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Mathematical Imaging is currently a rapidly growing field in applied
mathematics, with an increasing need for theoretical mathematics. 

This book, the second of two volumes, emphasizes the role of
mathematics as a rigorous basis for imaging sciences. It provides a
comprehensive and convenient overview of the key mathematical
concepts, notions, tools and frameworks involved in the various fields
of gray-tone and binary image processing and analysis, by proposing a
large, but coherent, set of symbols and notations, a complete list of
subjects and a detailed bibliography. It establishes a bridge between the
pure and applied mathematical disciplines, and the processing and
analysis of gray-tone and binary images. It is accessible to readers who
have neither extensive mathematical training, nor peer knowledge in
Image Processing and Analysis. 

It is a self-contained book focusing on the mathematical notions,
concepts, operations, structures, and frameworks that are beyond or
involved in Image Processing and Analysis. The notations are simplified
as far as possible in order to be more explicative and consistent
throughout the book and the mathematical aspects are systematically
discussed in the image processing and analysis context, through
practical examples or concrete illustrations. Conversely, the discussed
applicative issues allow the role of mathematics to be highlighted. 

Written for a broad audience − students, mathematicians, image
processing and analysis specialists, as well as other scientists and
practitioners − the author hopes that readers will find their own way of
using the book, thus providing a mathematical companion that can help
mathematicians become more familiar with image processing and
analysis, and likewise, image processing and image analysis scientists,
researchers and engineers gain a deeper understanding of
mathematical notions and concepts.

Jean-Charles Pinoli is Full Professor at Ecole Nationale Supérieure des
Mines, Saint-Etienne, France.
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Preface

The era of imaging sciences and technologies

The important place of images in the modern world is undeniable. They are
intimately integrated into our organic life (“visual perception” is particularly well
developed in human beings). They are frequently involved in our daily life
(magazines, newspapers, telephones, televisions and video games, etc.), personal life
(medical imaging, biological imaging and photographs, etc.), professional life (plant
control, office automation, remote monitoring, scanners and video conferencing), etc.
They are not confined to the various technological sectors, but they are vectors of
observations and investigations of matter at very small scales (electron microscopes
and scanning probe microscopes, etc.), or of the universe at very large scales
(telescopes and space probes, etc.), sometimes leading major scientific discoveries.
Mankind is now able to see images of other worlds without going there (e.g. distant
planets, stars and galaxies, or the surface terrain of the Earth) and worlds within (e.g.
human organs, geological imaging, or atomic and molecular structures at the
nanoscale level). From a technological point of view, this importance is enhanced by
the performance of the systems of investigation by imaging and the powers of
calculation of computers, which expanded considerably in the second half of the 20th
Century, and that are still progressing, with both hardware and software advances.

The scope of Imaging Sciences and Technologies is broad and
multidisciplinary. It involves all the theories, methods, techniques, devices,
equipment, applications, software and systems, etc. relating to images in order to
obtain information and qualitative and/or quantitative knowledge, in order to
investigate, analyze, measure, understand, interpret and finally to decide. The range
of applications is broad in contemporary sciences and technologies. The scientific
and technical disciplines that are concerned or that use it are numerous: Astronomy,
Biology, Electronics, Metallurgy, Geology, Medicine, Neurology, Optics, Physics,
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Perceptual Psychology and Robotics, etc. and others too numerous to name, and of
course Mathematics, with their strengths and their limitations.

Mathematical Imaging

When dealing with image processing and analysis, the most surprising point at
first glance, not only for many engineers or scientists, but also for academics and
mathematicians, is the key role of Mathematics. Although the image processing and
analysis field was historically largely applied and still partly remains so, it is not
limited to an engineering field. Indeed, it has attracted the attention of many
scientists during the past three decades, and the fundamentals that it requires are
becoming strong and of high-level, in particular from a mathematical viewpoint.

The so-called Mathematical Imaging is currently a rapidly growing field in
applied Mathematics, with an increasing need for theoretical Mathematics. More and
more mathematicians are interested in carrying out their research into image
processing and analysis. In fact, image processing and analysis have created
tremendous opportunities for Mathematics and mathematicians. The contemporary
field of image processing and analysis is very attractive because it has very
interesting application issues, is closely related to the fascinating Human Vision and
requires advanced mathematical bases.

Historically, input from mathematicians has had a fundamental impact on many
scientific, technological and engineering disciplines. When accurate, robust, stable
and efficient models and tools were required in more traditional areas of science and
technology, Mathematics often played an important role in helping to supply them. No
doubt, the same will be true in the case of imaging sciences. Mathematical Imaging
has become a critical, enthusiastic and even exciting, but still in-progress, branch in
contemporary sciences.

