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Preface

We are pleased to present the preface for the proceedings of the 4th International Sym-
posium onAutomation,Mechanical and Design Engineering (SAMDE 2023), held from
8th to 10th December 2023 in Nanjing, China, and organized by Nanjing University of
Aeronautics andAstronautics, with co-organization byDalianUniversity. SAMDE2023
garnered an enthusiastic response, receiving a total of 108 paper submissions. Following
a rigorous reviewprocess, 50 paperswere selected for inclusion in this volume, highlight-
ing the quality and relevance of the research presented. Covering diverse topics such as
robotics, intelligent manufacturing, process control and automation, precision and ultra-
precision machining, mechanism and machine design, as well as advanced materials
and structures, these papers represent the forefront of innovation and scholarship in the
fields of automation, mechanical and design engineering.

The symposium featured esteemed keynote speakers who shared their insights and
expertise with attendees. Prof. Xingjian Jing fromCity University of Hong Kong, China,
offered valuable knowledge in the field, while Prof. Ramesh K. Agarwal from Wash-
ington University, USA, and Prof. Giuseppe Carbone from the University of Calabria,
Italy, contributed significantly to the event.

The discussions, presentations and networking opportunities at SAMDE 2023 were
invaluable, fostering collaboration and innovation in automation, mechanical and design
engineering. We extend our sincere gratitude to all participants, organizers, reviewers
and speakers for their invaluable contributions to making this symposium a resounding
success.

This book showcases the culmination of research and discussions presented during
the symposium. Aswe present this compilation of proceedings, we eagerly anticipate the
opportunity to welcome future editions of SAMDE, with the aim of building upon the
success of this year’s conference and further enhancing collaborations and innovations
in the automation, mechanical and design engineering field.

We take the opportunity to express our gratitude to Anna H. M. Wong, Conference
Managing Director who made significant efforts for the smooth running of SAMDE
2023 Conference and for the successful completion of this book. Likewise, we express
our gratitude to all the members of the conference committees for their valuable support
and contributions.

Giuseppe Carbone
Med Amine Laribi
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Modeling and Simulation of a Slung Load
System for UAS

Jacob Juul Naundrup1(B), Denys Grombacher2, Jan Dimon Bendtsen1,
and Anders la Cour-Harbo1

1 Department of Electronic Systems, Aalborg University, Fredrik bajers vej 7C,
9220 Aalborg, Denmark

jnpe@es.aau.dk
2 Department of Geoscience, Aarhus University, Aarhus, Denmark

http://www.aau.dk

Abstract. Flying UAS with suspended loads poses maneuverability
challenges. This paper proposes a novel method to model a slung load
system using rigid bodies and lumped parameters, simulating a flexible
tether. The aim is to validate different tether configurations for feasibility
before field deployment. The simulation incorporates second-order drag
for aerodynamic calculations, dependent on Reynolds number and object
shape. Implemented in Simulink with Simscape for physical simulation,
the model is validated under varied wind velocities and attachment point
movements. A 3D model verifies simulation data and enhances safety and
efficiency for UAS operations with suspended loads.

Keywords: UAS · Simscape · Lumped-parameters · Slung load

1 Introduction

Non-invasive geophysical imaging presents one of the most cost-efficient solutions
for delivering this information [1]. In this work, a geophysical imaging platform
called SuperTEM is used; it uses a transient electromagnetic (TEM) system.
Briefly, TEM is an inductive measurement capable of imaging spatial/temporal
variations in the electrical properties of the subsurface. A system is composed
of a transmitter/receiver pair. The transmitter serves to pulse a strong current,
which is rapidly shut off to generate eddy currents that circulate at depth. The
receiver measures these eddy currents’ strength and time dependence, allowing
an inversion framework to estimate the electrical resistivities at a depth consis-
tent with collected data.

TEM systems can be ground-based, towed by a vehicle [2], or airborne [3].
Airborne options offer extensive coverage but sacrifice depth resolution and incur
higher costs. Ground-based systems provide better depth resolution but cover
less area. Drone-based systems bridge this gap, particularly useful in challeng-
ing terrains. This work proposes a semi-airborne system with a ground-based

Thanks to the Innovation fund Denmark for funding.
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
G. Carbone and M. A. Laribi (Eds.): SAMDE 2023, MMS 161, pp. 3–12, 2024.
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Fig. 1. The SuperTEM project involves three main technologies: an instrument for
generating transmitter coil signals, a receiver coil for receiving these signals, and a
drone to transport the receiver coil across the designated area.

transmitter and a drone-based receiver (Fig. 1). It aims to create a suspended
load system for high-density data collection, although receiver motion may affect
imaging accuracy and introduce electromagnetic noise. This paper will focus on
modeling and creating the suspended slung load system.

