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The second law of thermodynamics presupposes a clear-cut distinction between
the controllable and uncontrollable degrees of freedom by means of macroscopic
operations. The cutting-edge technologies in quantum information and nanosci-
ence seem to require us to abandon such a working hypothesis in favor of the
distinction between the accessible and inaccessible degrees of freedom. In his
thesis, Takahiro Sagawa discusses the implications of this paradigm shift by
addressing the question of how the second law of thermodynamics can be gen-
eralized in the presence of a feedback controller, and investigates the minimum
work required for measurement and erasure of information.

Ever since the seminal discussion by James Clark Maxwell about an intelligent
being presently known as Maxwell’s demon, the relationship between thermody-
namics and information has attracted much attention because it concerns the
foundation of the second law of thermodynamics. In recent years, this relationship
has attracted renewed interest because of the advances in nanotechnology which
have enabled one to access atomic-scale objects in an controllable manner. Here,
Maxwell’s demon plays the role of a feedback controller that intervenes between a
microscopic object and a macroscopic one. In modern terms, Maxwell’s demon is
formulated as an information processing device that performs measurement and
feedback at the level of thermal fluctuations. By unifying information theory,
measurement theory, and the recently developed theory of nonequilibrium statis-
tical mechanics, Takahiro constructs theory of “information thermodynamics,” in
which information contents and thermodynamic variables are treated on an equal
footing. Based on this theory, Takahiro successfully determines the maximum
work that can be extracted by the demon and the minimum work that is needed for
measurement and information erasure by the demon.

Because information processing is necessarily out of equilibrium, it is an
interesting question to ask whether the Jarzynski equality can be generalized in the
presence of feedback control and if so how it should be modified. Takahiro has
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answered this question in the affirmative and generalized several nonequilibrium
relations for classical stochastic systems. One of the generalized equalities has
recently been verified experimentally by using sub-micron colloidal particles.

Thus, the work presented in this thesis establishes fundamental principles for
information processing in small thermodynamic systems, and I expect that the
obtained relations can be applied to nanomachines and nanodevices.

Tokyo, March 2012 Masahito Ueda



Acknowledgments

I am most grateful to my supervisor, Prof. Masahito Ueda for fruitful discussions
and much valuable advice. I would like to thank the current and previous members
of the Ueda group, who have enabled me to enjoy my fruitful research and daily
life.

I would like to thank my collaborators Prof. Masaki Sano, Prof. Eiro Muneyuki,
Prof. Shoichi Toyabe for an experimental work on Maxwell’s demon; Yuji
Kurotani and Yu Watanabe for a theoretical work on uncertainty relations and
quantum estimation theory; Prof. Sang Wook Kim and Dr. Simone de Liberato for
a theoretical work on the quantum Szilard engine.

I would like to thank Prof. Hisao Hayakawa, Prof. Shin-ichi Sasa, Prof. Akira
Shimizu, Prof. Yoshiro Takahashi, and Prof. Hal Tasaki for guiding me to non-
equilibrium physics, quantum information theory, and quantum optics when I was
an undergraduate student.

I would like to thank Prof. Makoto Gonokami, Prof. Mio Murao, Prof. Seiji
Miyashita, and Prof. Kazuo Ueda for refereeing my thesis and for valuable
discussions.

Moreover, I would like to thank the researchers who have given me the
opportunities for a lot of valuable discussions in Japan and overseas.

Finally, I would like to express my gratitude to my family which has greatly
supported me.

xi



Contents

1 Imtroduction............ ... . ... . . . ...
References . .. ... ... .

2 Review of Maxwell’s Demon. . . .. .......................
2.1 Original Maxwell’s Demon . . . ........ ... ... ... ......

2.2 Szilard Engine . . . ... ... L

2.3 Brillouin’s Argument . ... ........ .. ...

2.4 Landauer’s Principle. . . .. ... ... ... ... .. .. ...

2.5 Bennett’s Argument . . . ... ...
References ... ... ... ..

3  Classical Dynamics, Measurement, and Information . .........
3.1 Classical Dynamics . ................. oo,

3.2 C(lassical Information Theory. . ........ ... ... ... ... ...
3.2.1 Shannon Entropy . .......... ... .. .. .. ... ...

3.2.2 Kullback-Leibler Divergence . ..................

3.2.3 Mutual Information . ............ .. .. .. ... ....

3.3 Classical Measurement Theory. . ... ...................
References . .. ... ... . . .

4 Quantum Dynamics, Measurement, and Information. . ... ... ..
4.1 Quantum Dynamics . ............ .. ... .. .. .. . .. ...
4.1.1 Unitary Evolutions. . . . ......... .. ... ... .....

