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Preface

Bridges are essential components of lifeline systems, serving as critical links between two sides of an
area that are separated by natural or artificial barriers. Bridges constitute an essential part of transporta-
tion systems, including highways, railways, city rail systems, high-speed railways, and so on. They are
engineering structures designed to provide passages for people, vehicles, and goods, enabling connec-
tivity and facilitating transportation. Due to aging, overloading in traffic, and natural disasters, such as
earthquakes, typhoons, and flooding, the health condition of a bridge may decline in various forms dur-
ing its service life, e.g., the deterioration in materials, cracking in cross sections, loosening or breaking
connection, support settlements, and scouring in column foundations.

To assess the health condition of a bridge, vibration-based monitoring methods have been widely
adopted to diagnose the variation in modal properties. Conventionally, structural health monitoring has
been carried out using the vibration data recorded by sensors directly deployed on the bridge, known
as the direct measurement method. However, the health monitoring system, including the vibration
sensors and data logger, is usually “tailored” for the particular bridge of concern, of which the setup and
maintenance costs are generally high. In addition, the continuously generated “sealike” data cannot be
digested in an efficient way. What is more, the lifespan of the electronic devices installed on a bridge
may not be longer than that of the bridge to be monitored. For the huge number of bridges existing all
over the world, there is an urgent need to develop economical and efficient methods that can be widely
used in the health monitoring of most bridges.

In 2004, the vehicle scanning method (VSM) for bridge measurement was proposed by the senior (third)
author and coworkers to circumvent the drawbacks of the direct measurement method. Such a method,
originally known as the indirect measurement method, is featured by the fact of mobility, economy, and
efficiency, in that no vibration sensors need to be mounted on the bridge and only a small number of
sensors are required to be fixed on the vehicle. It was later renamed as the vehicle scanning method for
bridges to make it self-explanatory. Over the past nearly two decades, research on various aspects of the
VSM has boomed globally, including the identification of bridge frequencies, modal shapes, damping
ratios, and damages.

This book intends to give a broad and systematic coverage of the VSM techniques for the identification
of bridge modal parameters (frequencies, modal shapes, and damping ratios). In general, the book is
divided into three parts: Part I (Chapters 2–6) is dedicated to the VSM techniques for bridge frequencies,
Part II (Chapters 7–11) to the VSM techniques for bridge mode shapes and damping ratios, and Part III
(Chapters 12–15) to the VSM techniques for various types of bridges. To help readers quickly engage in the



xvi Preface

chapters of interest, each chapter will start with some concise background information, allowing readers
to directly comprehend the chapter in a manner that requires minimal cross-reference to the previous
chapters. This book contains a total of 15 chapters in the order of increasing complexity. The following is
a summary of the content of each chapter.

In Chapter 1, the basic concept of extracting bridge modal parameters using a moving test vehicle
is briefed. It then provides a comprehensive review of the current state-of-the-art research conducted
globally up to roughly 2024 on the VSM. Progress in various aspects of the VSM is presented, including
the identification of bridge frequencies, mode shapes, damping ratios, damages, and surface roughness,
as well as applications to railways.

In Chapter 2, a more realistic theory is presented for the vehicle–bridge interaction (VBI) system con-
sidering the vehicle damping. To eliminate the overshadowing effect of vehicle frequency on the iden-
tification of bridge frequencies from the vehicle’s spectrum, the contact response is used instead, which
can be calculated backwardly from the vehicle response. The transmissibility between the vehicle and
contact responses is discussed. In addition, a field test is conducted to verify the theory presented.

In Chapter 3, a refined detection technique for bridge frequencies using the rocking motion of a
single-axle moving vehicle is introduced. A new formula is derived for calculating the left and right
contact responses of the two wheels of the single-axle test vehicle, which will be used in the spectral
analysis to eliminate the vehicle’s vertical and rocking frequencies. The feasibility of the refined detection
method for scanning the bridge frequencies is verified by the field test.