Swing dampening has been researched for years because having a suspended
load beneath a UAV affects the control adversely, thus making it difficult to
operate accurately and efficiently and, in the worst case, leading to accidents.
Therefore, different control strategies have been applied, such as in [4–6] where
a feed-forward control system - based on input shaping - is used to reduce the
oscillations by improving the damping of the swing of the slung load. In [4], a
model-following control approach is employed to enhance the flight performance
of a helicopter carrying a suspended load. Likewise, in [5], the helicopter and
slung load system are constructed as a linear system on the state space form.
This paper [7] proposes a modeling technique to address the issues of swing
suppression and positioning control in a rigid-body model of a helicopter slung-
load system under input constraints and external disturbances. The method
utilizes Lagrange’s equations to establish the rigid-body model of the system.
These studies [8,9] present a modeling and control approach for helicopter and
slung-load systems. The approach in [8] employs physics-based models specifi-
cally designed for control applications, utilizing a point mass approach to model
the dynamics of the external load. In [10–12], the authors create an overhead
crane system model using a nonlinear dynamic model; this is rewritten to a state
space representation. This author [13] focuses on creating a quadcopter and a
cable-suspended load model with eight degrees of freedom. The focus is to create
a trajectory that generates minimal load swing. In [14], the model and simula-
tion of a fishing rod are constructed using Simscape in Simulink; additionally,
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an elastic string is built using the lumped parameters method explained in the
technical paper [15].

This paper contributes by creating a simulation model using off-the-shelf
tools to test control design and path planning algorithms. The model focuses
on visual aspects to enhance understanding of the system’s behavior in the real
world. The rest of the paper is organized as follows: Sect. 2 presents the method,
model, and simulation strategy, Sect. 3 present several simulation results, and
lastly, Sect. 4 discusses and concludes on the work presented.

2 Methodology

The slung load model consists of three parts: an attachment point, tethers, and
the antenna, as seen in Fig. 2. Various methods can be used to model such a
system, as stated in State of the art; however, this study has chosen to model
the different parts as rigid bodies. Additionally, to make the tether flexible, the
lumped-parameter method is used.

Fig. 2. The enlarged section illustrates that
the tether is constructed using lumped
parameters.

Fig. 3. A flexible body using the
lumped-parameter method.

2.1 Lumped Parameters

The lumped parameters method approximates a flexible body by using a collec-
tion of discrete flexible units that are fixed together, as shown in Fig. 3. A unit is
defined as two masses connected by a joint, where the joint is either translation
or rotational. In addition, the degrees of freedom (DOF) of the joint determine
the deformation of the element. Furthermore, the joint features internal springs
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and dampers to describe the stiffness and damping between the bodies. Building
a flexible body using the lumped parameters method requires four steps:

The first step is to model each mass element, illustrated as the block m in
Fig. 3. Each mass corresponds to a mass element. These elements account for a
small section of the body, where all the elements are assumed to be rigid. The
accuracy of this method is depended on the number of elements used. Therefore,
the model’s accuracy tends to improve when the number of elements is increased;
however, at the cost of computational time. The second step is to connect the
mass elements in pairs with joints. These joints provide the DOF corresponding
to different deformation types, e.g., translational movement enables axial defor-
mation and shear, while rotational movement enables bending and torsion. The
third step, springs and dampers are added to the joints between the masses, as
illustrated in Fig. 3 with a spring and damper. They determine the static and
dynamic deformation when forces and torques are applied to the joints. There-
fore, coefficients for springs and dampers must be known or calculated from the
material used. The fourth step is to rigidly connect each flexible body element
to its neighbor, i.e., connecting the tether to the attachment point. To assemble
it, rigid connections are added between each element.

2.2 Parameters

To calculate the drag on the antenna and tether, the second-order drag equation

Dl =
1
2
ρCdSl|V |V (1)

will be used, where ρ is the density of the air, Cd is the drag coefficient, Sl is the
area, and V is the wind velocity relative to the object. The coefficient of drag is
a function of the dimensionless ratio Reynolds number

Re =
V d

vi
, (2)

where d is the diameter of the antenna and vi is the viscosity of the air. From
Reynolds number, the drag coefficient can be read from a graph with regard to
the shape of the object.