Author claims

Nowadays, there exist several good books or monographs, each dealing with one
or some mathematical fundamentals for image processing and analysis purposes, but
a textbook completely focused on the mathematical foundations of image processing
and analysis does not currently exist.

The proposed textbook is intended:

– to fill a niche by providing a self-contained, (relatively) complete and
informative review of the mathematical foundations of image processing and analysis;

– to emphasize with an (as far as possible) accessible style, the role of Mathematics
as a rigorous basis for imaging sciences;
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– to be a review of mathematics that are necessary for imaging sciences, often
existing only in the (generally hidden) background for non-mathematicians;

– to help mathematicians to become more familiar with image processing and
analysis;

– to be a mathematical companion for image processing and analysis students,
scientists, researchers, scholars, engineers and even practitioners.

Textbook aims

This textbook aims to provide a comprehensive and convenient overview of the
key mathematical concepts, notions, tools and frameworks involved in the various
fields of gray-tone and binary image processing and analysis. It establishes a bridge
between pure and applied mathematical disciplines, and the processing and analysis
of gray-tone and binary images. It is accessible to readers who have neither extensive
mathematical training, nor peer knowledge in image processing and analysis. The
notations will be simplified as much as possible in order to be more explicative and
consistent throughout the textbook. The explanations provided will be sufficiently
accurate for one such statement. The mathematical aspects will systematically be
discussed in the image processing and analysis context, through practical examples
or concrete illustrations. Conversely, the discussed applicative issues allow the role
held by Mathematics to be highlighted.

The author would greatly appreciate if the present textbook could help
mathematicians to become more familiar with image processing and analysis, and
likewise, image processing and image analysis scientists and engineers to get a better
understanding of mathematical notions and concepts.

The proposed book is not:

– an introductory book, treatise, or textbook on image processing and analysis;

– a long textbook with extensive treatments on Mathematical Imaging;

– a monograph or a textbook on some mathematical aspects for image processing
and analysis;

– a mathematical book with too heavy a jargon and detailed technical
developments or complete proofs.

The proposed book is:

– a two-volume, self-contained textbook on the mathematical notions, concepts,
operations, structures and frameworks that constitute the foundations of image
processing and analysis, emphasizing the role of Mathematics as a rigorous basis for
imaging sciences.
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Organization of the textbook

This textbook is organized into an introduction, a concluding discussion with
perspectives, a textbody, appendices with two tables and three indexes and a detailed
bibliography.

The textbook is split over two volumes, made up of 7 main parts divided into 40
chapters and sub-divided into 207 sections.

Part 1 entitled “An Overview of Image Processing and Analysis (IPA)” presents
the basic terms and notions for gray-tone and binary imaging (Chapters 1 and 3,
respectively), a first overview dealing with the main image processing and image
analysis fields and subfields for gray-tone images (Chapter 2), and a second overview
dealing with the main image processing and image analysis fields and subfields for
binary images (Chapter 4). Then, the key notions and concepts for image processing
and analysis are exposed, followed by comments on how and why mathematical
imaging frameworks are presented in this textbook (Chapters 5 and 6, respectively).

Part 2 entitled “Basic Mathematical Reminders for Gray-Tone and Binary Image
Processing and Analysis” is devoted to basic elements in Mathematics, mainly in set
theory, algebra, topology and functional analysis, that can possibly be skipped by the
reader well-versed in Mathematics.

Part 3 entitled “The Main Mathematical Notions for the Spatial and Tonal
Domains” focuses on the first-level mathematical notions for the spatial and tonal
domains (Chapters 9 and 10).

Parts 4, 5, 6 and 7 present the functional and geometrical mathematical frameworks
for image processing and analysis, and comprise a total of 30 chapters.

Part 4 entitled “Ten Main Functional Frameworks for Gray Tone Images” focuses
on the main mathematical (functional) frameworks for gray-tone image processing
and analysis, detailed in 10 chapters.

Part 5 and 6, entitled “Twelve Main Geometrical Frameworks for Binary Images”
and “Four Specific Geometrical Frameworks for Binary Images”, respectively, focus
on the main mathematical (geometric) frameworks for binary image processing and
analysis, detailed in 12 chapters and 4 chapters, respectively.

Part 7, entitled “Four ‘Hybrid’ Frameworks for Gray-Tone and Binary Images”, is
a further extension and supplementation focusing in 4 chapters on four mixed
functional and geometric mathematical frameworks for gray-tone or/and binary
images.
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The textbook will be organized following two main entries:

– “The Imaging entry”: from an image processing and analysis viewpoint, the
straightforward way to read this textbook is to start from Part 1 and then Part 3.