In Chapter 4, a theory for utilizing a single-axle, two-mass scanning vehicle to extract the bridge fre-
quencies is presented, in which the vehicle’s suspension effect is taken into account. For the two-mass
vehicle model, backward formulas are presented for computing the contact response considering the
vehicle’s suspension effect.

In Chapter 5, a shaker is added to the bridge to enhance the bridge vibration for alleviating the
adverse effect of vibrations induced by pavement roughness. Closed-form solutions are derived of the
vehicle-shaker-bridge system to form the theoretical framework for future application of the shaker.
The simple formula derived for the shaker’s dynamic amplification factor (DAF) on the vehicle and
contact responses in the study can be easily used in practice.

In Chapter 6, dual-function amplifiers are proposed for use to enhance the capability of a scanning test
vehicle for bridges. The DAFs of the amplifier and vehicle are presented for assessing the bridge/vehicle
and vehicle/amplifier transmissibilities. Two differentially tuned amplifiers are used: one is to suppress
the vehicle frequency, acting like the tuned mass damper (TMD), and the other to enlarge the amplitude
of the bridge frequency of concern.

In Chapter 7, a theoretical framework for scanning the mode shapes of a bridge by a two-axle test
vehicle is presented. The effect of vehicle frequencies is removed by using the contact responses, and
that of pavement roughness by the residue of the front and rear contact responses of the two-axle test
vehicle. Then, the contact response is processed by the variational mode decomposition (VMD) to yield
the component responses and then processed by the Hilbert transform (HT) to yield the mode shapes.

In Chapter 8, a simple formula is derived for the modal damping ratio of the bridge using the correla-
tion between the instantaneous amplitudes of the related front and rear contact responses of a two-axle
scanning vehicle by the HT technique. The feasibility of the proposed damping formula is verified in the
numerical study.
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As a sequel to Chapter 8, a formula for determining the bridge damping ratio from two wheels of a
two-axle scanning vehicle by the wavelet transform (WT) is presented in Chapter 9. This chapter improves
the preceding Chapter 8 by considering the suspension effect of the two-axle vehicle, while fully utilizing
the spatial correlation between the front and rear contact points in the time-space signaling.

In Chapter 10, a normalized formula for removing the damping effect in recovering the bridge mode
shapes is proposed by using a moving vehicle and a stationary vehicle. The moving test vehicle is used
to recover the global modal response of the bridge throughout its span length at different instants as the
vehicle moves over, and the stationary vehicle is used to generate a reference response at a fixed location
of the bridge for removing the damping effect.

In Chapter 11, a recursive formula for removing the damping distortion effect on bridge mode shape
restoration is proposed by utilizing the spatial correlation between the front and rear contact points of a
two-axle vehicle. Further, the bridge mode shapes recovered by the HT- and WT-based recursive formulas
are compared, to show which technique is more effective for bridge mode shape recovery.

In Chapter 12, a procedure for recovering the frequencies and mode shapes of curved bridges is intro-
duced. Curved bridges differ from straight bridges in that they are characterized not only by the vertical
but also by radial (lateral) frequencies. The procedure for recovering vertical and radial mode shapes of
the curved bridge by the VMD and synchrosqueezed wavelet transform (SWT) is presented.

In Chapter 13, a unified theory for identifying the vertical and radial damping ratios of curved bridges
in a form similar to straight bridges is proposed. By using the correlation between two connected scanning
vehicles and the VMD-SWT technique, the damping formula for the vertical and radial damping ratios
of curved bridges is established.

In Chapter 14, based on the kinematic hypothesis of rigid cross sections for thin-walled girders, a pro-
cedure for separating and detecting the vertical and torsional frequencies of thin-walled girders from
vehicle’s contact responses is introduced. By the WT technique, the vertical and torsional mode shapes
can be recovered from the separated vertical and torsional contact responses.

In Chapter 15, a theoretical framework for simultaneously scanning the frequencies, damping ratios,
and mode shapes of thin-walled girders by a four-wheel test vehicle is presented. The vertical and flexural
modal damping ratios and mode shapes of the bridge can be extracted from the separated vertical and
torsional-flexural contact responses by using the spatial correlation between the vehicle’s two wheels.