2.3 Slung Load Model

Simulink has been used with a block library called Simscape, an application to
Simulink, to construct a slung load system simulation model. It enables the cre-
ation of physical models of different systems and 3D visualization of the system.

Mechanical blocks model a suspended slung load system comprising an
attachment point, tether, and suspended load. The attachment point, shown in
Fig. 4, includes a base, setup parameters, a prismatic joint, and a velocity con-
troller. The base serves as the attachment point for the tethers. Setup parameters
consist of global frame access, simulation-wide configuration, and solver settings.
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Fig. 4. Showing the different blocks used to build the attachment point.

The prismatic joint allows translational movement along an axis, with properties
and control mechanisms configured within. A velocity block provides references
for joint movement, controlled via PID controller. Transformation blocks handle
rigid transformations between frames. Each tether element comprises various
blocks, as depicted in Fig. 5. The spherical joint provides three rotational
degrees of freedom, allowing free rotation of one frame around another. Proper-
ties include state, actuation method, sensing, and internal mechanics like spring
stiffness and damping.

Fig. 5. Illustration of one string element.

The world frame and transform sensor are used to find the angle θ
between the body frame of the string and the world frame. The two Matlab
functions Second order drag eq tether element and Force are used to find
the drag on the tether element. The second order drag eq tether element
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has three inputs: velocity, wind, and tether parameters. The velocity is the veloc-
ity of the tether element, and the wind is the wind velocity. The constant block
-C- holds the tether parameters, such as the tether’s drag coefficient, air den-
sity, length, and width. The drag is applied to the surface area of each tether
element. To scale the drag on the tether element accordingly in terms of the
angle between being perpendicular or parallel to the wind, a cosine function

ξi = cos(θi) ∀i ∈ {1, . . . , n} (3)

is used, where i is the subscript for the number of lumped parameters, θ is the
angle between the i-th tether element and the world frame, and ξ is the scaling
factor. The drag from each tether element is calculated from the scaling factor
and the maximum drag on the tether

Fi = ξiD ∀i ∈ {1, . . . , n} , (4)

where D is the maximum drag, and F is the resulting drag for the tether element.
This tether element can then be chained together to create a tether.

Fig. 6. Illustration of the blocks used to build the suspended load.

The suspended slung load subsystem block, depicted in Fig. 6, includes joints,
transformation blocks, a transform sensor, the antenna, Matlab functions, a tail
subsystem block, and an external force. Joints and transformations link the
tether to the antenna surface. The transform sensor measures angle and veloc-
ity between the antenna body frame and the world frame. Antenna and wind
velocities are combined in the Matlab function Second order drag eq Antenna
to compute antenna drag. Angle information adjusts force on the antenna’s front
surface via the Force function, akin to the tether element. The tail subsystem
block adds a tailfin for stability, with force scaling similar to Eq. 3 for tethers.
Finally, the external force block defines force direction.

The final 3D model of the slung load system is illustrated in Fig. 7a.
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3 Results

This section presents results from three simulations. The first explores variations
in wind force on the tether and antenna, along with attachment point translation
velocity, across three tests. The second simulation involves changing wind and
translational velocities over an extended duration. The final simulation inves-
tigates the potential of using the lumped parameter method to induce tether
bending when applying a force. Slung load parameters are listed in Table 1.

Table 1. Slung load parameters.

Parameters Value Unit

Single tether length 5 [m]

Split part of tether 1 [m]

Tether diameter 0.003 [m]

Weight of one meter tether 0.01 [kg]

Weight of Antenna 2.4 [kg]

Antenna height 0.1 [m]

Antenna outer radius 1.2 [m]

Antenna inner radius 1.1 [m]

Table 2. Reynolds numbers and drag
coefficients for antenna and tether.

Parameters Value

Antenna Re 4e+05

Tether Re 1000

Antenna Cd 0.4

Tether Cd 1.4

The optimal damping coefficient was determined through testing. A coeffi-
cient of 5 Nm/(rad/s) or lower results in loose tether oscillations without reaching
steady state. Increasing the coefficient gradually damps oscillations, achieving
stability at 20 Nm/(rad/s). Thus, 20 Nm/(rad/s) was chosen as the damping
coefficient for the joints. Additionally, the spring constant in the joints was
set to zero to minimize any spring effect in the tether. Equation 2 calculates
Reynolds numbers for the antenna and tether, shown in Table 2. These values
determine the drag coefficient by referencing a cylinder graph [16]. Both wind
and translation velocity are selected based on expected conditions at the airfield.

