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Abstract. A distributed discrete Nash equilibrium (NE) seeking algo-
rithm is designed for aggregative games (AGs) through multi-round com-
munications under the restricted strongly monotone assumption. Every
agent can observe its own cost function and strategy, and access infor-
mation only of neighbors according to the time-varying directed commu-
nication networks. Then, the proposed algorithm where the number of
communications per iteration is fixed turns out to converge to a unique
NE point and the rate of convergence is linear. The complexity of the
algorithm in this paper is lower compared with others of increasing com-
munication rounds. Finally, a networked Nash-Cournot game is consid-
ered to show the accuracy of the algorithm.

Keywords: Distributed NE seeking - Aggregative game -
Time-varying directed networks - Linear convergence * Restricted
strongly monotone

1 Introduction

It is simple to note that there exist a lot of cases around us that all agents of
a multi-agent system are in a competitive relationship such as the congestion
control of communication networks [1]. Every agent in this time can be regarded
as a player of non-cooperative game and they only want to minimize their own
cost function. Thereupon, the concepts of game theory were applied to multi-
agent systems, which had made a lot of progress in the research of multi-agent
systems [2,3]. The NE is an important concept in non-cooperative games. At
the NE point any agent unilaterally changing its strategy will not reduce its own
costs, it is an optimal solution for all agents. Hence, how to seek the NE arouses
the research interest of many experts and scholars.

At present, there exist many algorithms about Nash equilibrium seeking, and
with the deepening of research, the algorithms develop from centralized [4] to
semi-decentralized[5, 6], then to distributed [7,8]. The distributed setup contains
© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2024
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many advantages comparing with the others, such as communication cost sav-
ings, privacy protection and robustness. Tatarenko et al. [9] have proposed a kind
of Nesterov type accelerated distributed gradient play algorithm for convex net-
worked Nash games with strongly monotone mappings and verified the geometric
convergence rate of this discrete algorithm. Distributed algorithm designs for dif-
ferent game models are distinct. Aggregative games, as an important subclass
of non-cooperative game, are taken as the research objects in many literatures
to design corresponding distributed algorithms [10-12]. Every agent in it will be
influenced by the aggregate of all agents rather than just other agents’ strate-
gies. Reference [10] has considered a distributed continuous-time algorithm to
seek the generalized NE of aggregative games with coupled constraints. In [11], a
distributed algorithm with multi-round constant communications has been inves-
tigated for strongly monotone AGs based on the undirected connected graph.
This algorithm reaches the linear convergence rate and needs less communica-
tion rounds per iteration. These advantages inspire us to extend this algorithm
to directed time-varying topological graphs so that it can be applicable to a
wider range of scenarios.

Several attempts have been made to research aggregation games on time-
varying topological graphs including the continuous [13,14] and discrete [15,16]
time. Ye et al. [14] proposed a distributed continuous privacy-preserving Nash
equilibrium seeking algorithm which combined a gradient algorithm with the per-
turbed average consensus protocol when the objective function of every agent
cannot be leaked. There exist some differences between continuous and discrete
algorithm, while this paper focuses on discrete forms. A distributed discrete
algorithm is derived to seek the generalized NE of AGs over undirected time-
varying jointly connected graphs in [15]. Reference [16] introduces a momentum
term into the update of agents’ strategies and this term can accelerate the con-
vergence rate of designed distributed discrete-time NE seeking algorithms with
vanishing step-sizes over time-varying jointly strongly connected graphs. How-
ever, current proposed discrete algorithms can not be verified to be linearly
convergent directly for AGs over time-varying topological graphs. Hence, this
makes us more determined to apply multi-round communications to the algo-
rithm design of this model.

Compared with the literatures above, the followings are the main contribu-
tions of this paper in summary. Firstly, the multi-round communications are
applied to design the discrete time algorithm for AGs over time-varying directed
communication networks. Secondly, the assumption about strongly monotone
mapping is relaxed as the restricted strongly monotone one, which make the
assumption milder. Thirdly, this algorithm is proved to converge linearly to the
NE.