In Appendixes A–H, additional materials are provided, such as L’Hospital’s rule for deriving contact
response formula without vehicle damping, the VBI elements used in the book, the straight-beam ele-
ment formulation for the vibration analysis of horizontal curved beams, and some relevant equation
coefficients. The main reason for placing this material in the appendices rather than in the main text is
to avoid unnecessary disruption to the overall flow of the presentation.

The first author wishes to express his highest gratitude to his PhD adviser and third author of the
book, Prof. Yeong-Bin Yang of Chongqing University, for inspiring him to pursue research that ulti-
mately culminated in the creation of this book. Prof. Yang’s strong influence and unwavering support
have profoundly shaped the first author’s academic journey and personal development. The first author
also wishes to express his sincerest gratitude to Prof. Hui Li from the Harbin Institute of Technology for
her invaluable influence and advice. Furthermore, the junior authors (i.e., the first two) wish to express
sincerest gratitude to Prof. Qingshan Yang and Prof. Jianmin Hua from Chongqing University, Prof. Ying
Zhou from Tongji University, Prof. Wenhui Duan from Monash University, and Prof. C.M. Wang from
the University of Queensland for their valuable advice and strong support. Additionally, this book was
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List of Symbols

The following is a list of symbols used throughout this book. All the symbols are defined at the place
where they first appear in the text.

A cross-sectional area of bridge
Acf instantaneous amplitude of bridge component response extracted from front contact

response of two-axle vehicle
Acr instantaneous amplitude of bridge component response extracted from rear contact

response of two-axle vehicle
Am instantaneous amplitude of bridge component response extracted from contact

response of moving vehicle
As instantaneous amplitude of bridge component response extracted from contact

response of stationary vehicle
a dilatation or scale parameter for wavelet stretch
aF distance from vehicle’s center to front-axle
aR distance from vehicle’s center to rear-axle
b time parameter for wavelet translation
bl distance from vehicle’s center to left-axle
br distance from vehicle’s center to rear-axle
c damping coefficient of bridge
cba axial damping coefficient of curved beam
cbr radial damping coefficient of curved beam
cbv vertical damping coefficient of curved beam
cb𝜃 torsional damping coefficient of curved beam
cm damping coefficient of moving vehicle
cr lateral damping coefficient of vehicle
cs damping coefficients of stationary vehicle
csf suspension damping coefficient for front wheel of two-axle vehicle
csr suspension damping coefficient for rear wheel of two-axle vehicle
cs,Fl damping coefficient for front left suspension of four-wheel vehicle
cs,Fr damping coefficient for front right suspension of four-wheel vehicle
cs,Rl damping coefficient for rear left suspension of four-wheel vehicle
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cs,Rr damping coefficient for rear right suspension of four-wheel vehicle
cv vehicle damping coefficient
cvf damping coefficient for front axle of two-axle vehicle in Chapters 7 and 8
cvl damping coefficient for left wheel of single-axle two-degree-of-freedom (DOF) vehicle

in Chapter 3
cvr damping coefficient for rear axle of two-axle vehicle in Chapters 7 and 8
cvr damping coefficient for right wheel of single-axle two-DOF vehicle in Chapter 3
cw wheel damping coefficient
cwf damping coefficient for front wheel of two-axle vehicle
cwr damping coefficient for rear wheel of two-axle vehicle
cw,Fl damping coefficient for front left wheel of four-wheel vehicle
cw,Fr damping coefficient for front right wheel of four-wheel vehicle
cw,Rl damping coefficient for rear left wheel of four-wheel vehicle
cw,Rr damping coefficient for rear right wheel of four-wheel vehicle
cy vertical damping coefficient of thin-walled girder
cz lateral damping coefficient of thin-walled girder
c𝜃 torsional damping coefficient of thin-walled girder
[Cb] damping matrix of beam element
[Cbf ] damping matrix of beam element f associated with front contact point
[Cbr] damping matrix of beam element r associated with rear contact point
DAF dynamic amplification factor of shaker
DAFa dynamic amplification factor of amplifier for bridge response
DAFv dynamic amplification factor of vehicle for bridge response
d distance from front axle to rear axle of two-axle vehicle
d distance from left wheel to right wheel of single-axle two-DOF vehicle in Chapters 3