In Fig. 7, an illustration of the slung load system is shown for the three tests,
where the one denoted (a) is from the first test. In addition, in Fig. 8 a graph
of the pitch angles of the antenna is shown for all three tests. Looking at the
first test, where the only force is gravity, it is clear that the antenna, in a steady
state, has an angle towards the ground at zero, which is expected when the only
force is gravity. However, the graph shows that the antenna starts with a slight
angle of −2◦ and settles at 0◦. The system is not trimmed; therefore, it swings
for 20–25 s before the slung load reaches a steady state.

In the second test, a wind force of 5m/s is added. Figure 7b shows that the
tethers are pushed slightly to the right compared to the previous Fig. 7a. The
antenna angle is shown in the graph in Fig. 8. Compared to the first test, the
fluctuation is greater at the beginning due to the wind added; however, steady
state is reached at a similar time. The gravity and the wind reach an equilibrium,
where the forces balance out, resulting in an antenna angle of four degrees.
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Fig. 7. Three test scenarios. Fig. 8. The pitch angle of the antenna for
the three tests.

The third test includes wind and translational movement of 5m/s. The pur-
pose is to observe the reaction of the slung load system to these factors. The
results are presented in Figs. 7c and 8. In Figs. 7c, the wind (at 10m/s) pushes
the tethers and antenna further to the right compared to previous tests, indi-
cating an increase in force. The graph shows a significant overshoot due to the
fast acceleration of the attachment point, but it settles in approximately 20 s.
The angle settles at 10.5◦, more than double the previous test. Additionally, the
bending of the tethers is observed, which is valuable for studying the impact of
different tether configurations on slung load positioning under varying flight and
wind conditions.

The next simulation shows how the slung load systems perform when sub-
ject to different translational and wind velocity inputs. The first subplot in Fig. 9
shows the pitch, roll, and yaw angle of the antenna, while the second subplot
shows the input in translational and wind velocity. Steps one to three involve
increasing translational velocity while keeping wind velocity constant. Step four
varies wind velocity while keeping translational velocity constant. In step five,
translational velocity is reduced. The difference in overshoot between transla-
tional and wind velocity steps is noticeable. Interestingly, the antenna angle
reaches the same value at steady state in steps 3 and 5, indicating consistent
force calculation on both antenna and tether. Additionally, both roll and yaw
converge to zero after system initialization.
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Fig. 9. The first subplot displays the antenna’s pitch, roll, and yaw angles, while the
second subplot illustrates the various steps in flight and wind velocity.

4 Discussion and Conclusions

The model demonstrates the feasibility of creating a slung load model using the
lumped parameter method and Simscape building blocks. This method offers ver-
satility, allowing quick rearrangement of lumped parameters for different tether
configurations while automatically updating 3D visualization. It provides valu-
able insights into slung load and tether behavior, aiding pilots in understanding
potential challenges and making informed decisions for safe and efficient oper-
ations. Additionally, it can be used to develop control systems, such as input
shaping or winch implementation, to optimize antenna positioning.

The choice of lumped parameters significantly impacts simulation time and
model accuracy. Using 36 lumped parameters balances simulation speed and
accuracy, making further testing and comparison with flight tests feasible. Com-
pared to modeling with flexible beams in Simscape, the lumped parameter model
is computationally less expensive due to fewer degrees of freedom and equations
of motion. While the rigid body tether assumption simplifies modeling, it may
not reflect real-world scenarios where tethers deform or stretch. This limitation
underscores the need to carefully assess the model’s appropriateness and consider
its assumptions and limitations when interpreting results. Future improvements
could include replacing the Cartesian joint with a 6 DOF joint, allowing inputs
from a drone model for more realistic movements and facilitating the develop-
ment of control algorithms with similar dynamics to the physical system.

