as time, mass, tempera-
ture, density, and length, it is referred to as a scalar. A vector represents a directed line seg-
ment in space. The length of the line segment indicates the magnitude of the vector, while
the direction of the line segment represents the direction of the vector. It is used to describe
physical quantities that have both direction and magnitude, such as displacement, velocity,
acceleration, and force.

The addition of vectors follows the same rules as scalar addition, satisfying the commu-
tative law and the associative law of addition:

ut+v=v+u, (1.1a)

(u+v)+w=u+(V+w). (1.1b)

The sum of two vectors is still a vector, and the magnitude and direction of the resultant
vector are determined according to the parallelogram law.

The product of a vector u and a scalar « is a new vector that has the same direction as u if
a >0, or the opposite direction if o < 0. The multiplication of a scalar and a vector satisfies
the commutative law, the associative law, and the distributive law as follows:

au=ua, (1.2a)
(afu=a(fu), (1.2b)
(a+pB)u=cau+pu, (1.2¢)
a(u+v)=au+av. (1.2d)

Multi-field Modeling of Soft Active Materials: Properties and Design, First Edition. Rui Xiao.
© 2026 Wiley-VCH GmbH. All rights reserved, including rights for text and data mining and training of
artificial intelligence technologies or similar technologies. Published 2026 by Wiley-VCH GmbH.
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The dot product of vectors u and v, denoted by u - v, results in a scalar:
u-v=|uljv|cosb, (1.3)

where 0 is the angle between two vectors u and v. The dot product of vectors has the
following properties:

eu-v=v-u,
e u-(V+w)=u-v+u-w.

The cross product of vectors u and v, denoted by u X v, results in a vector. Its magnitude
is given by:

[uxv|=]|u||v|sin®b. 14

The direction of u X v is perpendicular to the plane formed by u and v, which follows the
right-hand rule. The cross product of vectors has the following properties:

e UXV=-VvXu,
e uUX(V+W)=uXv+uxw.

1.1.2 Index Notation

To introduce the coordinate (or component) expression of a vector in a right-handed orthog-
onal system, we first introduce a set of fixed basis vectors e, e,, e, called a Cartesian basis,
with the following properties:

e -e,=e; -e;=¢€,-e;=0, e -e; =e,-e,=e;-e;=1. 1.5)

These three vectors are of unit length and mutually orthogonal. A vector in three-
dimensional space can be expressed as

u=1u,e; +u,e, +usze;, (1.6)
which can be written in summation notation as
3
u=2uiei. 1.7)
i=1
This expression can be further simplified by using a dummy index to omit the summation
symbol, written as
u= uiei. (1.8)

An index that repeats exactly twice in an expression is called a dummy index, which
signifies the summation convention. An index that is not summed over in an expression is
referred to as a free index. For example:

fi=uwwj, (1.92)
Ji=u (viwy +vw, +v3ws), (1.9b)

fr=u(viwy +vow, +v3ws), (1.9¢)
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f3=uz(vywy +v,w; +v3ws), (1.9d)

where i is the free index and j is the dummy index.

The calculus operations involving scalars and vectors often carry clear physical signifi-
cance. We begin by introducing two commonly used symbols in continuum mechanics: the
Kronecker delta §;; and the permutation symbol ¢;;.. The Kronecker delta §; is defined as
follows:

1, if i=j,
=6;=

0, if i#j.
The following are some of its useful properties:
6ii=3’ 5Uul=uj, 5lj5jk=51k’ (1.10)

Another commonly used symbol is the permutation symbol ¢, which is defined as
follows:

1, for even permutations of (i, j, k) (i.e. 123,231, 312).
gk =1-1, for odd permutations of (i, j, k) (i.e. 132,213,321). (1.11)
0, ifthere is a repeated index.
The permutation symbol has the following properties:

Eijkzgjkizgkij’ Eijkz_gikj’ Eijk=_Ejik‘ (112)

1.1.3 Tensor

A second-order tensor can be viewed as a linear operator acting on a vector u, producing a
new vector v as

v=Au. (1.13)
A second-order tensor can be written in the index notation as

where ® is the dyad of vectors.
A unit tensor I can be represented using the Kronecker delta symbol as

I=5ijei®ej=ei®ei. (1.15)

The dot product of two second-order tensors A and B is typically denoted as AB, which
is still a second-order tensor. The components of the dot product AB can be represented as

(AB); = AyBy;. (1.16)

The double dot product of two second-order tensors results in a scalar, as given by the
following expression:

A:B :Aijei ® €; . Bklek ® € ZAUBkl(ei . ek)(ej . el) :AUBU (117)

3



4 | 1 Basics of Continuum Mechanics

The transpose of a second-order tensor A is denoted as AT, with the following
property:
(AT)ij=Aji- (1.18)

The trace of a second-order tensor A equals to the sum of the diagonal terms
represented as

tr (A) =Aii’ (1.19)
The determinant of a tensor A is the determinant of the matrix A, represented as
det(A) = EijkAliAZjA3k' (120)

For a nonsingular tensor, namely, det(A) # 0, there exists a unique inverse of the tensor,
denoted as A~!, which satisfies as

AA71 =1L (1.21)

A tensor can be decomposed into a symmetric part and a skew part as

T _ AT
sym(A) = A+2A , skew(A)= A 2A .

(1.22)
A second-order tensor has different component forms in different coordinate systems:
A=Aje;®@e; or A=A;& ®¢E;. (1.23)

These two component forms can be related through the transformation of the basis vec-
tors corresponding to the two coordinate systems, as

where Q;; represents the direction cosines between the basis vectors of the two coordinate
systems. Q is an orthogonal second-order matrix with QT = Q1.
Furthermore, we have:

A;=QuAuQy, [Al=[Q]'[A]Q]. (1.25)

A vector can be treated as a tensor with order 1. Thus, higher order tensors can also be
defined in a similar way. For example, tensors with an order 3 or 4 can be defined as

A=A;e; Qe Qe (1.262)
A=Aye Qe Qe Qe (1.26b)

1.1.4 Gradient, Divergence, and Curl

We introduce the vector operator V, commonly referred to as the Nabla operator, which is
frequently used in computations:
5 . a L a . a .
(), _8), 3 o)

V)= 6_xl~e’ ox, * 9x, €2 9x5 Cs-

(1.27)



