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It can’t be all coincidence
Too many things are evident

(Iron Maiden, Infinite Dreams, 1988)



Preface

The more questions you ask, the more wrong answers you are expected to
receive—even if every single source of your information is quite trustworthy. In
this work, the sources of information are data, and the questions are formalized by
statistical hypothesis-alternative pairs. From the mathematical point of view, this
leads to multiple test problems. We will discuss criteria and methods (in particular
multiple tests) which ensure that with high probability not too many wrong
decisions are made, even if many hypotheses are of interest under the scope of one
and the same statistical model, i.e., regarding one and the same dataset.

High-throughput technologies in different fields of modern life sciences have
led to massive multiplicity and given rise to multiple test problems with more
hypotheses than observations. Driven by these developments, also new statistical
paradigms have arisen. It is fair to say that a new era of multiple testing began
when Yoav Benjamini and Yosef Hochberg formally introduced the false dis-
covery rate (FDR) and the linear step-up test for FDR control in 1995. In this book,
apart from classical methods controlling the family-wise error rate (FWER),
theory and important life science applications of the FDR are presented in a
systematic way, presumably for the first time in this depth in a monograph. In this,
focus is on frequentist approaches aiming at FDR control at a fixed level. Other
type I and type II error rates are mentioned and discussed where appropriate, but
focus is on FWER and FDR. Chapters 6 and 7 broaden the view and show how
multiple testing methodology can be used in the context of binary classification
and model selection, respectively, with life science applications provided in Parts
II and III. Further relationships between multiple testing and other simultaneous
statistical inference problems are discussed in Chap. 1 and at respective occasions.

The book is primarily meant to be a research monograph and an introduction to
simultaneous inference for applied statisticians and practitioners from the life
sciences. To this end, presentation is with emphasis on applicability and we
provide a couple of hints concerning which multiple test to use for which type of
data. Furthermore, Chap. 8 deals with software implementing the theoretically
treated procedures. However, the mainly theoretical Part I of the book may also
serve as the basis for a graduate course on simultaneous statistical inference with
emphasis on multiple testing for mathematical statisticians. I used parts of
Chaps. 2, 4 and 5 for such a course at Humboldt-University Berlin and a couple of
diploma theses in mathematics originated from this teaching.
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Chapter 1
The Problem of Simultaneous Inference

Abstract We introduce the problem of simultaneous statistical inference, with
particular emphasis on testing multiple hypotheses. After a historic overview, gen-
eral notation for the whole work is set up and different sources of multiplicity are
distinguished. We define a variety of classical and modern type I and type II error
rates in multiple hypotheses testing, analyze some relationships between them, and
consider different ways to cope with structured systems of hypotheses. Relationships
between multiple testing and other simultaneous statistical inference problems, in
particular the construction of confidence regions for multi-dimensional parameters,
as well as selection, ranking and partitioning problems, are elucidated. Finally, a
general outline of the remainder of the work is given.

Simultaneous statistical inference is concerned with the problem of making several
decisions simultaneously based on one and the same dataset. In this work, simultane-
ous statistical decision problems will mainly be formalized by multiple hypotheses
andmultiple tests. Not all simultaneous statistical decision problems are given in this
formulation in the first place, but they can often be re-formulated in terms of mul-
tiple test problems. General relationships between multiple testing and other kinds
of simultaneous statistical decision problems will briefly be discussed in Sect. 1.3.
Moreover, we will refer to specific connections at respective occasions. For instance,
we will elucidate connections between multiple testing and binary classification in
Chap.6 and discuss multiple testing methods in the context of model selection in
Chap.7.

The origins of multiple hypotheses testing can at least be traced back to Bon-
ferroni (1935, 1936). The “Bonferroni correction”(cf. Example 3.1) is a generic
method for evaluating several statistical tests simultaneously and ensuring that the
probability for at least one type I error is bounded by a pre-defined significance
level α. The latter criterion is nowadays referred to as (strong) control of the family-
wise error rate (FWER) at level α and will be defined formally in Definition 1.2
below. In well-defined model classes, the Bonferroni method can be improved. In
the 1950s, especially analysis of variance (ANOVA) models have been studied with
respect to multiple comparisons of group-specific means. For instance, Tukey (1953)
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2 1 The Problem of Simultaneous Inference

