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Following the ongoing strong demand in the last years for an English version of the German 
standard work “Finite Elemente Analyse für Ingenieure” we decided to satisfy this.
Our aim with this book is:
To provide well-chosen aspects of the finite elements for a student of engineering sciences from the 
3rd semester and an engineer already established in the job in such a way that he can apply this 
knowledge immediately to the solution of practical problems.
Therefore, already in the title of the book we speak of finite element analysis (FEA) and not of 
finite element method. This gigantic field has left behind the quite dubious air of a method for 
a long time and today is the engineer’s tool to analyse structures. Of course, one can do much 
more with this process than mechanics: heat flows, electric fields and magnetic fields, actually, 
differential equations and boundary problems for different fields in general – all of this can be 
solved with it.
However, everything has begun with the calculation of mechanical structures and, hence, we 
want to limit ourselves in this book to linear and non-linear statics, stationary heat conduction 
and natural frequencies. The engineer’s aspect is very substantial to us – it does not appear in 
the title of this book without any reason: The process was developed fairly “intuitively” in the 
fifties by airplane engineers for static calculations of airplane structures. It is a process from 
engineers for engineers!
Hence, we proceed as follows: After a really easy demonstration of the basic procedure, we will 
discuss the most important points of the elasticity theory, the engineering mechanics and the 
thermodynamics, as far as the FEA is concerned. With this knowledge we continue with the 
derivation of the element stiffness matrices. This theoretical knowledge is indispensable for 
proper and clever working with FEA programs. Then we look at the compilation procedure, at 
the storage processes and at the solving of the equation systems to calculate the unknowns.
In order to transfer your knowledge into practice, we have put two FE programs on DVD: Z88®, 
the open source finite elements program for static calculations, programmed by the lead author 
of this book, as well as Z88Aurora®, the very comfortable to use and much more powerful free-
ware finite elements program which can also be used for non-linear calculations, stationary 
heat flows and natural frequencies. Both are full versions with which arbitrarily big structures 
can be computed. The only limits are given by your computer concerning main storage and disc 
storage and by your powers of imagination. Z88 and Z88Aurora are ready-to-run for Windows, 
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vi  Preface 

LINUX, as well as for Mac OS X. For Z88 we directly provide the sources, so that you can study 
the theoretical aspects in the program code and extend it if necessary. This way, you can also 
understand the working of memory processes, equations solvers and so forth. Z88 is transpar-
ent for the user through input and output via text files. It is a FEA program in the quite classical 
and original sense. In addition, we think: You only learn the basics with a program like this, as 
every numerical value can and has to be controlled. As soon as you have understood the basic 
procedure, you can work with Z88Aurora, which was developed at our Chair of Engineering De-
sign and CAD at the University of Bayreuth, Germany, with promotion of the Oberfrankenstif-
tung. Z88Aurora does not take second place in look and feel compared to the commercial FEA 
programs and allows a very professional and contemporary work, directly from CAD data. We 
do not refer to the known commercial FEA programs here because the versions that are free of 
charge only offer very limited options concerning the structure sizes with which you could not 
compute several of the following examples at all. Moreover, we cannot offer source codes for 
them. In later sections of the book there are many practical examples that we recommend to 
check. The DVD also contains the input files for all examples. The examples are selected in a 
way that gradually explains the different aspects of the calculation of structures and mechani-
cal structures.
Furthermore, we have developed an app for Android devices called Z88Tina (www.z88tina.de) 
which is a very, very small cousin of our full-featured freeware FEA program Z88Aurora (www.
z88.de) and is derived from the open source FEA program Z88V14OS. Z88Tina can be dow-
loaded from Google Play Store: https://play.google.com/store/apps/details?id=z88tina.fr
For this fourth German edition (and first English edition) we have completely revised our book 
on finite element analysis: The theoretical section has been extended concerning shell elements 
(by Prof. F. Rieg, PhD), non-linear calculations (by C. Wehmann, PhD), stationary heat conduc-
tion (by M. Frisch, M.Sc.) and natural frequencies (by M. Neidnicht, PhD). The examples have 
been strongly extended and updated. Our employees M. Frisch, M.Sc., M. Neidnicht, PhD, 
F. Nützel, M.Sc., C. Wehmann, PhD, J. Zapf, PhD, and M. Zimmermann, M.Sc., did the program-
ming and testing of Z88Aurora version 2 and gave valuable recommendations for the text of this 
book. We wish to thank them all a lot. Our very special thanks is directed towards Kevin Deese 
and Christoph Wehmann for their systematic translation error search. It was a hell of a work. We 
also thank our publishing house Carl Hanser Verlag for the exemplary realization of this book.
The work on this book was again a pleasure to us and we hope you will enjoy this book.

