SpringerBriefs in Mathematics

Xuefeng Liu




SpringerBriefs in Mathematics

Series Editors

Nicola Bellomo, Torino, Italy
Michele Benzi, Pisa, Italy

Palle Jorgensen, Iowa City, USA
Tatsien Li, Shanghai, China
Roderick Melnik, Waterloo, Canada
Otmar Scherzer, Linz, Austria
Benjamin Steinberg, New York, NY, USA
Lothar Reichel, Kent, USA

Yuri Tschinkel, New York, NY, USA
George Yin, Detroit, USA

Ping Zhang, Kalamazoo, MI, USA



SpringerBriefs present concise summaries of cutting-edge research and practical
applications across a wide spectrum of fields. Featuring compact volumes of 50
to 125 pages, the series covers a range of content from professional to academic.
Briefs are characterized by fast, global electronic dissemination, standard publishing
contracts, standardized manuscript preparation and formatting guidelines, and
expedited production schedules.

Typical topics might include:

* A timely report of state-of-the art techniques

* A bridge between new research results, as published in journal articles, and a
contextual literature review

* A snapshot of a hot or emerging topic

* An in-depth case study

* A presentation of core concepts that students must understand in order to make
independent contributions

SpringerBriefs in Mathematics showcases expositions in all areas of mathe-
matics and applied mathematics. Manuscripts presenting new results or a single
new result in a classical field, new field, or an emerging topic, applications, or
bridges between new results and already published works, are encouraged. The
series is intended for mathematicians and applied mathematicians. All works are
peer-reviewed to meet the highest standards of scientific literature.

Titles from this series are indexed by Scopus, Web of Science, Mathematical
Reviews, and zbMATH.



Xuefeng Liu

Guaranteed Computational
Methods for Self-Adjoint
Differential Eigenvalue
Problems

@ Springer



Xuefeng Liu

Department of Information and Sciences
Tokyo Woman’s Christian University
Suginami-ku, Tokyo, 167-8585

Tokyo, Japan

ISSN 2191-8198 ISSN 2191-8201  (electronic)
SpringerBriefs in Mathematics
ISBN 978-981-97-3576-1 ISBN 978-981-97-3577-8  (eBook)

https://doi.org/10.1007/978-981-97-3577-8

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Singapore
Pte Ltd. 2024

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse
of illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and
transmission or information storage and retrieval, electronic adaptation, computer software, or by similar
or dissimilar methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Singapore Pte Ltd.
The registered company address is: 152 Beach Road, #21-01/04 Gateway East, Singapore 189721,
Singapore

If disposing of this product, please recycle the paper.


https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8
https://doi.org/10.1007/978-981-97-3577-8

Preface

This monograph focuses on the study of eigenvalue problems of self-adjoint
differential operators. It aims to explicate the recently developed methods that offer
guaranteed computations for both eigenvalues and eigenfunctions. A central theme
is the application of the Finite Element Method (FEM) as the primary numerical
strategy for computations, accompanied by an in-depth discussion on theories of
error estimation.

Eigenvalue problems of differential operators are of fundamental importance in
both mathematics and engineering. Obtaining the upper eigenvalue bound, typically
through the Rayleigh—Ritz method, is a relatively straightforward process. However,
to obtain a rigorous lower eigenvalue bound is a challenging endeavor that requires
complicated techniques and methodologies.

The recent progress in computer-assisted proofs for non-linear partial differential
equations, such as the Navier—Stokes equation, necessitates explicit values or
bounds of various quantities, most of which are governed by eigenvalues of
the related differential operators. This situation highlights the critical need for
the development and refinement of guaranteed computation methods for solving
eigenvalue problems.

The following is a brief outline and highlights of the book:

Chapter 1 provides an overview of the literature regarding explicit eigenvalue
bounds achieved through numerical methods. The chapter is enriched with examples
of eigenvalue problems that demonstrate the need for guaranteed computation.

Chapter 2 presents recent advancements in quantitative error estimates, specif-
ically error bounds with concrete values, for boundary value problems in partial
differential equations. A primary focus is placed on a priori error estimation based
on the hypercircle method, which provides a novel approach for the projection error
estimation to be used in the analysis of eigenvalue problems.

Chapter 3 lays out a Galerkin projection-based method for obtaining explicit
eigenvalue bounds. It deeply analyzes the eigenvalue problem formalized as
a(u,v) = Ab(u, v), including cases where either a(-, -) or b(-, -) is positive semi-
definite.
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Chapter 4 extends the theorem in Chap. 3 and applies it, in conjunction with
the conforming and non-conforming finite element methods, to several traditional
model eigenvalue problems involving the Laplace, the biharmonic, the Stokes, and
the Steklov differential operators.