The rest of the paper is arranged as follows: Sect. 2 introduces the distributed
NE seeking problem for AGs with time-varying topological graphs and makes
some common assumptions, while the algorithm for solving this problem is estab-
lished in Sect. 3. Section 4 analyzes the convergence property of this algorithm.
Then a numerical example is provided in Sect.5. Finally, a brief conclusion is
given in Sect. 6.
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2 Problem Statement

Consider the following AG including the agent set, strategy sets and cost func-
tions. The agent set M consists of m agents, i.e. M = {1,2,...,m}. Let £2; € R!
denote the strategy set of the agent j, where R! is [-dimensional real space. Define
r=(2F, .. 20)T & col(xy,...,7p) € 2 = H;n:l £2; as the strategy profile,
where x; € §2; stands for the strategy variable of the agent j and H;n:l £2;
is the Cartesian product of the strategy sets of all agents. The cost function
Jj(z;,6(x)) of agent j is subject to its own strategy and an aggregate function
§(z) =+ Z;nzl x; depending on the strategies of all agents. Every agent in this
game takes minimizing its own cost function as the goal, that is

. 1 .
iy Jj(x5, rit §(z_j)) VjeM (1)
where x_; are all rival agents other than the agent j, d(x_;) expresses all rival
agents’ aggregate and J; : £2; X R! — R.

Definition 1. A strategy profile x* is called a NE of the game (1), if J;(x7,
%x;‘ +6(2;)) < inf{J;(a%, %x; + 6(x;))|x € $2;} holds for every agent
jeM.

For subsequent convergence analysis, some common assumptions are enumer-
ated.

Assumption 1. The strategy set §2; is convex and compact for every agent j €
M. Furthermore, at arbitrarily fived x_; € §2_;, the cost function J;(z;,06(x))
is convex in x; € §2; and continuously differentiable in x;.

Based on Assumption 1, Two mappings G; : £2; x Rl = R' and ¥; : 2 — R!
are defined respectively as

Gj(zj,y5) = (Va, G4(,0) + %VC;Gj(mj, ) l6=y,
W (x) := Vg, Jj(x;,0(x)).

Let y= COl(ylv cee aym)v G(l’,y) = COZ(Gl(xhyl), R Gm(l'ma ym)) and LD(;U) =
col (W (x),...,¥m(x)), it is obviously obtained that ¥(z) = G(z, 1,, ® L;6(x)).

The following lemma is the famous result of associating the NE with the
solution to a variational inequality.

Lemma 1 (/17]). A NE x* of the game (1) is the same as a solution of the
variational inequality problem VI(§2,W¥), that is, * = I o[z* — a¥(x*)],Va > 0,
where Io(z) = argmingeof| © — 2 ||} is the Euclidean projection of = € R™
onto a set 2 C R™.

Some assumptions are needed about the mappings {G;}7., and ¥ to aid in
convergence analysis of the algorithm.



4 R. Zhu et al.

Assumption 2. The map G;(x;,y) is L;-Lipschitz continuous on y € R! for
any fized a5 € 25, ., | Gilws ') — Gilws,y") 1< Ly ||y — o' I, ¥/,y" € R
Denote Lg := maxjenm Lj.

Assumption 3. The map ¥(x) is Ly-Lipschitz continuous on §2 and restricted
v -strongly monotone in regard to any NE x* € (2, that is,

|#(z) —¥(@) |< Ly |2 =Z| V2,7
@) (@) (xz—2*) >y |z —2* |* Vaen.

Remark 1. It is worth noticing that there exists a unique NE x* € {2 for the
considered game under Assumption 1 and 3 [9].

Assumption 4. The directed communication network is strongly connected at
every time k € N, where N denotes the set of natural numbers. Then, the weighted
adjacency matriz W (k) € R™*™ of this network satisfies:

— Self-loops: w(k);; > 0 for any j € M, where w(k); ; represents the element
on row j and column j of W(k);

~ Double stochastic(column and row stochastic): W (k)1, = 1,, and 15 W (k)
=1L,

It is obvious that A,,—1(W(k)) < 1 for any k under Assumption 4, where
Am—1(W(k)) indicates the second largest eigenvalue of W (k). Further, the fol-
lowing assumption can be established when the networks are selected among a
finite family [18].

Assumption 5. There ezists A € (0,1) which makes A1 (W (k)) < X hold for
any k.
3 Algorithm Design

For solving the NE of considered aggregative game, a distributed multi-round
communication NE seeking algorithm is put forward in Algorithm 1.

Algorithm 1. Distributed multi-round communication NE seeking algorithm

Initialization: for every agent j, set the initial strategy and aggregate esti-
mate as z;(0) € £2; and s;(0) = 2;(0), respectively. Let the step-size be a > 0
and p be a positive integer signifying the constant communication rounds at
every iteration.
Update of z;(k). For every agent j € M, the update form of the strategy
estimate is

25 (k + 1) 1= I, [a; (k) — oG (a; (k). 55 (k)] (2)
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Update of s;(k).For every agent j € M, the first update form of aggregate
estimate is

sj(k+1) Zwﬂ si(k) + xi(k+ 1) — zi(k)); (3)

then set 57 (k + 1) = 3;(k + 1) and the following update is repeated for v =
1,...,p0— 1

stk +1) =Y wisl(k+1); 55 (k+1) = s)(k+1). (4)
i=1

Finally, s;(k) := 3% (k +1).