Frank Rieg, Reinhard Hackenschmidt and Bettina Alber-Laukant
Bayreuth, Germany, June 2014
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The DVD that comes with the book Finite Element Analysis for Engineers contains the program 
versions Z88 V14 OS and Z88Aurora V2 including all data necessary to use the examples of 
both versions. The content of the DVD is organized as follows:
/z88_examples_z88aurora/: Examples for Z88Aurora V2
/z88_examples_z88v14os/:  Examples for Z88 V14 OS
/z88aurora/:   Installer and documentation Z88Aurora V2
/z88v14os/:   Unzipped directories Z88 V14 OS

Installation of Z88 V14 OS
Z88 V14 OS is available as a ready-to-run version as well as a version for self-compiling in the 
directory /z88v14os/ for the following operating systems:
 � 32 BIT Windows
 � 64 BIT Windows
 � 32 BIT LINUX
 � 64 BIT LINUX
 � 64 BIT Mac OS X

In the file z88mane.pdf in the directory /z88v14os/docu/ you find the detailed documentation 
for installation and compiling.

Installation of Z88Aurora V2
Z88Aurora V2 is available in the directory /z88aurora/ as installer for 
 � 32 BIT Windows and
 � 64 BIT Windows

and as TAR.GZ for
 � 64 BIT LINUX Suse 12.1 and 12.2
 � 64 BIT LINUX Ubuntu 11.04, 12.04 and 14.04
 � 64 BIT Mac OS X ex 10.6 (Please note that when using UNIX und Mac the access rights have 
to be adapted.)

In the directory /z88aurora/installer/ you find the detailed installation manual for the corres-
ponding operation system.
Please note, that when using Mac OS X the GTK+-package gtk+4z88.dmg (which you find in the 
directory /z88aurora/installer/macosx) has to be installed at first.
In the directory /z88aurora/docu/ you find the theory manual and the user guide.

Software Updates
The DVD’s software status is June 10th, 2014.
On www.z88.de you can find the user forum as well as updates and error corrections.