and 14
df distance from vehicle’s center of gravity to front axle of two-axle vehicle
dl distance from center of vehicle axle’s gravity to left wheel of single-axle two-DOF

vehicle in Chapter 3
dr distance from vehicle’s center of gravity to rear axle of two-axle vehicle
dr distance from center of vehicle axle’s gravity to right wheels of single-axle two-DOF

vehicle in Chapter 3
E Young’s modulus
ecl eccentricity of left contact point to bridge center
ecr eccentricity of right contact point to bridge center
ef beam element subject to front wheel of two-axle vehicle
er beam element subject to rear wheel of two-axle vehicle
eFl eccentricity of front left wheel from bridge center line
eFr eccentricity of front right wheel from bridge center line
eRl eccentricity of rear left wheel from bridge center line
eRr eccentricity of rear right wheel from bridge center line
Fc vehicle–bridge contact force
Fcl vehicle–bridge contact force for left wheel of single-axle two-DOF vehicle
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Fcr vehicle–bridge contact force for right wheel of single-axle two-DOF vehicle
Fcm contact force of moving vehicle
Fcs contact force of stationary vehicle
Fcvr centrifugal force generated by vehicle moving along a horizontal curve beam
Fcr1 centrifugal force generated by front (1) vehicle moving along a horizontal curve
Fcr2 centrifugal force generated by rear (2) vehicle moving along a horizontal curve
FG minimum spacing of kernel function’s movement in frequency domain of Gabor

transform
Fr radial contact force
Fs shaker force
Fv vehicle–bridge contact force used in Chapter 5
f a cyclic frequency of amplifier
f b,n nth vertical cyclic frequency of bridge
f bl,n nth left-shifted cyclic frequency of bridge, i.e., fb,n − nv

2L
f br,n nth right-shifted cyclic frequency of bridge, i.e., fb,n + nv

2L
f br, 1 fundamental radial cyclic frequency of curved beam
f brD, 1 fundamental radial damped cyclic frequency of curved beam
f bv,n nth out-of-plane (vertical) cyclic frequency of curved beam
f bvD,n nth out-of-plane (vertical) damped cyclic frequency of the curved beam
f by,n nth vertical cyclic frequency of thin-walled girder
f bz,n nth lateral cyclic frequency of thin-walled girder
f b𝜃,n nth torsional cyclic frequency of thin-walled girder
f̃ bz,n, f̃ bz,n torsional–flexural cyclic frequency of thin-walled girder that is closer to lateral

frequency f bz,n
f̃ b𝜃,n, f̃ b𝜃,n torsional–flexural cyclic frequency of thin-walled girder that is closer to torsional