4.1.2 Nonunitary Evolutions . . ... ...................

4.2 Quantum Measurement Theory .......................
4.2.1 Projection Measurement . . .. ...................

4.2.2 POVM and Measurement Operators. . .. ...........

4.3 Quantum Information Theory. . .. ........ ... ... ... ....
43.1 Von Neumann Entropy. ............ ... .. .....

4.3.2 Quantum Kullback-Leibler Divergence ............

10
12
13
14
16

17
17
18
18
19
20
21
23

25
25
25
27
29
29
30
34
34
35

Xiii


http://dx.doi.org/10.1007/978-4-431-54168-4_1
http://dx.doi.org/10.1007/978-4-431-54168-4_1
http://dx.doi.org/10.1007/978-4-431-54168-4_1#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_2
http://dx.doi.org/10.1007/978-4-431-54168-4_2
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_2#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_3
http://dx.doi.org/10.1007/978-4-431-54168-4_3
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_3#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_4
http://dx.doi.org/10.1007/978-4-431-54168-4_4
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec9
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec9

Xiv Contents

433 HolevoBound........... ... ... ... ... ... ... 36
434 QC-Mutual Information ....................... 37
4.3.5 Quantum-Classical Correspondence . ... ........... 40
References . .. ... . 42
5 Unitary Proof of the Second Law of Thermodynamics. . ....... 43
5.1 Second Law of Thermodynamics . .. ................... 43
5.2 Initial Canonical Distribution with a Single Heat Bath . . . . . .. 45
5.3 General Situations with Multi-Heat Baths . . . . ... ......... 49
References ... ... ... .. 52
6 Second Law with Feedback Control . .................. ... 53
6.1 Entropy Inequality . ... ...... ... ... ... ... ... ... ..., 53
6.2 Generalized Second Laws . . . ......... ... ... ......... 55
6.3 Generalized Szilard Engines . ........... ... ... ... .... 58
References . ... ... .. ... . 59
7 Thermodynamics of Memories . .. ....................... 61
7.1 Formulation of Memory .. ............. ... ... ....... 61
7.2 Erasure Process . ... .. ... 62
7.3 Measurement Process . . .. ... ..o 66
7.4 Reconciliation with Maxwell’s Demon . . . ............... 70
7.5 Second Law of Information Thermodynamics . ............ 72
References . . ........ . ... e 72
8 Stochastic Thermodynamics . ........................... 75
8.1 Dynamics ... ... 75
8.2 Nonequilibrium Equalities. . . . .......... .. ... ...... Tl
8.2.1 Backward Control . .......................... 77
8.2.2 Formulation of Nonequilibrium Equalities. . . ... ... .. 78

8.2.3 General Derivation of the Detailed
Fluctuation Theorem . ........... ... ... ... .... 82
8.3 Markovian Dynamics with Detail Balance. . .. ............ 85
8.3.1 General Formulation. . . ....................... 85
8.3.2 Overdamped Langevin Systems. . ... ............. 87
References . .. ... . 88
9  Nonequilibrium Equalities with Feedback Control. . . ... ... ... 91
9.1 Effect of Measurements . .................c..c.uc.... 91
9.1.1 Formulation. . ............ ... .. ..., 91
9.1.2 Mutual Information . ......................... 93
9.2 Feedback Control. .......... ... ... .. .. .. ... 94
9.2.1 Formulation. . ............ ... ... ... 94

9.2.2 Probability Distributions with Feedback . .. ......... 96


http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec10
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec10
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec11
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec11
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec12
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Sec12
http://dx.doi.org/10.1007/978-4-431-54168-4_4#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_5
http://dx.doi.org/10.1007/978-4-431-54168-4_5
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_5#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_6
http://dx.doi.org/10.1007/978-4-431-54168-4_6
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_6#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_7
http://dx.doi.org/10.1007/978-4-431-54168-4_7
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_7#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_8
http://dx.doi.org/10.1007/978-4-431-54168-4_8
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_8#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_9
http://dx.doi.org/10.1007/978-4-431-54168-4_9
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec1
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec2
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec3
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec4
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec5
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec6
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec6

Contents XV

10

9.2.3 Detailed Fluctuation Theorem for a Fixed

Control Protocol .. ........ ... ... ... ... ....... 98
9.3 Nonequilibrium Equalities with Feedback Control . . ........ 99
9.3.1 Generalized Fluctuation Theorem
with Mutual Information. . .. ................... 99
9.3.2 Generalized Fluctuation Theorem
with Efficacy Parameter . . ... .................. 102
94 Examples ... ... ... .. 107
9.4.1 Szilard Engine with Measurement Errors ... ........ 107
9.4.2 Feedback-Controlled Ratchet. . ... ............... 109
References . . ... ... e 112
Conclusions . . ............. .. ... . . . .. . 115

References . .. ... .. . . 117


http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec7
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec8
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec9
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec9
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec9
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec10
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec10
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec10
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec11
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec11
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec12
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec12
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec13
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Sec13
http://dx.doi.org/10.1007/978-4-431-54168-4_9#Bib1
http://dx.doi.org/10.1007/978-4-431-54168-4_10
http://dx.doi.org/10.1007/978-4-431-54168-4_10
http://dx.doi.org/10.1007/978-4-431-54168-4_10#Bib1