Let z(k) := col(z1(k),...,zm(k)), s(k) := col(51(k),...,sm(k)) and s(k) :=
col(s1(k), ..., Sm(k)). Then, the proposed algorithm is transformed into the fol-
lowing matrix form:

x(k+1) = Igpz(k) — aG(x(k), s(k))]
s(k+1) = W(k)L)(s(k) +x(k+1) — z(k)). (5)
s(k+1) = (W(k)L)* 15k +1)

According to the communication network of iteration k, every agent j can receive
the difference of the strategy estimate z,(k + 1) — z,(k) and aggregate estimate
s4(k) from its neighbors ¢ € M, moreover, it can also transmit these information
of its own to agents whose neighbors include the agent j.

4 Convergence Analysis

Firstly, the relationship between x(k) and s(k) is demonstrated.

Lemma 2. Based on Assumption 4, the formula 377°, s;(k) = 3770, a;(k)
holds for any k > 0.

Proof. The formula can be verified by the mathematical induction. Because
5j(0) = z;(0) for all agents j, it is easy to know that the equation holds when
k = 0. Then, suppose the equation holds for k > 0, there exists

Zsjk+ =T o1)s(k+1)
= (1], @L)(W(k) @ I)*(s(k) + x(k + 1) — x(k)).
On account of 11 W (k) = 1L | we have

i si(k+1)= 1L o L) (s(k) + z(k + 1) — z(k))

" . . . (6)

= " s(k) + ij(k+ D)= (k) = ij(m 1)

j=1
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Therefore, this formula holds for any £ > 0. The proof is completed.
Next, the convergence of the algorithm is given.

Theorem 1. Let Assumptions 1-5 hold, the sequence {x(k)}r>0 generated by
the designed Algorithm 1 will converge to the NE z* at the rate of linear con-
vergence if the step-size a and communication rounds p per iteration satisfy the
following conditions, respectively,

1= 41— M)ALg — 29 (1 — XH)Q} o
INLg ANLZ — L2(1— )2 ’

Tw

0 < a < min{

Proof. It follows from Lemma 2 that the estimation error variable can be
expressed as

h(k) := s(k) — 1, @ Ld(z(k)) = (L, — l1m1,Tn) @ Iis(k).
m
Therefore, the (5) can be rewrote as based on W (k)1,, = 1,,,

x(k+1) = Igolx(k) — aG(x(k), h(k) + 1, @ Lid(x(k)))]
h(k+1) = (W (k)@ L)*h(k) + [W (k)" (1, — 21,10)] @ L(x(k + 1) — z(k)).
(9)
Then, define T(x) = gz — a¥(x)] and e(x,h) = Hglx — aG(z,h + 1, ®
L;6(z))] — T(x) to facilitate the subsequent analysis.
For any 2’ € (2, there exists through Assumption 3

I T(2") = T(z") || <[l 2" — 2" — a(¥(2") — (7)) ||
= V@' =" —a(@(a’) - ¥(z*)) [
< \J1-200 +a2L3 || o/ —a* | .

Similarly, we can obtain by Assumption 2

le(@,h) | <allGla,h+1pn @ Ld(2) = Gz, 1y @ Ld(2)) |

Sa Y L hi |2 <aLallh].
j=1

Due to Lemma 1 and the above analysis, we have
[@(k+1) =2 [| <| T(x(k)) = T(@") | + || e(z(k), h(k))
< /1 - 200 +a2L3 || 2(k) — 2° | +aLc || h(k) |

(10)
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and

ek +1) —a(k) | <[l w(k+1) —2" | + [ (k) — 2" |

< (1~ 200 + 0213 + 1)x | 2(k) — a* || +aLe | h(K) | -

Next, a series of orthogonal matrices S(k) = (S1(k), S2(k)) are introduced,
where every column of S;(k) € R™*(m=1 consists of the eigenvector of W (k)

and Sy(k) = \1/—% corresponds to the eigenvalue 1 of W (k) for any k, that is,

S(k)TW (k)S(k) = {E(k) 0}

0 1

where E(k) = diag{\ (W (k)),..., Am—1(W(K))} and 0 < (W (k)) < ... <
Am—1(W(k)) < L.
Hence,

E(k) 0
0 1

= S1(k)E(k)"S1(k)" @ Lih(k),

awm®nwmm=swﬂ rS®V®LMM

then we can obtain

1 (W (k) @ L) h(k) 1< Npy (W () || (k) < 2 || k) || (11)

m—1

follows from the Assumption 5 and the properties || S1(k) ||= 1 of orthogonal
matrices.