– “The Mathematics entry”: the reading of Part 2 is not required. The reader can
refer to it if necessary. Part 4 is primarily based on the concepts and tools of functional
analysis. Parts 5 and 6 rely primarily on the concepts and tools of geometry. The
reading of Parts 5 and 6 are (almost) independent. Part 7 is mathematically advanced
and needs the readings of Parts 4, 5 and 6.

The mathematical frameworks for image processing or analysis purposes are
presented in separate chapters following a “generic organization form”, with four
sections appearing successively: (1) paradigms, (2) mathematical notions and
structures, (3) main approaches for image processing or analysis and (4) main
applications to image processing or analysis.

Most chapters end with a section entitled “additional comments”, in which
readers will find some historical comments, several main references: introductory or
overview journal articles, seminal and historical articles, textbooks and monographs,
bibliographic notes and additional readings, suggested further topics and
recommended readings, and finally (often) some references on applications to image
processing and analysis, all with short comments.

Important lists or tables are presented in the appendices as follows:

– a detailed and extended appendix on notation is organized in 23 tables of
notations and symbols; special effort has been put into alleviating the notations
and symbols, making them easier to read and understand, promoting genericity and
declination, and avoiding confusion and inconsistencies;

– a table of acronyms;

– a table of Latin phrases;

– a complete list of referenced authors, with a few pieces of information (dates
of birth and death, nationality, main discipline(s) of expertise). This list is of more
cultural interest and will allow the readers to locate in time and space the cited
scientists;

– a detailed and extended list of subjects and keyterms; this list will often be a real
entry for any reader, who wants to search the meaning and use of a particular subject
or keyterm.
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A large bibliography is also proposed, including as far as possible historical
references and seminal papers, current reviews, and cornerstone published works.

Intended audiences

This textbook is written for a broad audience: students, mathematicians, image
processing and analysis specialists, and even for other scientists and practitioners.

The author hopes that the individual reader should come up with his or her own
comfortable usage of the textbook.

Students

This textbook is primarily intended for 3rd/4th year undergraduate, graduate, post-
graduate and doctorate students in image processing and analysis, and in Mathematics
who are interested in the mathematical foundations of image processing and analysis.
These students will be provided with a comprehensive and convenient summary of the
mathematical foundations, that they should use or refer to throughout undergraduate,
Master of Science (MSc), Master of Engineering (MEng), or PhD courses.

Mathematicians

This textbook is also intended for applied, but also ‘pure’ mathematicians. There
are a still growing number of mathematicians in applied and computational
Mathematics, but also in pure Mathematics, who have either little or no previous
involvement in image processing and image analysis, but wish to broaden their own
horizon of view, scope of knowledge, and fields of application. The author
recommends that they follow the proposed logical structure of the current textbook.
Those readers will find, on the one hand, an overview of image processing and
analysis fields and subfields, and, on the other hand, a review of the main
mathematical frameworks involved in imaging sciences.

Image processing and analysis specialists

This textbook will serve as a two-volume textbook for practitioners, researchers
lecturers or scholars in image processing and analysis that aims at overviewing the
mathematical foundations of image processing and analysis. It is hoped that this
textbook will become the useful mathematical companion to anybody reading image
processing and analysis books or articles, writing research or technical articles,
preparing a lecture or a course, or for teaching.
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Other scientists and practitioners

As secondary audiences, this textbook should also be of interest to many
scientists of various disciplines too numerous to name who make use of images and
are thus faced with image processing and analysis problems and tools. They may
have an occasional need of this textbook for a better understanding of a mathematical
notion.

The textbook is also intended for research and development, or industrial
engineers, or project leaders, scientists, technical or scientific directors, wishing to
discover or improve their knowledge of the scientific aspects of image processing and
analysis, and the role of Mathematics in image processing and analysis.

Underlying matter

This textbook has been written starting from two scientific articles published in
French by the Scientific and Technical Encyclopedia “Techniques de l’Ingénieur” in
2012:

– “Mathématiques pour le traitement et l’analyse d’images à tons de gris”,
Techniques de l’Ingénieur, [E6610], 25 pages, February 2012 (Jean-Charles Pinoli)
[PIN 12b];

– “Mathématiques pour le traitement et l’analyse d’images binaires”, Techniques
de l’Ingénieur, [E6612], 25 pages, September 2012 (Jean-Charles Pinoli) [PIN 12c];

– Several extensions have been presented and new developments included (e.g.
Parts 2, 6 and 7). Four unpublished chapters have been added, together with five
important detailed and commented lists or tables: 23 tables of notations and symbols,
a table of Latin phrases, a list of acronyms, a list of referenced authors and a list of
subjects.