frequency f b𝜃,n
f m vertical cyclic frequency of moving vehicle
f p pitching cyclic frequency of four-wheel vehicle’s body
f r rotational cyclic frequency of two-axle vehicle
f r rocking cyclic frequency of single-axle two-DOF vehicle in Chapters 3, 14, and 15
f s vertical cyclic frequency of stationary vehicle
f v vertical cyclic frequency of vehicle
f v,D damped vertical cyclic frequency of vehicle
f w,Fl cyclic frequency of front left wheel of four-wheel vehicle
f w,Fr cyclic frequency of front right wheel of four-wheel vehicle
f w,Rl cyclic frequency of rear left wheel of four-wheel vehicle
f w,Rr cyclic frequency of rear right wheel of four-wheel vehicle
f o lateral cyclic frequency of vehicle
G shear modulus
G( ) Gabor transform
Gp( ) Gabor coefficient for torsional response of front ( p = F) or rear ( p = R) contact point
g acceleration of gravity
H( ) Heaviside step function
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Hcf instantaneous amplitude for front contact response by Hilbert transform
Hcr instantaneous amplitude for rear contact response by Hilbert transform
 Hilbert transform
ha,1 homogeneous solution of general solution for axial displacement of curved beam
hr,1 homogeneous solution of general solution for radial displacement of curved beam
I moment of inertia of beam
Iv𝜃 mass moment of inertia about vehicle’s zv-axle in Chapter 15
Iv𝜑 mass moment of inertia about vehicle’s xv-axle in Chapter 15
Iy moment of inertia of bridge about y-axle
Iz moment of inertia of bridge about z-axle
I𝛼 polar moment of inertia per unit length
J torsional moment of inertia of bridge
Jv mass moment of inertia of vehicle
ka stiffness of amplifier
km suspension stiffness of moving vehicle
ks suspension stiffness of stationary vehicle
kr lateral stiffness of vehicle
ksf front suspension stiffness of two-axle vehicle
ksr rear suspension stiffness of two-axle vehicle
ks,Fl stiffness for front left suspension of four-wheel vehicle
ks,Fr stiffness for front right suspension of four-wheel vehicle
ks,Rl stiffness for rear left suspension of four-wheel vehicle
ks,Rr stiffness for rear right suspension of four-wheel vehicle
kv suspension stiffness of vehicle
kv wheel stiffness in Chapters 12–14
kvf stiffness for front wheel of two-axle vehicle in Chapters 7 and 8
kvl stiffness for left wheel of single-axle two-DOF vehicle in Chapter 3
kvr stiffness for rear wheel of two-axle vehicle in Chapters 7 and 8
kvr stiffness for right wheel of single-axle two-DOF vehicle in Chapter 3
kw wheel stiffness
kwf stiffness for front wheel of two-axle vehicle
kwr stiffness for rear wheel of two-axle vehicle
kw,Fl stiffness for front left wheel of four-wheel vehicle
kw,Fr stiffness for front right wheel of four-wheel vehicle
kw,Rl stiffness for rear left wheel of four-wheel vehicle
kw,Rr stiffness for rear right wheel of four-wheel vehicle
[Kb] stiffness matrix of beam element
[Kbf ] stiffness matrix of beam element f associated with front contact point
[Kbr] stiffness matrix of beam element r associated with rear contact point
[Kv] stiffness matrix of vehicle system
L span length of bridge
l length of beam element
Mm mass of moving vehicle in Chapter 10
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Ms mass of stationary vehicle in Chapter 10
m mass-per-unit length of bridge
ma amplifier mass
mv vehicle body mass
mw wheel mass
mwf front wheel’s mass of two-axle vehicle
mwr rear wheel’s mass of two-axle vehicle
mw,Fl front left wheel mass of four-wheel vehicle
mw,Fr front right wheel mass of four-wheel vehicle
mw,Rl rear left wheel mass of four-wheel vehicle
mw,Rr rear right wheel mass of four-wheel vehicle
[Mb] mass matrix of beam element
[Mbf ] mass matrix of beam element f associated with front contact point
[Mbr] mass matrix of beam element r associated with rear contact point
[Mv] mass matrix of vehicle system
na selected specific frequency in Gabor transform
nG modulation parameter of kernel function in frequency domain of Gabor transform
ns spatial frequency
{N}c cubic Hermitian interpolation function evaluated at contact point
{Ni} cubic Hermitian interpolation function evaluated at contact point of element i
{Nt} interpolation function evaluated at contact point for vertical direction
{Nv} interpolation function evaluated at contact point for rotational direction
Pd displacement power spectral density of roughness
pa,1 particular solution of general solution for axial displacement of curved beam
pr,1 particular solution of general solution for radial displacement of curved beam
pf front axle load of two-axle vehicle
pFl load of front left wheel of four-wheel vehicle
pFr load of front right wheel of four-wheel vehicle
pRl load of rear left wheel of four-wheel vehicle
pRr load of rear right wheel of four-wheel vehicle
pr rear axle load of two-axle vehicle
ps load amplitude of shaker
qa,n nth generalized modal coordinate for axial displacement of curved beam
qb,n nth vertical modal displacement of bridge
qby,n nth vertical modal displacement of thin-walled girder
qbz,n nth lateral modal displacement of thin-walled girder
qb𝜃,n nth torsional modal displacement of thin-walled girder
qr,n nth modal coordinate for radial displacement of curved beam
qv,n nth modal coordinate for vertical displacement of curved beam
q𝜃,n nth modal coordinate for torsional displacement of curved beam
{qbf } displacement of beam element subject to front wheel of two-axle vehicle
{qbr} displacement of beam element subject to rear wheel of two-axle vehicle
R radius of curvature of curved beam