1
Many approaches in technology are centuries-old. The elasticity theory, for example, was practi-
cally developed as a whole in the 19th century. The so-called method of the finite elements 
though originated not until the upcoming of the first digital computers in Germany, in the 
United States and in England during World War II. These first computers, the German Zuse Z3 
of 1941, but particularly the American Harvard Mark I, served for the calculation of trajectories 
for the artillery (cf. /33/). At the same time, a new model of airplane came up, the jet-propelled 
airplane. Its yet unknown speed led to entirely new problems – new air foil designs like the 
swept-back wing, extremely light and still very stable cells, which do not fail at big heights, and 
the jet engines themselves.
Hence, it did not come by chance that in the 50s, J. Turner and R. Clough, engineers at Boeing 
in Seattle developed the matrix force method and the matrix displacement method for the 
static calculation of cells and wings. Already at the end of the 40s, J. Argyris from England 
showed that one can describe continuums in simplified form by disassembling them in smaller 
subareas. Before these considerations, Hrenikoff suggested disassembling continuums in an 
array of trusses or beams to solve stress and plate problems; this was called “Framework meth-
od” in the literature. The first one, who used the concept of the Finite element method publicly 
at a conference, seems to have been R. Clough in 1960.
We already indicated that originally there was a matrix force process and a matrix displacement 
process. While in the matrix force process the wanted unknowns are the forces – actually, this 
is the approach, which is also common in the classical engineering mechanics – the unknowns 
in the matrix displacement process are the displacements of the system, which is at first sight 
rather unusual. It was argued for a long time, in practice and science, which of both approaches 
is the better one. Today this question has been answered: All large program systems exclu-
sively work according to the displacement process because it can be schematized and pro-
grammed much easier and straight forward.
In the early days, only a few “privileged” people could generally execute finite elements calcula-
tions, because only they had access to big computers which was completely unaffordable for 
most universities and companies at that time. When the lead author of this book wrote his di-
ploma thesis (i.e. master thesis) in 1978, the calculation of a race car body for the car manufac-
turer Porsche, done with the finite element method, at least one useful FE program, SAP IV 
(Structural Analysis Program) of Wilson and Bathe, was available. It ran in batch-mode on the 
very large IBM 370/168 computer equipment of the University of Technology Darmstadt, 
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Germany. The input data was not entered by a terminal, but on punch cards which one had to 
punch with an IBM cardpunch. After much ado, the input record was finally punched, and one 
could carry the card deck to the computer center. At night, and only at night because of the 
“huge” core memory requirement of ~700 Kbyte, SAP IV (“Structural Analysis Program”) was 
started and one could eventually fetch the results the next day on centimeter thick paper piles. 
Interactive graphics? Absolutely unknown. At least plotting on paper was possible, but in addi-
tion, another program SAPOST was necessary, which got its plot instructions through punch 
cards, too.
This has changed long ago, and if one looks at pictures of mainframes even of the early 80s 
today, one could think, these photos are shot on another planet. Especially the personal com-
puter has performed great pioneering work in the 80s. Already in the middle of the 80s, one 
could calculate quite substantial FE structures with PCs (cf. /27/), but the limit at that time was 
a usable main storage of about 500 Kbyte, dictated by DOS. In 1985, the lead author of this book 
started with the development of his FE program Z88 on an IBM AT, at that time still as a FOR-
TRAN version (cf. /28/). In the beginning of the 90s, the triumphal success of Windows with 
the version 3.0 stood out, and the lead author now re-coded the Z88 program completely in C 
(cf. /15/) because at that time one could provide real Windows programs only with the com-
puter language C.
Today, everybody knows the situation: Every cheap PC from the discounter has much more 
power – and that means several powers of ten – than the IBM 370 mainframe from more than 
30 years ago, and nowadays everybody can carry out extensive finite elements calculations on 
his/her PC at home.
As we will see in the second chapter, the method of the finite elements – or better finite element 
analysis according to our opinion, because one checks and analyses something in contrast to 
the methodical design which is a synthesis – is in principle exceptionally simple! The special 
thing about it actually only is the strictly formalized proceeding what is indeed very suitable for 
computer usage. When introducing the basic action in chapter 2 we deliberately do this from an 
elastostatic point of view and first only work with trusses and beams. However, trusses and 
beams are of course no 2D or 3D continuums, and some readers will find this approach dilet-
tantish.
But stop – to show the basic action of the matrix displacement process, these simple elements 
are really very suitable. Since finite elements for plane stress, for plane strain, for axisymmetric 
stress, for plate bending and for spatial stresses – to mention the most important ones – are 
completely integrated into the process! In fact, all computer routines for putting up the element 
stiffness matrices are constructed quite alike, as you can check any time with our book with the 
help of the enclosed program procedures for Z88 in C. Compare, for example, the subroutine 
SHEI88.C for curvilinear 8 nodes Serendipity plane stress elements and axisymmetric elements 
with the routine HEXA88.C for curvilinear 20 nodes Serendipity hexahedrons for the general 
spatial state of stress.
By using the term matrix displacements processes one recognizes, by the way, all relevant as-
pects: We deal with partly gigantic matrices, displacements are calculated, namely with a sche-
matized process.
You may already have guessed it: One can approach this process either from the engineer’s 
side, as we will do in chapter 2, or from the strictly mathematical side. Which way one selects, 
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certainly depends on his/her education and previous experience, but also depends on which 
aim one wants to pursue. Because the process of the finite elements was developed by engi-
neers for solving engineering problems, we find it appropriate to derive the basics also from the 
engineer’s point of view. Moreover, this has the advantage that the reader only needs to have 