Similarly, owing to || I, — £1,,17 ||=1,

| W (k)" (L, — %lmlﬁ)] @ L(z(k+1) —z(k)) |
< M| @k +1) = x(k)) | (12)

< M[(/1 2090 + 213 +1) || 2(k) — 2 || +aLe | h(k) |-

Based on the above analysis, it is easy to know that
| ik +1) | < N1+ aLe) || h(k) || +

(/1 2000 + 0213 + 1) || 2(k) — 2" |

(13)

Therefore, there yields combining (10) with (13)

| 2(k+1) — 2" | | 2(k) — 2+ |
( | Ak 4 1) | )§Q< | hk) | ) 14)
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where

0=~ \/1—201’YQ+O£2L§, R aLg
M(V/1 =20y +a2L2 +1) M(aLg+1))"

Let = := /1 —2a7y + a2L% for ease of understanding. It is noted that the
matrix @ is a non-negative matrix. So p(Q) < 1 can be demonstrated if all the
sequential principal minors of Iy — @) is positive. In other words, 1 — = > 0 and
det(Is — Q) > 0 need to be proved when (7) and (8) hold.

Firstly, we demonstrate 1 — = > 0. It follows from (8) that N L — Yo (l—
X“) < 0. Because vy < Ly, there exists 2/):“LG — Lyg(1-— X“) < 0 which ensures
the second term of the upper bound for « is positive. Then, we can find that in
view of (7)

a(2yp (1 = M2 = 4(1 — M)A L) + o2 (ANFLE — L3 (1 — X)) > 0
which is rearranged as

AN2R T2 AN
9 02— AGoz—|—1>a2L§,—2fyg,a—|—1.
(1— )2 1— A

It is obvious that the right side of the above inequality is positive, so the two
sides of it are squared as

Lo s V12070 +a2L} (15)
— ~—QLg — 20y (0% .

RV v
Therefore, we can obtain 1 — = > 12_3;“ aLg > 0.

Next, det(Iz — Q) > 0 is verified. The form of det(Is — Q) is as follows,

det(Iy — Q) = (1 — Z)[1 — M(1 + aLg)] — aLeA(Z + 1)

QQLG ~ (16)

=(1- NY(1— Z +2aLg).

1— = +2ale
Based on (15), we have
2aL
1— = +2Lg > 222G <
1—A#

that is, 1 — A > % Then, it is easy to see that det(Io — Q) > 0.
As a result, we can obtain p(Q) < 1, which implies the algorithm (5) will
converge to the NE z* at a linear rate when (7) and (8) hold. The proof is

completed.
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5 Numerical Example

A networked Nash-Cournot game, as in [19], is considered in this section to
show this designed algorithm will converge to the NE. This game consists of 15
firms which sell their own products to a unique market. All firms in the game
exchange information based on the time-varying directed graphs. The graph of
every iteration is generated randomly and satisfies Assumption 4 and 5, where
A = 0.9 is set as the upper bound of the second largest eigenvalue A,,_; for a
series of graphs’ adjacency matrices i.e. {W(k)}%2,.

Denote the quantity of products sold by the firm j to the market by x; € £2;,
where 2; = [0, L + J%] is taken. And Let J;(z;,6(x)) = ¢j(x;) — p(md(z))z; be
the cost function of the firm j, where

cj(z;) = ejx?; p(mé(x)) =5 —ri(x).

Choose e; = 0.00240.00152 and 7 = 0.005. Let e = col(ey, . . ., en), it is obvious
that ]
Gj(j,85) = 2¢ju5 =5+ 7s; + —aj,

VU (x) = 2diag{e}r — 51, + L(m +17 21,,).
m

Then, it can be calculated that Ly = 0.4547, vy = 0.0066, L = 0.005.

Let o« = 0.003 and p = 9 which can ensure (7) and (8) hold. The following
Fig. 1 is trajectory of the strategy and consensus error, which verifies the effec-
tiveness of Theorem 1 and shows the designed algorithm will converge to the NE
linearly.

1,,15,2(k)
x(k) —a* [ls(k) — Il
. (k) — a°| o012 Uy

0.01

0.008 [

0.006 [

Strategy error
Consensus error

0.004 |-

0.002 [

200 400 600 0 200 400 600
Time k Time k

Fig. 1. Trajectory of the strategy and consensus error
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6 Conclusion

A distributed discrete multi-round communication algorithm is designed to solve
the NE seeking problem for AGs with time-varying directed communication net-
works in this paper. The common assumption about strongly monotone mapping
is relaxed as the restricted strongly monotone one. Based on this, the conver-
gence of the algorithm can be proved and the rate is linear. The work that the
communication networks are jointed strongly connected graphs will be investi-
gated in the future.