developed a multiple test for all pairwise comparisons of means in ANOVA models
based on the studentized range distribution. Keuls (1952) applied this technique to a
ranking problem of ANOVAmeans in an agricultural context. The works of Dunnett
(1955, 1964) treated the problem ofmultiple comparisonswith a control group, while
Scheffé (1953) provided a method for testing general linear contrasts simultaneously
in the ANOVA context.Concepts from multivariate analysis and probability theory,
in particular multivariate dependency concepts, have also been used for multiple test-
ing, cf. for instance the works by Šidák (1967, 1968, 1971, 1973). These concepts
allow for establishing probability bounds which in turn can be used for adjusting
significance levels for multiplicity. We will provide details in Sect. 4.3. While all the
aforementioned historical methods lead to single-step tests (meaning that the same,
multiplicity-adjusted critical value is used for all test statistics corresponding to the
considered tests), the formal introduction of the closed test principle byMarcus et al.
(1976) paved the way for stepwise rejective multiple tests (for a detailed description
of these different classes of multiple test procedures, see Chap.3). These stepwise
rejective tests are often improvements of the classical single-step tests with respect
to power, meaning that they allow (on average) for more rejections of false hypothe-
ses while controlling the same type I error criterion (namely, the FWER at a given
level of significance). Stepwise rejective FWER-controlling multiple tests have been
developed in the late 1970s, the 1980s and early 1990s; see, for example, Holm
(1977, 1979), Hommel (1988) (based on Simes (1986)), Hochberg (1988), and Rom
(1990). Around this time, the theory of FWER control had reached a high level of
sophistication and was treated in the monographs by Hochberg and Tamhane (1987)
and Hsu (1996).

It is fair to say that a new era of multiple testing began when Benjamini and
Hochberg (1995) introduced a new type I error criterion, namely control of the false
discovery rate (FDR), see Definition 1.2. Instead of bounding the probability of one
or more type I errors, the FDR criterion bounds the expected proportion of false pos-
itives among all significant findings, which typically implies to allow for a few type I
errors; see also Seeger (1968) and Sorić (1989) for earlier instances of this idea. Dur-
ing the past 20years, simultaneous statistical inference and, in particular, multiple
statistical hypothesis testing has become amajor branch of mathematical and applied
statistics, cf. Benjamini (2010) for some bibliometric details. Even for experts it is
hardly possible to keep track of the exponentially (over time) growing literature in
the field. This growing importance is not least due to the data-analytic challenges
posed by large-scale experiments in modern life sciences such as, for instance,
genetic association studies (cf. Chap.9), gene expression studies (Chap.10),
functional magnetic resonance imaging (Chap.11), and brain-computer interfacing
(Chap.12). Hence, the present work is attempting to explain some of the most impor-
tant theoretical basics of simultaneous statistical inference, togetherwith applications
in diverse areas of the life sciences.
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1.1 Sources of Multiplicity

The following definition is fundamental for the remainder of this work.

Definition 1.1 (Statistical model). A statistical model is a triple (X ,F ,P). In
this,X denotes the sample space (the set of all possible observations),F a σ -field
on X (the set of all events that we can assign a probability to) and P a family
of probability measures on the measurable space (X ,F ). Often, we will write P
in the form (Pϑ)ϑ∈Θ , such that the family is indexed by the parameter ϑ of the
model which can take values in the parameter space Θ , where Θ may have infinite
dimension. Unless stated otherwise, an observation will be denoted by x ∈ X ,
and we think of x as the realization of a random variate X which mathematically
formalizes the data-generating mechanism. The target of statistical inference is the
parameter ϑ which we regard as the unknown and unobservable state of nature.

Once the statistical model for the data-generating process at hand is defined, two
general types of resulting multiplicity can be labeled as “one- or two- sample prob-
lemswithmultiple endpoints” and “k-sample problemswith localized comparisons”,
where k > 2, respectively. In one- or two- sample problems with multiple endpoints,
the sample space is often of the form X = R

m×n . The same n observational units
are measured with respect to m different endpoints, where we assumed for ease of
presentation that every measurement results in a real number. The transfer to mea-
surements of other type (for instance, allele pairs at genetic loci) is straightforward.
For every of them endpoints, an own scientific question can be of interest. On the con-
trary, in k-sample problemswith localized comparisons, the sample space is typically

of the form X = R

∑k
i=1 ni , meaning that k > 2 different groups of observational

units (for instance, corresponding to k different doses of a drug) are considered, and
that ni observations are made in group i , where 1 ≤ i ≤ k. In this, all