basic knowledge of the matrix calculation in addition to the basic math skills of a high school 
graduate. However, what is absolutely necessary, is solid knowledge in the area of “rigid” statics 
and elastostatics. Who is not well-versed in these, will fall flat on his face very soon when work-
ing with any FE program, not only with Z88 or Z88Aurora, and eventually even break his neck. 
Why? Because there are two obstacles when working with the finite element analysis, and they 
are system-immanent. The first trap: the actual generating of the finite element mesh (how 
rough or how accurate, which element types) – this takes a lot of experience and training. The 
second trap: the choice of the boundary conditions, that means when and where to attach fix-
tures, apply forces and the like. Here, experience is also needed, but first of all solid mechanics 
knowledge is required: Even with the most expensive computer program a statically under-de-
termined system breaks down in itself.
But also for engineers approaching the finite element analysis from a strictly mathematical 
view can be absolutely exciting and does make sense. Indeed, elastostatic problems can be de-
scribed by extremum principles, e.g., by the principle of the minimum of the whole potential 
energy: Amongst all displacement states, which fulfill the kinematic boundary conditions, the 
actual equilibrium minimizes the potential energy. These functionals of the potential energy, 
which can be put up for trusses, beams, torsion trusses, plane stress elements, plates etc. must 
become stationary. This can be done with the method of Ritz. The functions of Ritz’s procedure 
are definitely related to the approximation or form functions of the finite element analysis. One 
of the prominent sources for the derivation of the various element stiffness matrices with func-
tionals is the book of Schwarz /6/ which can be very much recommended to the mathemati-
cally interested reader.
However, we would like to remind you again of the fact that one cannot study the finite element 
analysis only by theoretical considerations. Only by extensive training and work on the com-
puter, one will bring it to certain mastery in this area. It seems important to us that you under-
stand, sensibly change and complement the examples of the book, and that you do this on the 
computer. Hence, we have kept the theoretical chapters relatively short, so that you get to see 
the practical aspects as soon as possible. However, whenever we believed that certain ques-
tions, e.g., the elasticity theory, are not given their fair share in other literature, we intention-
ally haven’t accepted abridgements on this topic in our book.
Practicing with the computer, which is very much recommended by us, can be carried out with 
Z88 Version 14 and Z88Aurora version 2, both programs being provided by us. Z88 is used in 
this book since the first edition and comes with all C program sources as well as nmake files for 
Windows Visual Studio 2008 and make file for LINUX and Mac OS X. This way, you can study 
the source code and extend it if necessary or change it, which really makes sense if one wants 
to understand the theoretical foundation of the FEA. In order to purely work through our many 
examples, you, of course, do not need to deal with the internal matters of programming. Z88 is 
ready-to-run for all different operating systems on the DVD. A manual of approximately 200 
pages in PDF format comes with it, from which you can obtain tips for the installation and op-
eration. For a quick start you find an edited version of the operating instructions in chapters 9 
and 10. Z88 is a quite classical and original FE program, which is controlled through input and 
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output files. As with every classical program of this type it is very suitable to study basic ac-
tions, but for everyday work it is a little bit clumsy and not really comfortable to use.
Hence, in 2009 our former employees Bernd Roith, PhD, Alexander Troll, PhD, and Prof. Martin 
Zimmermann, PhD, had the idea to create a very contemporary operating surface with the 
name Z88Aurora on top of the structures of Z88, whose special focus is to directly read in CAD 
files in the STEP or STL format, to generate the mesh and to be able to provide it interactively 
with boundary conditions and materials. Very quickly, other employees of the department 
joined the work. In June 2010, the first version Z88Aurora was released and immediately was a 
complete success. In June 2012 Z88Aurora V1 was downloaded about 32,000 times worldwide 
on our Internet site! Soon after, Bernd Roith, PhD, began with the work on the next version. His 
successor was Markus Zimmermann, PhD, who extensively formed the system in its current 
version 2, together with B. Alber-Laukant, PhD, M. Frisch, M.Sc, M. Neidnicht, PhD, F. Nützel, 
M.Sc, C. Wehmann, PhD, J. Zapf, PhD, and Prof. F. Rieg, PhD. You will experience this new ver-
sion 2 of Z88Aurora as very pleasant and intuitive to use, to which also a unique feature con-
tributes, the so-called Spider Help of B. Alber-Laukant, PhD, and Bernd Roith, PhD. Spider Help 
leads you through the workflow of a finite element analysis.
It was immediately clear that we must integrate this new development of Z88Aurora into the 
fourth German edition (and into this first English edition) of our FEA book. Although we have 
submitted Z88Aurora V2, which you find on the DVD, to very extensive tests, you all know that 
software can never be perfect. If you discover errors or irregularities, do not hesitate to inform 
us or consult our website www.z88.de, in order to check whether there are any program updates 
available.
And now: Let’s begin with the basic procedure!
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We will now briefly present the basics of the finite element analysis and for reasons of simplifi-
cation consciously assume several issues instead of establishing them. Here you will obtain an 
overview and see the easiness of the procedure after reading a few pages. We do not want to 
conceal the fact that these issues are related to complex theories and mathematical procedures, 
but we will consider this in chapters 3 to 8, after we gained a total overview – actually you can 
skip these chapters while reading it for the first time. If you follow our explanations of the next 
pages, you will understand the principles of finite element analysis. The following are only re-
finements and special aspects. Wouldn’t you say this is highly motivating?
At the beginning we observe an easy tension spring of steel that is clamped at one end and 
loaded at the other. We can carry out the loading process in two different ways: Either we apply 
a known force of, for example, 100 N or we drag the spring a defined distance from, for example, 
5 mm. The spring is subjected to Hooke’s law F = K · U, that means, the spring force F is the 
product of the spring stiffness K and the spring way U.