This textbook is also an outgrowth of PhD, Master of Engineering and Master of
Science courses, which have been given for many years by the author.

Notes for the textbook reading

“Italics” will be used to mark a passage in a foreign language, including in
particular Latin phrases, that are briefly defined and explained in the Table of Latin
Phrases in Appendices.

Key terms and subject matters will appear in “slanted bold” in the body of the
textbook. They are collected in the Appendices in the List of Subjects.
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Quotation marks or inverted commas (informally referred to as quotes) are
punctuation marks surrounding a word or phrase with a specific meaning or use.
Single quotes ‘. . . ’ will be used to indicate a different meaning, or a direct, rough or
even abusive speech. Double quotes “. . . ” will emphasize that an instance of a word
refers to the word itself rather than its associated concept. The so-called
“use-mention distinction” is necessary to make a clear distinction between using a
word or phrase and mentioning it.

As a rule, a whole publication (e.g. a book title) would be both slanted and double
quoted, while a citation will be both italicized and double quoted.

JEAN-CHARLES PINOLI
June, 2014
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Point-count fraction, 166
Poisson’s probability distribution, 157
Poisson’s random line, 158
Poly-convex object, 41, 45, 92, 110
Poly-star-shaped object, 45
Polygon, 33
Polyhedron, 33
Polynomial interpolation, 245
Polytope, 33, 35
Pompeiu-Hausdorff’s convergence,

40
Pompeiu-Hausdorff’s metric, 11, 20,

21, 40
Pontrjagin-Schnirelmann’s

dimension, 220
Pontrjagin-Schnirelmann’s theorem,

220
Pore-size pdf, 141
Porosimetry, 180
Porosity, 180, 238
Positive definite matrix, 26
Positive reach object, 52, 158
Primary grain, 146
Principal curvature, 115, 121
Principal direction, 115
Probability measure, 136
Probability Theory, 179
Procrustes analysis, 210
Projection, 30
Proper isometry, 29
Property, 163
Proximity, 21
Punctured manifold, 60
Purely unrectifiable object, 80
Pythagoras-Platonic solid, 34
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Quadratic Minkowskian inequalities,
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Quench function, 54
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R

Radial function, 43
Radial geometry, 293
Radon transformation, 297
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decomposition theorem, 257
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Random closed set, 156
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Random measure, 158
Random point field, 142, 157
Random point model, 141
Random radius method, 165
Random sample, 160
Random tessellation, 149, 158
Random-field residual component,

249
Random-field trend component, 249
r-boundary, 81
Reach, 52
Reaction-diffusion shape space, 299
Real line, 66
Rectifiability, 87
Rectifiable object, 79
Reflected object, 33, 197
Reflection, 29
Regression analysis, 248
Regular hexagon, 194
Regular pixel, 124
Regular polytope, 34
Reuleaux tetrahedron, 194
Reuleaux triangle, 194
Rice’s formula, 278
Richardson-Mandelbrot’s dimension,

218
Riemannian Geometry, 24, 128, 298
Riemannian manifold, 114
Rigid transformation, 31, 32
Riley sphericity, 200
Ripley’s F-function, 154
Ripley’s G-function, 154
Ripley’s K-function, 154
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Ripley’s L-function, 154
Ripley’s statistical functions, 154
Robbins’ theorem, 137
Rodrigues’ formula, 276
Rogers-Shephard’s inequalities, 202
Root mean-squared roughness, 279
Rose of normal directions, 156
Rose of tangential directions, 155
Rosiwall’s formula, 166
Rotation, 29
Rotundity concept, 45
Roughness descriptor, 210
Rudin-Osher-Fatemi’s functional, 261
Rudin-Osher-Fatemi’s restoration

model, 261
Rugosity, 233, 238
Runge phenomenon, 245

S

Santaló map, 204
Santaló’s shape diagram, 204
Sauter’s diameter, 105
Scale vector field, 114
Scale-space approach, 296
Schläfli symbol, 35
S-content, 88
Second-order stereology, 174, 297
Selection theorem, 45
Self-similar, 214, 226
Serial sections, 171
Serra’s regular class, 50
Set algebra, 73
Set components, 6
Set of cracks, 285
Set of projections, 285
Set of singularities, 285
Set separation, 4
Set Theory, 3, 7, 9, 47
Set-theoretic framework, 3
Set-valued analysis, 298
Severi-Bouligand’s tangent vector,