∑k
i=1 ni

measurements concern one and the same endpoint (for instance, a disease status).
The scientific questions in the latter case typically relate to differences between the
k groups. Multiplicity arises, if not (only) general homogeneity or heterogeneity be-
tween the groups shall be assessed, but if differences, if any, are to be localized in the
sense that we want to find out which groups are different. Two classical examples
are the “all pairs” problem (all m = k(k − 1)/2 pairwise group comparisons are
of interest) and the “multiple comparisons with a control” problem (group k is a
reference group and all other m = k − 1 groups are to be compared with group k).

We will primarily focus on these two kinds of problems. However, it has to be
mentioned that they do not cover the whole spectrum of simultaneous statistical
inference problems. For instance, flexible (group-sequential and adaptive) study
designs induce a different type of multiplicity problem that we will not consider
in the present work.

Throughout the remainder, we will try to stick to the notation developed in this
section: m is the number of comparisons (the multiplicity of the problem), n or a
subscripted n denotes a sample size and k refers to the total number of groups in a
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k-sample problem or to the dimensionality of the parameter ϑ . Often, the two latter
quantities are identical.

1.2 Multiple Hypotheses Testing

In what follows, we (sometimes implicitly) identify statistical hypotheses with non-
empty subsets of the parameter space Θ . The tuple (X ,F , (Pϑ)ϑ∈Θ,H ) denotes
a multiple test problem, where H = (Hi : i ∈ I ) for an arbitrary index set I
defines a family of null hypotheses. The resulting alternative hypotheses are denoted
by Ki = Θ \ Hi , i ∈ I . The intersection hypothesis H0 =⋂i∈I Hi will be referred
to as global hypothesis. Throughout the work, we assume that H0 is non-empty.With
very few exceptions, we will consider the case of finite families of hypotheses,
meaning that |I | = m ∈ N. In such cases, we will often writeHm instead ofH and
index the hypotheses such that I = {1, . . . , m}. A (non-randomized) multiple test for
(X ,F , (Pϑ)ϑ∈Θ,Hm) is a measurable mapping ϕ = (ϕi )1≤i≤m : X → {0, 1}m

the components of which have the usual interpretation of a statistical test for Hi

versus Ki . Namely, Hi is rejected if and only if ϕi (x) = 1, where x ∈ X denotes
the observed data.

1.2.1 Measuring and Controlling Errors

The general decision pattern of a multiple test for m hypotheses is summarized in
Table1.1. In contrast to usual, one-dimensional test problems, it becomes apparent
that type I and type II errors can occur simultaneously. In Table1.1, type I errors are
counted by Vm and type II errors are counted by Tm . The total number of rejections
is denoted by Rm . Notice that the quantities Um , Vm , Tm , Sm and m0, m1 all depend
on the unknown value of the parameter ϑ (although we suppressed this dependence
on ϑ notationally in Table1.1) and are therefore unobservable. Only m and Rm can
be observed.

For a given ϑ ∈ Θ , we denote the index set of true null hypotheses in Hm by
I0 ≡ I0(ϑ) = {1 ≤ i ≤ m : ϑ ∈ Hi }. Analogously, we define I1 ≡ I1(ϑ) = I \ I0.
With this notation, we can formally define Vm ≡ Vm(ϑ) = |{i ∈ I0(ϑ) : ϕi = 1}|,
Sm ≡ Sm(ϑ) = |{i ∈ I1(ϑ) : ϕi = 1}|, and Rm ≡ Rm(ϑ) = |{i ∈ I : ϕi =

Table 1.1 Decision pattern
of a multiple test procedure

Test decisions

Hypotheses 0 1
True Um Vm m0

False Tm Sm m1

Wm Rm m
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1}| = Vm + Sm . Based on these quantities, the following definition is concerned with
measuring and controlling type I errors of a multiple test ϕ.

Definition 1.2 (Multiple type I error rates). Let (X ,F , (Pϑ)ϑ∈Θ,Hm) denote
a multiple test problem and ϕ = (ϕi : i ∈ I ) a multiple test for (X ,F , (Pϑ)ϑ∈Θ,

Hm).