Chapter 5 provides a deep exploration of the Lehmann—Goerisch method,
designed for the efficient computation of high-precision eigenvalue bounds. The
implementation of the Lehmann—Goerisch method necessitates a rough lower bound
for a specific eigenvalue, which can be obtained from the lower bound derived in
Chaps. 3 and 4. This method takes the advantage of accurate approximate eigenfunc-
tions computed by any means and subsequently delivers precise eigenvalue bounds.
The effectiveness of this method is demonstrated via its application to the Laplacian
and Steklov eigenvalue problems.

As a feature of this book, it discloses the affinity of the Lehmann—Goerisch
method with finite element methods, which has not been well discussed in the exist-
ing literature. The relationship among the Lehmann—Goerisch method, Lehmann—
Maehly method, and Kato’s bound is thoroughly examined. Given that the original
proof of this method was published in German, this book includes an English
version of the proof with enhanced understanding and accessibility, while the
original setting as posited by Goerisch is well preserved.

Chapter 6 is devoted to the guaranteed bounds for the approximation error
encountered in eigenfunction calculations. The chapter explores three distinct algo-
rithms depending on problem settings: the Rayleigh quotient-based algorithm, the
residual-based algorithm, and the projection-based algorithm. Particular emphasis
is placed on the residual-based error estimation, including an in-depth discussion
on the Davis—Kahan theorem extended to weakly formulated eigenvalue problems.
These algorithms have a common feature: they consider the angle between the exact
eigenspace and the approximate one, thereby enabling them to handle cases where
eigenvalues are tightly clustered.

Appendix introduces the Verified Finite Element Method (VFEM) library.
Specifically designed for rigorous computations using finite element methods, the
VFEM library is a valuable tool for practical computations that demand guaranteed
results.

As an extended content of this book, the author prepared a web page located
at http://www.xfliu.org/EVP2024/ to feature a comprehensive table of constants
commonly used in numerical analysis. Examples include error constants for various
interpolation operators and constants within the Sobolev embedding theorems.
These constants are typically calculated by solving corresponding eigenvalue
problems with the techniques introduced in this book.

The author wishes to express his great appreciation to Fumio Kikuchi for
carefully reading the proof of this book and providing helpful revision advice.
Thanks also go to Takuya Tsuchiya and Ryoki Endo for their feedback on partial
chapters.

Tokyo, Japan Xuefeng Liu
March 2024
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Chapter 1 ®
Introduction to Eigenvalue Problems Qe

Abstract This chapter provides an overview of the literature concerning explicit
eigenvalue bounds achieved through numerical methods. It outlines the rapid
progress in the field of guaranteed eigenvalue computation over the past decade,
while also highlighting its relationship with early work such as Birkhoff’s result.
Examples of eigenvalue problems demonstrate the need for guaranteed computation.
The chapter also discusses the settings of function spaces and basic usage of finite
element methods.

Keywords Eigenvalue problem - Explicit eigenvalue bounds - Finite element
method (FEM) - Birkhoft’s result

This chapter provides a comprehensive overview of research focusing on rigorous
eigenvalue bounds. To illustrate the motivation of studying eigenvalue problems,
two specific problems associated with the Poincaré constant are introduced, com-
plemented by numerical results.

1.1 Overview of Research on Rigorous Eigenvalue Bounds

Eigenvalue problems related to differential operators constitute a pivotal theme
within numerical analysis. A vast amount of research papers have been dedicated
to the error analysis of numerical schemes for these problems. When dealing with
irregular domains, unlike special geometries such as rectangles or disks where a
closed form of the eigensystem can be easily derived, the finite element method
(FEM) becomes the preferred approach. For a thorough understanding of the
fundamental approximation theories linked to eigenvalue problems, readers are
referred to Babuska—Osborn [4] and Weinberger [88], while Boffi [7] and Sun—Zhou
[83] provide surveys of methods based on the finite element method.

Over the past two decades, verified computation has found successful application
in the investigation of nonlinear differential equations through computer-assisted

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2024 1
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2 1 Introduction to Eigenvalue Problems