113
Shape, 30

Shape descriptor, 210
Shape diagram, 208
Shape operator, 116
Shape-preserving transformation, 30
Shape-shocks approach, 299
Shapley-Folkman-Starr’s lemma, 41
Shear, 30
Sierpiński carpet, 222
Sierpiński triangle, 222
Sieving process, 182
Sieving residue, 185, 188
Sigma-additive set-valued mapping,

74
Sigma-algebra of sets, 73, 75
Sigma-finite measure, 75
Signed-distance function, 293
Signed-distance map, 282
Similitude, 30
Similitude factor, 207
Simple connectedness, 64
Simple curve, 66
Simple kriging, 249
Simple path, 14
Simple random point field, 142
Simplex, 42
Simply connected object, 64
Simulation of a Poisson’s point

random field, 150
Singular pixel, 124
Singularity, 80
Size, 180
Size-distribution function by

morphological closings, 184
Size-distribution function by

morphological openings, 184
Size-distribution in mass, 181
Size-distribution in number, 180
Size-preserving transformation, 29
Skeleton, 20, 54, 56, 285, 291, 293
Skeleton by influence zone, 18
Skeletonization, 54
Smith-Cantor’s set, 221
Snake, 250
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Sobolev set, 288
Solid, 64
Solid torus, 61, 67
Solidity, 201
Space curvature, 120
Space curve, 120
Spatial density, 142
Spatial fraction, 138
Spatial statistics, 159
Special BV gray-tone function space,

259
Sphere, 67
Spherical contact distribution

function, 141, 157
Spherical pixel, 124
Spherical shell, 201
Sphericity, 199
Spline, 246, 251
Spline interpolation, 246
Stability axiom, 182
Stability Theory, 299
Staircasing effect, 267
Star set, 41
Star shapedeness, 44
Star-shaped object, 42, 44
Star-shaped object center, 41
Stationary, 137
Stationary function, 129
Stationary Poisson random point field,

142
Statistic, 161, 162
Statistical estimator, 161, 162
Statistical parameter, 161
Statistical shape analysis, 210
Statistics, 160, 179
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Steiner inellipse, 209
Steiner polynomial, 90, 127
Steiner symmetrization, 209
Steiner’s formulas, 55, 101
Steinhaus’ longimeter, 109
Stereological analysis, 164
Stereological design, 164

Stereological estimator, 175
Stereological framework, 159
Stereological functional, 166
Stereological measurement, 163
Stereological probe, 163
Stereological relationship, 164, 174
Stereology, 159, 173, 174, 226
Stereology of extremes, 175
Sterio disector, 171
Stochastic differential equation, 297
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173, 179, 229, 278
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equation, 298
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equation, 298
Stone-Weierstrass’ approximation

theorem, 245, 251
Straightness, 36
Stratified sampling, 161
Stratified space, 270
Stratum, 161
Strauss’ random point field, 145
Strictly convex object, 38
Structuring set, 47
Submanifold, 59
Succolarity, 238
Support function, 43
Support hyperplane, 33
Surface, 62
Surface area, 90
Surface area per unit volume, 167,

172
Surface Boolean models, 148
Surface diameter, 105
Surfactor, 174
Symmetric lens, 195
Symmetric matrix, 25
Symmetrical object, 197
Symmetrization, 196, 209
Symmetry center, 197
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T

Takagi-Landsberg’s function, 213
Tame set, 279
Tangent bundle, 112
Tangent space, 112
Tangent vector, 112, 113
Testing the Boolean model

hypothesis, 153, 154
Textural functional, 233
Textural occupancy, 233
Theory of Generalized Functions, 253
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Thick sections, 175
Thiessen polygon, 20
Thin sections, 172
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144
Three-body problem, 299
Tiling, 35
Tomkeiff’s relationship, 168
Topological content, 64
Topological framework, 9
Topological manifold, 58
Topological separation, 20, 68
Topological skeleton, 17
Topologically regular closed, 13
Topologically regular open, 14
Topology, 7, 9, 24, 47, 281
Topology of surfaces, 68
Torsion, 120
Torus, 67
Total absolute curvature functional,
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Total curvature functional, 131
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Total variation, 255, 267
Trace of a matrix, 27
Translation, 29

Transposed matrix, 25
Trend kriging, 249
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Tunnel, 64, 69
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U

Ultimate eroded object, 55
Umbilical pixel, 124
Unbiased estimator, 162, 174
Unbiasedness, 165
Undersampling, 248
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Unit sphere, 60, 95
Upper box dimension, 219
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Vague topology, 10
Van Lieshout-Baddeley’s statistical
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