It can be concluded that a slung load model can be constructed in Simulink,
with the help of the application Simscape and the lumped parameter method,
and mimic the behavior of a slung load system. The next step is to compare this
model to a physical system tested in similar conditions.
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Abstract. In recent years, industrial robot has beenwidely used inmilling because
of its good flexibility. However, flexibility leads to the posture-dependent stability
problem, while articulated structure makes mode coupling chatter more easily
excited. All the above problems are research focus and difficulties in the robot
milling field. In order to figure out the mechanism of posture-dependent mode
coupling chatter in robotic milling, in this paper, a dynamic model considering the
mode coupling chatter is first established, and the stability criterion of the mode
coupling chatter is proposed by introducing the vibration form solution. Then the
posture-dependence components in the stability criterion are derived in detail, the
deformation ratio coefficient of the robot which refers to the ratio of vibration
amplitude in different directions under the current cutting parameters is proposed,
and the posture-dependence of the chatter is clarified. Finally, through simulation
experiment, the change of robot stability with posture is analyzed, and the cutting
experiment is used to verify the simulation results. The results show that the mode
coupling chatter model of robot milling based on posture dependence is more
accurate and can be used as the theoretical basis for the optimization of robot
milling parameters such as posture optimization and tool path planning.

Keywords: Robotic Milling · Mode Coupling Chatter · Posture-dependent ·
Stability Prediction

1 Introduction

Because of its large working space and processing flexibility, industrial robots have been
greatly promoted in milling in recent years [1]. However, due to its poor rigidity, there
is an obvious coupling phenomenon between the degrees of freedom, that is, the force
in a single direction will lead to deformation in three directions [2]. The phenomenon of
displacement feedback will cause the mode coupling chatter, resulting in instability of
the system [3, 4]. In addition, the hinge structure of the robot causes the pose dependence
of the dynamic characteristics [5], which further increases the difficulty of predicting
the mode coupling chatter of the robot. The accurate prediction of the mode coupling
chatter of the posture-dependent robot milling is a hot and difficult point in the research
of robot milling stability.
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In order to address the aforementioned challenges, scholars around the world have
conducted researches on robot chatter and posture-dependent frequency response pre-
diction respectively [6–8]. In 2006, Pan et al. [9] established a mode coupling chatter
dynamic model of the robot, decoupled it in the modal space, and finally judged its sta-
bility by solving the eigenvalue. In 2020, He et al. [10] developed a three-dimensional
dynamic model for the robot’s space milling plane, and obtained the corresponding
stability criteria, and further obtained the mode-coupled flutter stability diagram, the
experimental result verified that the model effectively prevents chatter by selecting a
machining feed direction in stable region. In 2017, Cen et al. [11] considered the stiff-
ness additional term brought by the external load in the robot stiffness model, and based
on this, the mode coupling model was improved. The improved model can play the
role of mode coupling chatter suppression without altering the direction of tool feed or
the orientation of the workpiece. In 2019, Liu et al. [12] carried out reliability modeling
based on themode coupling chatter model of robot milling, and analyzed the influence of
various parameters on themode coupling chatter of robot. Huynh et al. [13] used a combi-
nation of multi-input and multi-output identification, computer-aided design model and
experimental modal analysis to predict the dynamic characteristics of posture-dependent
robots. In 2017, Yan et al. [14] based on the RCSA method of binary tree, quickly pre-
dicted the frequency response of the end tool tip of robot milling, and analyzed the
stability of robot milling dependent on position and posture. In 2019, Celikag et al.
[15] studied the dynamic characteristics of the robot under different postures, and pro-
posed a machining strategy to suppress chatter by reconfiguring the joint angle during
the machining process, which was verified by experiments. Similarly, in 2022, Chen
et al. [16] introduced a novel method for estimating pose-dependent FRF at the TCP
of machining robots by integrating data-driven (GPR) and physics-based (multibody
dynamics) techniques, and the accuracy of this method was confirmed through impulse
hammer tests.

At present, most of the research on the mode coupling chatter of posture-dependent
robot milling is based on the posture-dependent robot frequency response prediction,
and the model is too complicated and difficult to solve. In this paper, a dynamic model
considering mode coupling chatter is first established. After that, in the derivation of the
stability criterion, the stability criterion is simplified by using the vibration form solution,
and the posture-dependent deformation ratio coefficient and its derivation process are
presented in detail. The posture dependence is directly reflected in the stability criterion,
which is simple in calculation and convenient for robot posture optimization or tool path
planning. Finally, the robot milling stability verification experiment was carried out.