proofs. This topic is comprehensively discussed in the recent monograph by Nakao—
Watanabe—Plum [69]. Such investigations require the rigorous calculation of linear
operator norms and the explicit values of various error constants, which invariably
leads to solving eigenvalue problems of differential operators. This consequently
urges the pursuit of guaranteed computational methods for eigenvalue problems.
For differential operators like the Laplacian, it is known that upper eigenvalue
bounds can easily be obtained using the Rayleigh—Ritz method with trial functions,
e.g., using polynomial or trigonometric functions or finite element methods. How-
ever, finding lower eigenvalue bounds remains a difficult problem and has drawn
the interest of many researchers. In the literature, various techniques have been
developed for providing lower eigenvalue bounds. Most of the classical methods,
e.g., the Weinstein—Aronszajn intermediate method [35, 89] and the point-matching
method [27], require a priori information about the eigenvalue range, which is not
easy to validate in solving practical problems, and will not be dealt with in this book.
This book mainly focuses on the finite element method and introduces the
Galerkin projection-based algorithm developed for the purpose of rigorous bounds
for the eigenvalues in Chaps. 2—4. The idea of using the projection error estimation
to obtain eigenvalue bounds can be found in an early paper by Birkhoff et al. [6]
in 1966, where the eigenvalue bounds for smooth Sturm-Liouville systems are
provided by using projection to piecewise-cubic polynomials. In a preprint [54] in
2011 and later a paper [56] in 2013, the author extends the idea of Birkhoff and pro-
poses guaranteed two-sided bounds for the Laplacian eigenvalue problem by using
the Galerkin projection associated with conforming finite element methods. The
proposed eigenvalue bounds can naturally handle problems defined over bounded
polygonal domains of arbitrary shapes. The projection-based method is further
extended to handle general compact self-adjoint differential operators [50] and the
eigenvalue problem formulated by positive semi-definite bilinear forms [51], where
zero eigenvalue may appear (e.g., the case of the Steklov eigenvalue problem).
Meanwhile, the non-conforming finite element method is utilized to provide easy-
to-obtain estimation for the projection error. In 2011, Kobayashi [45, 46] applied
the Crouzeix—Raviart FEM and the Fujino—Morley FEM to bound the interpolation
error constants, which are related to the first eigenvalue of differential operators. In
2014, Carstensen et al. [16, 18] utilized the Crouzeix—Raviart FEM and the Fujino—
Morley FEM to give lower eigenvalue bounds for the leading eigenvalues of the
Laplace and the biharmonic differential operators, which hinge on a “separation
condition.” In [50], the author proposed a general framework to take advantage of
both the conforming and non-conforming FEM to obtain lower eigenvalue bounds,
where the requirement of a “separation condition” is confirmed to be unnecessary.
The projection-based method has been successfully applied to various eigenvalue
problems, including the biharmonic operator [49, 60], the Stokes operator [53, 91],
the Steklov operator [94], the Maxwell operator [30], fluid—solid vibrations [98],
high-order elliptic operators [39], and elastic problems [97].
The Lehmann—Goerisch method, to be introduced in Chap. 5, is a very useful
approach to obtain sharp eigenvalue bounds when rough eigenvalue bounds and
good eigenfunction approximations are available. Such a method is regarded as a
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generalization of Kato’s eigenvalue bound [42]; see the discussion in Remark 5.4.
The relation with its preceding theorems, e.g., Lehmann—Maehly’s method, Tem-
ple’s bound, and Collatz’s bound, are discussed in Chap. 5.

Next, we introduce other useful approaches to bound eigenvalues, the details of
which are skipped in this book.

Based on the Lehmann—Goerisch method, Plum [72] develops the homotopy
method to solve the eigenvalue problem by considering the homotopy process with a
family of eigenvalue problems that connect to a base problem with explicit spectral
bounds. A distinct advantage of this method is that it accommodates a wide range
of eigenvalue problems by strategically linking the target problem with the base
problem via the homotopy process. However, this technique necessitates the closed
form of the base problem and the monotonicity of eigenvalues within the homotopy
process, which usually requires case-by-case theoretical techniques.

Nakao et al. [69, 70, 87] developed methods that provide eigenvalue bounds by
identifying ranges where eigenvalues exist and cannot exist. The eigenvalue problem
is transformed into an investigation of solution existence and uniqueness for certain
nonlinear partial differential equations, for which existing techniques such as [68,
73] can be used.

Recently, Carstensen et al. have developed FEM schemes designed to generate
direct lower eigenvalue bounds [14, 19, 20]. A notable merit of these methods lies in
their applicability to graded meshes generated through adaptive computation, albeit
at the cost of parameter tuning or an expanded degree of freedoms within the newly
developed FEM schemes.

To conclude this section, we shall also present the existing literature on eigen-
value bounds, which exhibit limitations or pose unresolved issues when applied
to derive explicit eigenvalue bounds. For special domains with well-constructed
meshes, it is proved that the approximate eigenvalues from the mass lumping
method provide lower eigenvalue bounds directly [40, 41]. Many non-conforming
FEMs also provide lower eigenvalue bounds asymptotically, i.e., when the mesh is
fine enough, the computed eigenvalues converge to the exact values from below;
see early results of Armentano—Duran [2] and the work surveyed in [38, 61, 93].
However, it is still not clear how to verify the required precondition, i.e., the mesh
size being small enough, to ensure the asymptotic lower bounds.

1.2 Model Eigenvalue Problems

Let us first consider the model eigenvalue problem of the Laplace operator. Later in
Chap. 4, we will investigate eigenvalue problems more deeply.

Let 2 C R? be a bounded connected domain with a Lipschitz boundary. The
case of non-convex £2 is allowed. The Dirichlet Laplacian eigenvalue problem is to