Acknowledgements. This work was supported in part by the National Natural Sci-
ence Foundation of China under Grant 62103203 and 61973175; and in part by the
Fundamental Research Funds for the Central Universities, Nankai University under
Grant 63231230.
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Abstract. In this paper, we consider the decentralized constrained opti-
mization problem in which the objective is to minimize the sum of convex
functions subject to equality and set constraints over a directed network.
To tackle the optimization problem, we introduce a new algorithm that
integrates finite-time weighted average consensus with the Alternating
Direction Method of Multipliers (ADMM). Most decentralized optimiza-
tion algorithms for solving this problem over directed networks use a
column-stochastic weight matrix, which necessitates that each agent be
aware of its own out-degree. However, the proposed algorithm eliminates
this requirement but uses a row-stochastic weight matrix. Additionally,
the provided algorithm is proven to achieve a sublinear convergence rate.
Finally, the efficacy of our algorithm is confirmed through the numeri-
cal simulations performed on a least squares problem subject to local
equality and set constraints.

Keywords: Decentralized constrained optimization - directed
networks - convergence rate - alternating direction method of
multipliers (ADMM)

1 Introduction

In this article, we explore the decentralized constrained optimization (DCO)
problem defined in a directed network, where N agents collaborate to find the
optimal solution. The DCO problem can be described as follows:

N N
ggﬂlg%;fl(l‘) st. Ayx=0b;,1=1,...,N, z € iDlXi, (1)
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where the local function f; : R™ — R is convex, closed, proper and known
only by agent i; A;xz = b; with 4; € R™*", b, € R™ is the local equality
constraint and X; represents the local convex constraint set related to the deci-
sion variables of agent i. The objective of this work is to devise a decentralized
algorithm that allows every agent to obtain a consensus optimal solution to prob-
lem (1) through local computation and information exchange with its neighbor
agents. Such decentralized optimization problems are common in many engineer-
ing fields, including machine learning [1,2], and energy system control [3].

Decentralized optimization methods have been extensively investigated in
literature. To tackle the decentralized optimization problem over directed net-
works, [4] proposes the subgradient-push algorithm. Building upon the Alternat-
ing Direction Method of Multipliers (ADMM) [5], the authors in [6,7] propose
D-Dist ADMM and D-ADMM-FTERC, respectively. However, the above meth-
ods are only applicable to unconstrained optimization problems. To solve DCO
problems, several continuous- and discrete-time algorithms have been proposed
[8-10]; however, these algorithms are designed over undirected networks. In [11],
DC-DistADMM is proposed to solve the DCO problem in directed networks
based on a column-stochastic weight matrix. DC-Dist ADMM achieves an ergodic
sublinear convergence rate of O(1/k) under the general convexity assumption.
However, DC-DistADMM relies on the information of each agent’s out-degree,
which is unrealistic within the broadcasting environment.

In this article, to solve problem (1) over directed networks, we propose a
Directed Constrained Decentralized ADMM (DCD-ADMM), which utilizes a
row-stochastic weight matrix and thus can be adapted to more communica-
tion environments than the algorithms that use column-stochastic weight matri-
ces. Compared to the previously proposed algorithms using column-stochastic
weight matrices, such as [4,6,7,11], DCD-ADMM does not require agents to pos-
sess information about their own out-degree to construct the column-stochastic
matrices. This is more practical in networks based on broadcast communication.
In addition, during the communication process, each agent has to transmit two
variables to its neighbors in DC-DistADMM [11]. However, in DCD-ADMM,
only one variable needs to be transmitted, thereby reducing the communication
cost. We prove that DCD-ADMM converges to an exact optimal solution and
achieves a sublinear convergence rate of O(1/k).

The rest of this article is structured by: In Sect.2, necessary notations
and preliminaries for the algorithm development and analysis are presented. In
Sect. 3, we propose the DCD-ADMM algorithm. In Sect. 4, the convergence anal-
ysis and rate of DCD-ADMM are shown. In Sect. 5, we illustrate the numerical
simulation results of DCD-ADMM. Finally, in Sect. 6, we conclude the article.

2 Notations and Preliminaries

2.1 Notations

AT represents the transpose of matrix A. Let e; = [0,...,1;,...,0]T € RV. The
all-ones vector and identity matrix of appropriate dimensions are denoted by 1
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and I, respectively. The operator ® denotes the Kronecker product. | - || denotes
the lp-norm. For z; € R", ¢ = 1,2,...,N, we define col{xy,x2,...,2ny} =
[T 2T ... 2%]T. Z = 0 denotes that the matrix Z is positive definite. Given

Z » 0 and y € R", we denote |ly||z = \/(y, Zy). The indicator function of a set
S is defined as Zg(y) =0 if y € S, and Zg(y) = +00, otherwise.