F, U

K

Figure 2-1: Hooke’s law

The majority of everyday objects own the same properties as this screwing spring, i.e. they 
deform in a linear-elastic way: The force F and the distance U are proportional to each other. 
Every random small force causes a distance, a displacement or a deformation. This is why a 
rope or a tensile bar with the length ℓ, the profile A and the Young’s modulus E has the follow-
ing force displacement relation:

F =
E · A
ℓ

· U

The Basic Procedure
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F, U

E, A

l

Figure 2-2: The tensile bar

If you set:

K =
E · A
ℓ

then one recognizes Hooke’s law again

F = K · U  

Now we define a truss by setting the deformation U1 resp. the force F1 to its left ending and the 
deflection U2 resp. the force F2 to its right one:

211
, F

2
, UFU

Figure 2-3: The in general defined truss

If we form the force equilibrium state, we receive:

F1 = K · U1 − K · U2

F2 = K · U2 − K · U1

Displaying this equation set in matrices notation leads to:
[

K −K
−K K

] [
U1
U2

]
=
[

F1
F2

]

Proof: By multiplying, one receives:

K · U1 − K · U2 = F1

−K · U1 + K · U2 = F2

We will call the expression
[

K −K
−K K

]
=
[

EA/ℓ −EA/ℓ
−EA/ℓ EA/ℓ

]

element stiffness matrix. This applies to a horizontally lying truss in plane. The system of equa-
tion is written in usual matrices notation. We write the same in symbolic matrices notation 
(matrices and vectors in symbolic representation from now on are written in bold-italics):
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K U = F

This is again Hooke’s law, but this time with matrices instead of scalars.