(a) The number

FWERϑ(ϕ) = Pϑ(Vm > 0) = Pϑ

⎛

⎝
⋃

i∈I0(ϑ)

{ϕi = 1}
⎞

⎠

is called the family-wise error rate (FWER) of ϕ under ϑ .
(b) The random variable

FDPϑ(ϕ) = Vm

max(Rm, 1)

is called the false discovery proportion (FDP) of ϕ under ϑ .
(c) The number

FDRϑ(ϕ) = Eϑ [FDPϑ(ϕ)] = Eϑ

⎨
Vm

max(Rm, 1)

⎩

is called the false discovery rate (FDR) of ϕ under ϑ .
(d) The number

pFDRϑ(ϕ) = Eϑ

⎨
Vm

Rm
| Rm > 0

⎩

is called the positive false discovery rate (pFDR) of ϕ under ϑ .
(e) The multiple test ϕ is called a multiple test at local level α ∈ (0, 1), if each ϕi is

a level α test for Hi versus Ki .
(f) The multiple test ϕ is said to control the FWER in the strong sense (strongly) at

level α ∈ (0, 1), if
sup
ϑ∈Θ

FWERϑ(ϕ) ≤ α. (1.1)

(g) The multiple test ϕ is said to control the FWER in the weak sense (weakly) at
level α ∈ (0, 1), if

∀ϑ ∈ H0 : FWERϑ(ϕ) ≤ α. (1.2)

(h) The multiple test ϕ is said to control the FDR at level α ∈ (0, 1), if

sup
ϑ∈Θ

FDRϑ(ϕ) ≤ α. (1.3)
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(i) We call a parameter value ϑ∗ a least favourable parameter configuration (LFC)
for the FWER or the FDR, respectively, of a given multiple test ϕ, if ϑ∗ yields
the supremum in (1.1) or (1.3), respectively.

The following lemma, though obvious,will be useful for the construction of closed
test procedures, see Sect. 3.3.

Lemma 1.1. Let (X ,F , (Pϑ)ϑ∈Θ,H ) denote a multiple test problem and ϕ =
(ϕi : i ∈ I ) a multiple test for (X ,F , (Pϑ)ϑ∈Θ,H ).

(a) Strong FWER control of ϕ implies weak FWER control of ϕ.
(b) Assume that ϕ controls the FWER weakly at level α. Then, a level α test for the

(single) global hypothesis H0 is given by the following rule: Reject H0 if there
exists an i ∈ I such that ϕi (x) = 1.

For the relationships between the FWER, the FDR, and the pFDR, the following
assertions hold true.

Lemma 1.2 (Relationships between FWER, FDR and pFDR). Under the
assumptions of Definition 1.2, we get:

(a) FDRϑ(ϕ) = pFDRϑ(ϕ)Pϑ(Rm > 0).
(b) If m0(ϑ) = m, then FDRϑ(ϕ) = FWERϑ(ϕ).
(c) For any ϑ ∈ Θ , it holds FDRϑ(ϕ) ≤ FWERϑ(ϕ).

Proof. To prove part (a), we calculate straightforwardly

FDRϑ(ϕ) = Eϑ

⎨
Vm

Rm ∨ 1

⎩

= Eϑ

⎨
Vm

Rm ∨ 1
|Rm > 0

⎩

Pϑ (Rm > 0)

+ Eϑ

⎨
Vm

Rm ∨ 1
|Rm = 0

⎩

Pϑ (Rm = 0)

= pFDRϑ(ϕ)Pϑ (Rm > 0) + 0.

For the proof of part (b),we notice that, ifm0 = m,Vm = Rm . Hence, pFDRϑ(ϕ) ≡ 1
in this case and, making use of part (a),

FDRϑ(ϕ) = Pϑ (Rm > 0) = Pϑ (Vm > 0) = FWERϑ(ϕ).

In the general case,we easily verify that FDPϑ(ϕ) ≤ 1{Vm>0}. Thus,Eϑ [FDPϑ(ϕ)] ≤
Eϑ

⎫
1{Vm>0}

⎬
, which is equivalent to the assertion of part (c). ∓∝

Notice that the proof of part (b) of Lemma 1.2 implies that the pFDR cannot be
controlled in the frequentist sense. The pFDR is only useful in Bayesian consider-
ations (cf., e.g., Chap. 6). Throughout the remainder of this work, we will restrict
our attention to the type I error rates defined in Definition 1.2. This is mainly due to
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