Let G(V, &) denote a directed graph, where V = {1,2,..., N} is the set of
agents, and £ C V x V is the set of directed edges. If a directed edge (i,5) € €
exists, it signifies that agent j can send information directly to agent i, where j is
treated as an in-neighbor of 7 and, conversely, ¢ is considered as an out-neighbor
of j. Define /™ = {j € V|(i,j) € £} as the set of in-neighbors of i. The directed
graph G(V, £) is called strongly connected if a directed path can be found from
any agent i to any other agent j, where ¢,j € V, and i # j.

2.2 Weighted Average Consensus

In a directed graph G(V, £) with N agents, the non-negative matrix R = [r;;] €
RN*N s the weighted adjacency matrix related to the graph G, defined as r;; > 0
if (i,j) € € ori = j, and r;; = 0, otherwise. For agent i € V, we denote u¥ as the
local information of agent 7 at time k, and each agent 7 has an initial information
u?. Each agent updates its information by the following update:

uf“ = ryul + Z rijuf, k>0. (2)
JENI™

Assumption 1. The directed graph G is strongly connected and the related
weighted adjacency matriz R is row-stochastic.

Lemma 1 ([12]). Under Assumption 1, let {uf}r>o denote the sequence gener-

ated by (2) at each agent i € V. Define u = Z;\Ll O, where [my,m, ..., wN]"
€ RV is the normalized left eigenvector of the matriz R related to the eigenvalue
1. Then, ui’“ asymptotically converges to u for alli € V, i.e., limy_ o uf =u=

N .
Yo miud, Yie V.

7rju

2.3 Finite-Time Consensus

In the following, we briefly describe the decentralized algorithm proposed in
[13,14], with which each agent can obtain @ = 7 mju after a finite number

=1
of steps.
Define the vector ul, = [u?,ul,... u?¥] as 2k + 1 successive values at agent
1 and define the associated matrix:
0 1 k
. ul w? o ultt
I{ugt = < .
ub a2k
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The vector that represents the differences between successive values of u2* is
expressed as @4, = [u} —ud,u?—u}, ..., u2*! —u2¥]. By increasing the dimension
k of the matrix I'{u, } until it loses rank, we obtain I'{ii1, , } as the first defective
matrix of agent . It has been shown in [13] that for an}; initial condition, the
kernel B; = [39,8F,...,8M]7T of the matrix I'{al,.}, where M; = k¢, can
be utilized to calculate the weighted average Consenshs, except a set of initial
conditions with Lebesgue measure zero. Then, @ can be computed by

_ Ui

Pulf) = 176

= U, (3)

T _ 1,0 1 ,
where uy, = [u;, u;, ..., u; ]

Lemma 2 ([13]). Let Assumption 1 hold, and {uF}r>o denote the sequence
generated by (2) at each agent i € V. The weighted average consensus 4 =
Z;.V:l Wju? can be distributively obtained by (3) at each agent i € V within a
finite number of steps no greater than 2N .

2.4 Max-Consensus Algorithm

The maximum value in the network can be calculated in a decentralized manner
by the max-consensus algorithm [15]. Each agent ¢ € V has an initial state
7Y € R and updates its state by xf“ = maxjeNznu{i}{x;?}. All states converge
to the maximum value ., = max{z?,..., 2%} within a finite number of steps
no greater than N [16].

3 DCD-ADMM Algorithm Development

Consider a directed network G(V, &) of N agents. Let R = [r;;] € RV*YN be the
weighted adjacency matrix correlated to G. Under Assumption 1, the weighted
matrix R satisfies the properties of being irreducible and row-stochastic, with
positive diagonals. By the Perron-Frobenius theorem [17], one has that there
exists a strictly positive left eigenvector 7 = [m1,72,...,7n] € RN (ie., m; >
0, Vi € V) of R related to the eigenvalue 1 such that 771y = 1.

To solve problem (1) in a distributed way, we introduce local copies x; € R™
of the global decision variable z for all ¢ € ¥ and impose the consensus constraint
xr; = xj, Vi,j € V to ensure that the local copies of every agent are identical.
Then, problem (1) is equivalent to