Arithmetic example 1
We set the forces F1 and F2 on a truss:

1 2
FF

Figure 2-4: Forces on a truss

with

F1 = −1,000 N
F2 = +1,000 N

The truss has following specific values:
length ℓ = 1,000 mm
Young’s modulus E = 200,000 N/mm2

Cross sectional area A = 100 mm2

K becomes:

K =
200,000 · 100

1,000
= 20,000 N /mm

Inserting the values reveals:
[

20,000 −20,000
−20,000 20,000

] [
U1
U2

]
=
[

−1,000
+1,000

]

Multiplying the system of equation:

20,000 · U1 − 20,000 · U2 = −1,000
−20,000 · U1 + 20,000 · U2 = +1,000 (B2)

(B1)

To solve the 2 × 2 equation system, we add the equations (B1) and (B2), to eliminate one of the 
two unknowns:

0 + 0 = 0

The result of the addition is correct, however, it delivers no solution. Why? Because the equa-
tions are linearly dependent! For example: multiplying equation (B2) with −1 delivers (B1). 
When do such things appear? When a system is statically underdetermined!

1ST RULE OF FEA

Never statically under-determined, always statically defined (kinematically deter-
mined) or arbitrarily statically over-determined!
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Defining a boundary condition:

2
U

1

1
, F1 2

F,

2

U

Figure 2-5: If a fixed support is in the point 1, then the displacement U1 = 0

F1 cannot be applied as an external force anymore, because the support intercepts everything! 
Only the following can be applied:

U2 a displacement or

F2 an external force

We have to fundamentally differentiate addressing this task: What kind of solutions are we 
looking for, forces or displacements? The already known system of equations 
[

K −K
−K K

] [
U1
U2

]
=
[

F1
F2

]
 resp. K U = F

would be like this in mathematics: A x = b.
This is the usual representation of a linear equation system: A is the coefficient matrix, x is the 
solution vector, i.e. the unknowns, and b is the right side. Hence:

Default of the external forces and calculating the displacements 
= Displacement-based procedure

There is also another path to solve the equation system:

K−1F = U

A−1b = x

A-1 is the inverse of A. Hence:

Default of the displacements and calculating the forces 
= Force-based procedure

Today nearly all of the FEA systems use the displacement-based procedure:

2ND RULE OF FEA

FEA = Calculating the displacements of the structure
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Our task was:

2
U

1

1
, F1 2

F,

2

U

Figure 2-6: Fixed support in point 1

[
K −K
−K K

] [
U1
U2

]
=
[

F1
F2

]

K is the structure stiffness matrix, U represents the displacements, i.e. the unknown quantity 
of the system, and F represents the external forces.
The structure stiffness matrix K corresponds to the element stiffness matrix Krod, since there is 
only one single element, the rod.
The boundary condition is: U1 = 0, a so-called homogeneous boundary condition! These homoge-
neous boundary conditions are considered in the equation system as follows:

METHOD 1: INSTALLATION OF THE HOMOGENEOUS BOUNDARY CONDI-
TION Uj = 0

m1.1: In K, set row j to 0
m1.2: In K, set column j to 0
m1.3: In K, set diagonal element j in to 1
m1.4: In F, set force Fj to 0

Hence:
m1.1 and m1.2
[

0 0
0 K

] [
U1
U2

]
=
[

F1
F2

]

m1.3
[

1 0
0 K

] [
U1
U2

]
=
[

F1
F2

]

m1.4
[

1 0
0 K

] [
U1
U2

]
=
[

0
F2

]
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The calculation on proves:

1 · U1 + 0 · U2 = 0 → U1 = 0

0 · U1 + K · U2 = F2 → U2 =
F2

K

How do we calculate the actual rod forces, i.e. the internal forces? Until now we only considered 
the external forces.