xxvi List of Symbols

rc roughness elevation for contact point of single-DOF vehicle
rcf roughness elevation for front contact point of two-axle vehicle
rcl roughness elevation for left contact point of single-axle two-DOF vehicle
rcr roughness elevation for rear contact point of two-axle vehicle
rcr roughness elevation for right contact point of single-axle two-DOF vehicle in Chapters

12–14
rp polar radius of gyration
Sn speed parameter
Sr,1 speed parameter for radial vibration of curved beam
Svl left acceleration sensor mounted on vehicle’s axle
Svr right acceleration sensor mounted on vehicle’s axle
T travel time of test vehicle (=L/v)
Tc torque acting at shear center of bridge
TG minimum spacing of kernel function’s movement in time domain of Gabor transform
Tu reallocated wavelet coefficients by synchrosqueezed wavelet transform
t time
tF entry time of front two wheels of four-wheel vehicle
tf entry time of front wheel of two-axle vehicle
tR entry time of rear two wheel of four-wheel vehicle
tr entry time of rear wheel of two-axle vehicle
u vertical displacement of beam
uA vertical displacement of beam element at node A
uB vertical displacement of beam element at node B
ua axial displacement of curved beam
uc vertical displacement of contact point
ucf vertical displacement for front contact point of two-axle vehicle
ucl vertical displacement for left contact point of single-axle two-DOF vehicle
ucr vertical displacement for rear contact point of two-axle vehicle
ucr vertical displacement for right contact point of single-axle two-DOF vehicle in Chapters

3, 13, and 14
ucr radial displacement of contact point in Chapter 12
ucr1 radial displacement of front (1) vehicle’s contact point
ucr2 radial displacement of rear (2) vehicle’s contact point
ucvl vertical displacement for left contact point of single-axle two-DOF vehicle in Chapter 12
ucvr vertical displacement for right contact point of single-axle two-DOF vehicle in

Chapter 12
uc,Fl displacement of front left contact point of four-wheel vehicle
uc,Fr displacement of front right contact point of four-wheel vehicle
uc,Rl displacement of rear left contact point of four-wheel vehicle
uc,Rr displacement of rear right contact point of four-wheel vehicle
ul

cv1,n vertical displacements of front (1) vehicle’s left contact point
ul

cv2,n vertical displacements of rear (2) vehicle’s left contact point
ur

cv1,n vertical displacements of front (1) vehicle’s right contact point
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ur
cv2,n vertical displacements of rear (2) vehicle’s right contact point

um displacement of moving vehicle’s contact point in Chapter 10
ur radial displacement of curved beam
us displacement of stationary vehicle’s contact point in Chapter 10
us vertical displacement of beam due to shaker in Chapter 5
us,c vertical displacement of contact point due to shaker in Chapter 5
uv vertical displacement of beam due to moving vehicle in Chapters 5 and 13
uv,c vertical displacement of contact point due to moving vehicle in Chapter 5
uy vertical displacement of thin-walled girder
uz lateral displacement of thin-walled girder bridge
ûn

k kth modal function in frequency domain for nth iteration in variational mode
decomposition