2 Stability Modeling Considering Modal Coupling

The weak rigid structure of the robot determines that it has obvious cross stiffness
and cross damping characteristics. After applying force in a single direction, it will
lead to deformation in three directions. Considering the cross frequency response
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characteristics, the dynamic equation of the robot system is formulated as follows:

⎡
⎣
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Mxy Myy Mzy

Mxz Myz Mzz

⎤
⎦
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(1)

where M, C, K are the mass, damping and stiffness coefficients, respectively.
Mij,Cij,Kij(i, j = x, y, z; i �= j) represents the cross mass, cross damping and cross

stiffness coefficient.
Due to the existence of modal coupling effect, the force in a single direction will be

affected by multiple directions. Combined with the model of cutting force, considering
the change of cutting forcecaused by displacement feedback, there is the following
expression:
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Omit the second-order small quantity:

Z(t)X (t)cosφj − Z(t)Y (t)sinφj ≈ 0# (3)

where:
⎧⎨
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(
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and

⎧⎨
⎩
Ksx = −Ktc sin φj + Krc cosφj

Ksy = −Ktc cosφj − Krc sin φj

Ksz = Kac

(4)

The force equilibrium position is taken as the initial position, so the cutting force
caused by the axial cutting depth is not considered, and the final cutting force is expressed
as:

Fx = (−Z ′X (t) cosφj + Z ′Y (t) sin φj − Z(t)h
(
φj

))
Ksx

Fy = (−Z ′X (t) cosφj + Z ′Y (t) sin φj − Z(t)h
(
φj

))
Ksy

Fz = (−Z ′X (t) cosφj + Z ′Y (t) sin φj − Z(t)h
(
φj

))
Ksz

(5)

In robot milling, the structural rigidity of its own system is much lower than that of
the workpiece. Therefore, compared with the deformation of the robot, the deformation
of the workpiece part is often ignored. Therefore, this paper no longer considers the
deformation of the workpiece part, and will use the established dynamic model of the
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robot system and the cutting force model considering displacement feedback to derive
the stability criterion.

The following will take the X direction as an example to derive the stability criterion.
By combining Eq. (5) and Eq. (1), and simplify, the following equation can be

obtained:

MxxẌ (t) + CxxẊ (t) + (
Kxx − Z ′ cosφjKsx

)
X (t)
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Kzx + h

(
φj

)
Ksx

)
Z(t) = 0

(6)

Due to the displacement feedback effect, the stiffness coefficient of each degree of
freedom is composed of two parts, namely the stiffness coefficient of the robot system
itself and the displacement feedback coefficient. This is equivalent to changing the
stiffness value of the robot system, and different forms of displacement feedback cause
different types and degrees of change.

Let the vibration form solution of X (t),Y (t),Z(t) be:

X (t) = AX e
pt;Y (t) = AY e

pt;Z(t) = AZe
pt (7)

By combining Eqs. (6) and (7), the subsequent equation can be derived:

Mxxp2AX ept + CxxpAX ept + KxxAX ept + Mxyp2AY ept + CyxpAY ept

+KyxAY ept + Mxzp2AZept + CzxpAZept + KzxAZept

−Z ′AX ept cosφjKsx + Z ′AY ept sin φjKsx − AZepth
(
φj

)
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(8)

After rearranging the previous equation, we obtain:

(
Mxx + Myx + Mzx

)
p2 + (

CxxAX + CyxAY + CzxAZ
)
p + KxxAX + KyxAY

+KzxAZ − (−Z ′AX cosφjKsx + Z ′AY sin φjKsx − AZh
(
φj

)
Ksx

) = 0
(9)

If p < 0 in the equation, then the term in the solution of form converges to zero
with time, the system is stable. On the contrary, it diverges with time and the system is
unstable. Derived from the root formula:

a = MxxAX + MxyAY + MxzAZ

b = CxxAX + CyxAY + CzxAZ

c = KxxAX + KyxAY + KzxAZ −
( −Z ′AX cosφjKsx

+Z ′AY sin φjKsx − AZh
(
φj

)
Ksx

) (10)

where a, b is always greater than zero. When:

−b±√
b2−4ac
2a < 0 (11)

The system is stable, where 4ac > 0, which means c > 0. The stability criterion is
as follows:

KxxAX + KyxAY + KzxAZ > −Z ′AX cosφjKsx

+Z ′AY sin φjKsx − AZh
(
φj

)
Ksx

(12)