METHOD 2: NODAL FORCES CALCULATION

m2: Multiply the respective element stiffness matrix of the particular element 
with the calculated displacements.

Hence:
[

K −K
−K K

] [
0

F2/K

]
=
[

−F2
F2

]

These are the rod forces in the element, i.e. the internal forces. Actio = reactio!

Arithmetic example 2

1

1

1

2

2

, F
2

3

2

,U F1 U 3
, FU3    

F1 = 0
F2 = 0
F3 = 5,000 N

Figure 2-7: Example with two rods

Truss 1: ℓ1 = 500 mm, E1 = 206,000 N/mm2, A1 = 100 mm2

Truss 2: ℓ2 = 400 mm, E2 = 206,000 N/mm2, A2 = 40 mm2

Hence: K1 = 41,200 N/mm, K2 = 20,600 N/mm
With this, the element stiffness matrices are as follows:

first rod = FE1: 
[

K1 −K1
−K1 K1

]
=
[

41,200 −41,200
−41,200 41,200

]
= Ke

1

second rod = FE2: 
[

K2 −K2
−K2 K2

]
=
[

20,600 −20,600
−20,600 20,600

]
= Ke

2

Both element stiffness matrices have to be combined to a structure stiffness matrix. We call this 
process compilation.
We have:

K =
∑

i

Ke
i
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3RD RULE OF FEA

Structure stiffness matrix = sum of the element stiffness matrices

Here:
Element 1 Element 2
[

K1 −K1
−K1 K1

] [
U1
U2

] [
K2 −K2
−K2 K2

] [
U2
U3

]

The structure stiffness matrix is:



K1 −K1 0
−K1 K1 + K2 −K2
0 −K2 K2


 = 




41,200 −41,200 0
−41,200 61,800 −20,600

0 −20,600 20,600




The equation system becomes at first:



41,200 −41,200 0
−41,200 61,800 −20,600

0 −20,600 20,600







U1
U2
U3


 =




0
0

5,000




Installing the boundary conditions: U1 = 0 according to method 1:



1 0 0
0 61,800 −20,600
0 −20,600 20,600







U1
U2
U3


 =




0
0

5,000




The solution of this equation system is:



U1
U2
U3


 =




0
0,1214
0,3641




Now we do a back-calculation of the internal forces according to method 2 to receive the rod 
forces:
element 1
[

41,200 −41,200
−41,200 41,200

] [
0

0.1214

]
=
[

−5,000
+5,000

]

Figure 2-8: Forces in the nodes of rod 1
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element 2
[

20,600 −20,600
−20,600 20,600

] [
0.1214
0.3641

]
=
[

−5,000
+5,000

]

Figure 2-9: Forces in the nodes of rod 2

In the example the force F3 was given. Now we have to set a defined displacement, instead of the 
force. This is what the equation system looks like at first:



41,200 −41,200 0
−41,200 61,800 −20,600

0 −20,600 20,600







U1
U2
U3


 =




F1
F2
F3




We set the external forces:



41,200 −41,200 0
−41,200 61,800 −20,600

0 −20,600 20,600







U1
U2
U3


 =




0
0
0




If we do not apply any external forces, all of them are 0.
Now we have to set a displacement U3 = 0.3641 mm. Since it is different from 0, we call it inho-
mogeneous boundary condition:

METHOD 3: APPLYING INHOMOGENEOUS BOUNDARY CONDITIONS

The inhomogeneous boundary condition has the value Cj and is valid in the de-
gree of freedom j.
m3.1:  Substract the column vector, which is the product of Cj and the column 

j from K, from the right hand side F.
m3.2: Apply method 1.
m3.3: Substitute Fj with Cj.