{ub} beam element displacement
V vehicle speed in Chapters 14 and 15
v vehicle speed in Chapters 2–13
W wavelet transform
W cf,n nth wavelet coefficient of front contact acceleration
W cr,n nth wavelet coefficient of rear contact acceleration
W cy wavelet coefficient of vertical response
W ck wavelet coefficient of torsional-flexural response
W u wavelet coefficient in Chapters 12 and 13
x beam axis
xm coordinate of moving vehicle on beam in Chapter 10
xs coordinate of stationary vehicle on beam in Chapter 10
xs location of shaker in Chapter 5
ya displacement of amplifier
ym displacement of moving vehicle in Chapter 10
yr radial displacement of vehicle
ys displacement of stationary vehicle in Chapter 10
ys vehicle body’s vertical displacement caused by shaker in Chapter 5
yv vehicle body’s vertical displacement
yw vehicle wheel’s vertical displacement
ywf vertical displacement of front wheel of two-axle vehicle
ywr vertical displacement of rear wheel of two-axle vehicle
yw,Fl vertical displacement of front left wheel of four-wheel vehicle
yw,Fr vertical displacement of front right wheel of four-wheel vehicle
yw,Rl vertical displacement of rear left wheel of four-wheel vehicle
yw,Rr vertical displacement of rear right wheel of four-wheel vehicle
{zb} displacement of bridge
{zv} displacement of vehicle body
{zw} displacement of vehicle wheels
𝛼 quadratic penalty term of variational mode decomposition in Chapter 7
𝛼 shape factor of bridge in Chapters 14 and 15
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𝛼v,a vehicle/amplifier mass ratio mv/ma
𝛽 subtended angle of curved bridge
𝛽bl,n frequency ratio between nth left-shifted bridge frequency 𝜔bl,n and vehicle frequency

𝜔v, i.e., 𝜔bl,n/𝜔v
𝛽br,n frequency ratio between nth right-shifted bridge frequency 𝜔br,n and vehicle frequency

𝜔v, i.e., 𝜔br,n/𝜔v
𝛽bl,n,a frequency ratio between nth left-shifted bridge frequency 𝜔bl,n and amplifier frequency

𝜔a, i.e., 𝜔2
bl,n∕𝜔

2
a

𝛽br,n,a frequency ratio between nth left-shifted bridge frequency 𝜔br,n and amplifier frequency
𝜔a, i.e., 𝜔2

br,n∕𝜔
2
a

𝛽d,n frequency ratio between nth driving frequency 𝜔d,n and vehicle frequency 𝜔v, i.e.,
2𝜔d,n/𝜔v

𝛽d,n,a frequency ratio between nth driving frequency 𝜔d,n and amplifier frequency 𝜔a,
(2𝜔d,n)2∕𝜔2

a
𝛽s,bn frequency ratio between shaker frequency 𝜔s and nth bridge frequency 𝜔b,n, i.e., 𝜔s/𝜔b,n
𝛽v,a vehicle/amplifier frequency ratio, i.e., 𝜔2

v∕𝜔2
a

𝛤 ( ) kernel function
𝛾 dual frame window
Δns sampling interval of spatial frequency
Δt time step
Δs,n nth vertical modal static deflection of bridge caused by shaker in Chapter 5
Δst,n nth vertical modal static deflection of bridge caused by vehicle
Δstn,f nth vertical modal static deflection of bridge caused by front axle load of two-axle

vehicle
Δstn,r nth vertical modal static deflection of bridge caused by rear axle load of two-axle vehicle
Δstm,n nth vertical modal static deflection of bridge caused by moving vehicle in Chapter 10
Δsts,n nth vertical modal static deflection of bridge caused by stationary vehicle in Chapter 10
Δv,n nth vertical modal static deflection of bridge caused by vehicle in Chapter 5
𝛿 Dirac’s delta function
𝜕t partial derivative with respect to time t
𝜀 preset tolerance in variational mode decomposition
𝜁 distance between vehicle’s two wheels
𝜁 distance between left and right sensors mounted on the vehicle’s axle in Chapters 12

and 13
𝜂 offset between bridge’s shear center S and centroid C
𝜂 distance of front and rear vehicle in Chapter 13
𝜃 torsional displacement of bridge
𝜃A rotational angle of beam element at node A
𝜃B rotational angle of beam element at node B
𝜃v rotation of two-axle vehicle
𝜃v rocking angle of sing-axle vehicle in Chapters 3 and 12–14
𝜆 Lagrangian multiplier
𝜉 polar radius of gyration of bridge