N
HlanfZ(l’z) s.t. Alilfz = bi, x; € Xi, Vi € V, T, = Ty, VZ,] ev. (4)
i=1
Define the agreement subspace C = {[y{, vy ,...,y&]T € RN y; = y;,1 < i,j <
11 1 _
N}. Let 7# = [n2,72,...,73] € RN, II = diag{n} ® I,, and II = diag{7} ® I,,.
Using the indicator function Zy, of the set X;, (4) transforms into
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mlnz fi(zi) + T, (z;)) st Ay =b;, VieV, I(x—y)=0,yeC, (5)

where x = [zT, 2T, ... 2%)T e RN" y = [y, 4T, ..., y%] € RV Then, utiliz-
ing the indicator function Z¢ of the set C, (5) becomes
min F(x) + Z¢(y) st. Ax=Db, II(x —y) =0, (6)

where F(x) = Y1 (fi(2;)+Zx,(2:)), A = blkdiag(A;, Ay, ..., Ay) € RN™*Nn,
and b = b7, 0L, ... b%]T € RVN™,
The augmented Lagrangian function of (6) is

Lo(x,y, A p) =F(x)+Ze(y) + N'II(x —y) + n" (Ax — b)
C, = C
+ TG y) P+ & lAx b2, @

where A € RV™ and p € RV™ are dual variables, and ¢ > 0 is a constant. Based
on ADMM, the primal and dual updates are respectively given as

XM = argmin{ F(x) + (\")" 1T (x — y*) + (1*)" (Ax = b)
C, — C
+ 5= yM)I* + S [ Ax = b]*}

_ 1 1
= argmin{ F(x) + S [111(x = y*) + X2 + J|Ax = b+ b7}, (8a)

. _ c -

yr = arg min{Ze(y) + AT (M —y) + §IIH(X'“Jrl -y)I*}

C, = 1

= argmin{Ze(y) + I —y) + 2217, (8b)
ML — AR T (xF L — y R L), (8¢)
Pt =k 4 ¢(AXFH — b). (8d)
One can derive an explicit expression for the optimal solution y**1 of (8b), i.e.,
Y = [T, ) T)T € RN where y = S m(af 4 AR,

The proof is omitted here as it closely resembles the one presented in Appendix
B of [18]. Thus, (8b) reduces to a weighted average consensus problem.

Since the normalized left eigenvector 7w of the matrix R is used in the algo-
rithm development, we need a preprocessing process to compute 7 at each node
in a distributed manner, as shown in Algorithm 1. The preprocessing process
performs 2N + N iterations, of which 2N iterations are used for the finite-time
consensus algorithm to calculate the normalized left eigenvector m and ;, and
N iterations are used for the max-consensus algorithm to calculate .5 at each
agent ¢ € V. After the preprocessing process, each node ¢ € V obtains 7, §; and
tmax- Finally, we give DCD-ADMM in Algorithm 2.

4 Convergence Analysis

In this section, we analyze the convergence of DCD-ADMM and prove that it
achieves an ergodic sublinear convergence rate of O().
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Algorithm 1: Preprocessing process

Input:
| Weighted adjacency matrix R, number of nodes N.
Initialize:
| si=ei eRY, flagi=1,Vie V.
/* finite-time consensus */

for k=0,1,2,...,2N — 1, each node i = 1,..., N, (In parallel) do

SET = st + 2jenin rij s}
if k is even and flag; = 1 then
t=k/2
55 =[5t — 89, ... 82T — 57
if I'{53,} loses rank then
Mi =1
Compute the kernel 8; of the matrix I'{53,}
flagi =0
end
end
end
SJTVIi =[s2,.. .,szMi] e RVXMitl) gnd 7 = sF = Sﬁ%, VieV
/* max-consensus */

t9=M;, YieV
for k=0,1,2,...,N — 1, each node i =1,..., N, (In parallel) do

k+1 _ k
‘ b = MaXjenriny(i} {t5}
end
tmax = tiv

4.1 Convergence Analysis of DCD-ADMM

In this subsection, we provide a convergence proof of DCD-ADMM, demonstrat-
ing that it converges to the exact optimal solution.
The Lagrange function of (6) is

Lx,y,\p) =Fx)+Ze(y) + NI (x —y) + T (Ax — b). (9)

Assumption 2. The Lagrange function £ has a saddle point (x*,y*, \*, u*),
i.e., for allx € RV", y e RV, X € RN" and p € RV™,

Lx*, 5" A pu) < LXF,y", N 0") < L(x,y, A", 1") (10)
holds.

In accordance with the Karush-Kuhn-Tucker (KKT) conditions of (6),
(x*,y", A", i) satisfies
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Algorithm 2: DCD-ADMM Algorithm

Input:
| Weighted adjacency matrix R.