Trying this out immediately shows:
Step m3.1:

U3 = 0.3641 = Cj i.e. j = 3



41,200 −41,200 0
−41,200 61,800 −20,600

0 −20,600 20,600







U1
U2
U3


 =




0 − 0.3641 · 0
0 − 0.3641 · (−20,600)
0 − 0.3641 · 20,600


 =




0
+7,500.46
−7,500.46
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Step m3.2:
Applying method 1, i.e. zero in row 3 and column 3 in K, the diagonal element K33 is 1, F3 is 0:



41,200 −41,200 0
−41,200 61,800 0

0 0 1







U1
U2
U3


 =




0
+7,500.46

0




U3 would be 0. Unambiguously wrong! Now we have to set F3 to C3=U3 = 0.3641.
Step m3.3:



41,200 −41,200 0
−41,200 61,800 0

0 0 1







U1
U2
U3


 =




0
7,500.46
0.3641




Now we apply the boundary condition U1 = 0, i.e. the left fixed bearing, according to method 1:



1 0 0
0 61,800 0
0 0 1







U1
U2
U3


 =




0
7,500.46
0.3641




The solution of the equation system is:



U1
U2
U3


 =




0
0.1214
0.3641


  ... and that is right!

Arithmetic example 3
The following shows the entire procedure with a beam in the plane at the example of a support:

EI

F

,
22

l
1

EI,
1
l

Figure 2-10: Forces in the beam

The system is statically over-determined. However, this does not bother us at all. One of the big 
advantages of the FEA is that we can calculate arbitrarily statically over-determined systems. 
Compared to the “hand calculation” with the “0”- and “1”- or “2”-... “n”- system of the engineer-
ing mechanics, which becomes costlier with every additional over-determined value, the arith-
metic expenditure of FEA does not noticeably increase. Hence, FEA is very suitable to calculate 
arbitrarily statically over-determined frameworks of trusses and beams or continuous beams.
However, when calculating with the classical engineering mechanics we have to show initiative 
already with this simply statically over-determined system: Either you take away the right 
support and compensate the appearing displacement w with a force X so that the displacement 
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in the right support becomes 0 (see Figure 2-11), or you take away the moment restraint in the 
left support and compensate the now appearing angle of twist ψ with the moment X

�
 (see Figure 

2-12). By using the FEA you do not need to carry out any of these considerations anymore.

F

w

w

F

X

Figure 2-11: Statically over-determined value X as a force

Figure 2-12: Statically over-determined value X
�

 as a moment

With this we need a horizontally lying beam in the plane:

Figure 2-13: The deflections in the beam

Its element stiffness matrix (at this moment we extract it simply from the literature without 
inquiries) is as follows:
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EI ·




12
ℓ3

−6
ℓ2

−12
ℓ3

−6
ℓ2

−6
ℓ2

4
ℓ

6
ℓ2

2
ℓ

−12
ℓ3

6
ℓ2

12
ℓ3

6
ℓ2

−6
ℓ2

2
ℓ

6
ℓ2

4
ℓ







U1
U2
U3
U4


 =




F1
F2
F3
F4




or

K U = F

or
∑

j

Kij Uj = Fi

We find such element stiffness matrices in some of the literature listed in the bibliography 
/1–7/ or in chapter 4.
Some authors display the circumstances as follows:

Figure 2-14: Alternative representation of the deflections

EI ·




12
ℓ3

−6
ℓ2

−12
ℓ3

−6
ℓ2

−6
ℓ2

4
ℓ

6
ℓ2

2
ℓ

−12
ℓ3

6
ℓ2

12
ℓ3

6
ℓ2

−6
ℓ2

2
ℓ

6
ℓ2

4
ℓ







w1
ϕ1
w2
ϕ2


 =




F1
M1
F2
M2




Superficially we can see the displacements w, twists ϕ, forces F and moments M are affecting 
the beam, but the desired schematic treatment is complicated. Especially for the representation
∑

j

Kij Uj = Fi

it is absolutely not suitable. We particularly need the index form of the matrix notation for the 
programming.