Initialize:
| 22 eR™, ¢ eR™, NV =0,, u? € R™, Vie V.
for k=0,1,2,..., each node i =1, ..., N, (In parallel) do

g+ =
argmin, {fi(@:) + T, () + Sz — yf) + IXF|1° + §llAizi — bi + 2617}

0 KLy 1 gk
z; =, =N
for tz(),l,?,....,tmaX do

| 2t =iz + o jenin Tis%
end

Bi ) )
yf+1 = 211;{5 , where ZJYV} = [Z?a .- -:Zle} € R (Mt
)\k:Jrl Ak + Cﬂ'l( k+l yk+1)
1

P = (At < b))

end

—IIN* — ATy € OF (x¥), (11a)
II\* € 0Zc(y™), (11b)

Ax* —b =0, (11c)

x* =y", (11d)

where OF(x*) and 0Z¢(y*) are the set of sub-gradients of F' at x*, and Z¢

at y*, respectively. To simplify the notations in analysis, we define w*
k \k k )\k uk} v o=

’2c 20

col{xF,y* A\ 1k} w* = col{x*,y*, \*,u*}, vF = col{y*,
col{y™, \*, u*} and the positive definite matrix H = diag{$II

Theorem 1. Given Assumptions 1 and 2, the sequences {x*} and {Vk} gener-
ated by (8a)-(8d) satisfy

IV = v g < vE = v = v = v (12)

*

Moreover, limy_,oo vF = v* and limy_, o x* = x*.

Proof. In accordance with the first-order optimality conditions of subproblems
(8a) and (8b), we have

(TN + ATRE £ elT(xHH — y4) + cAT(AXET - b)) € OF(xFH),  (13)
eIl (xMH — y™M N L TR € 0T (y™ Y. (14)

Then, combining (13) with (8c) and (8d), and combining (14) with (8¢), we
obtain

(IS 4 eTT(yH — ) + ATER) € OF (), (15)

MY € 9Ze (v ). (16)
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Notice that the indicator function of a set is convex, but it is not differentiable.
Since F' and Z¢ are convex functions, we have

FFH) — () + Ze(y* ) = Ze(y™)

< —(xF = xMHTAREHEY) — (v* - y* )T dZe (v )

= (x* — xFTOT (AR el (y* 1 — yR) 4 AT PR+ = (y* = yh T ak+t

= (x* — xFTOTAT o+ o(x* = P )T [p(yht1 _ k) 4 (yhtl _ b+ 1) T fak+t)

where dF(x**1) can be any sub-gradient of F' at x**! and dZ¢(y**!) can be
any sub-gradient of Z¢ at y**1; in the first equality we use (15) and (16), and
in the last equality we use (11d). Note that Z¢(y**1) = Z¢(y*) = 0. Then, for
any A and p, utilizing (11c) we obtain

F(xk+1) _F(x") + /\Tﬁ(xk+l _ yk+1) + MT(Axk+1 —b)
< (p— #k+1)T(Axk+l —b)+ (}\k+1 _ )\)Tﬁ(yk+1 _ xk+1) Fo(x* — xk+1)TH(yk+1 . yk)'

Then, utilizing (8c) and (8d), we obtain

F(xk+1) ~ F(x") + )\Tﬁ(xk+1 _ yk+1) + MT(Axk+1 —b)
1 . . 1 . . :

S (= p DT By o= DT OR 08 el - M T M -y b
c c

1 k2 k412 k41 _ k2 1 k2 k412 k41 _ k2
e UL T e 1 e e e T e (e e P il Il PNl

c _ . . . .
+ S UG = yM)I? = TG =y )2 + me’“+1 =yEIZ =GR =y )

1 k2 k41,2 k1 kb12 k41 k)2
= 5w = ul e 17 R (s u\|)+ <||A FIZ = = AR L2 — R k)
C 7 k2 = k+1 oo k41
+ S U™ =y = 1" —y THIZ =@ttt - y®)
— LR gt Ry, (17)

where in the first equality the identity (a1 — a2)” (a3 — as) = 3 (|lar — a4* —
a1 — a3 |?) + 3(|laz — as||* — [laz — as||?) is used, and (8c) and (11d) are used in
the last equality. As Z¢ is convex, we have (y1 — y2)7 (dZ¢(y1) — dZc(y2)) > 0,
using (16) and setting y; = y**! and y; = y*, then we obtain

(T = AF), y* 1 —yh) > 0. (18)
Since Ze(y**1) = Ze(y*) = 0, with (11c) and (11d), one has
(

F(Xk+1) o F(X*) ( )T Xk k+1) + (/L*)T(Akarl . b)
= LMy TN 1) — L3, y™, A, 6%) = 0. (19)

When A = \* and p = p*, substituting (18) and (19) into (17), we get

c * 1 *
SV =yl + 5 IIA'“+1 A2+ c\luk“ P
c * *
< i(lly -y II%* ly* = y"* i) + C(IIA'“*/\ I = [IN% = A2
+ 52 (||/~L — = [l = ). (20)



