
Albert C. J. Luo

Two-dimensional 
Crossing and 
Product Cubic 
Systems, Vol. II
Crossing-linear and Self-quadratic 
Product Vector Field



Two-dimensional Crossing and Product Cubic 
Systems, Vol. II





Albert C. J. Luo 

Two-dimensional Crossing 
and Product Cubic Systems, 
Vol. II 
Crossing-linear and Self-quadratic 
Product Vector Field



Albert C. J. Luo 
Department of Mechanical & Mechatronics Engineering 
Southern Illinois University Edwardsville 
Edwardsville, IL, USA 

ISBN 978-3-031-57099-5 ISBN 978-3-031-57100-8 (eBook) 
https://doi.org/10.1007/978-3-031-57100-8 

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Switzerland 
AG 2025 

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether 
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse of 
illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and 
transmission or information storage and retrieval, electronic adaptation, computer software, or by 
similar or dissimilar methodology now known or hereafter developed. 
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication 
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant 
protective laws and regulations and therefore free for general use. 
The publisher, the authors and the editors are safe to assume that the advice and information in this 
book are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or 
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any 
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional 
claims in published maps and institutional affiliations. 

This Springer imprint is published by the registered company Springer Nature Switzerland AG 
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland 

If disposing of this product, please recycle the paper.

https://doi.org/10.1007/978-3-031-57100-8




Preface 

In this book, consider crossing and product cubic systems with a crossing-linear and 
self-quadratic product vector field. Nonlinear dynamics and singularity for such 
crossing and product cubic systems are presented. The parabola-saddles and third-
order saddles and centers are discussed as the appearing bifurcations. The switching 
bifurcations are based on up-down hyperbolic upper-to-lower saddles on the 
up-down and down-up infinite-equilibriums, parabola-saddles on the inflection-
saddle infinite-equilibriums, hyperbolic and circular upper-to-lower saddles on 
parabola-saddle infinite equilibriums, and parabola-saddles on the inflection-source 
and sink infinite-equilibriums. The materials in this book are scattered in five 
chapters. 

In Chap. 1, nonlinear dynamics and singularity of a crossing and product cubic 
system with a crossing-linear and self-quadratic product vector field are discussed, 
and the corresponding switching dynamics are discussed through the infinite-
equilibriums. A theory for nonlinear dynamics behaviors of such a cubic system is 
presented through a theorem. Such a cubic system possesses parabola-saddle, third-
order saddles and centers, and hyperbolic singular flows for appearing bifurcations. 
The switching bifurcations are up-down hyperbolic upper-to-lower saddles, 
parabola-saddles on the inflection-saddle infinite-equilibriums, parabola-hyperbolic 
and circular upper-to-lower saddles, and parabola-saddle on the inflection-source 
and sink infinite-equilibriums. 

In Chap. 2, the parabola-saddle, third-order centers and saddles, and hyperbolic 
singular flows in the crossing and product cubic systems are presented, and the 
corresponding switching dynamics are discussed through infinite-equilibriums in 
such cubic systems. There are three switching bifurcations on the infinite-
equilibriums. The up-down hyperbolic upper-to-lower saddles are the switching 
bifurcations of hyperbolic singular flows with saddle and center. The parabola-
saddles are the switching bifurcations of parabola-saddles with hyperbolic-to-hyper-
bolic-secant flows. The hyperbolic and circular upper-to-lower saddles are the 
switching bifurcations of a third-order saddle and a hyperbolic-to-hyperbolic-secant 
flow with a third-order center and a hyperbolic-secant-to hyperbolic flow.
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viii Preface

In Chap. 3, series of centers and saddles with hyperbolic singular flows in the 
crossing and product cubic systems are presented, and the corresponding switching 
dynamics are discussed through infinite-equilibriums. The hyperbolic singular flows 
are the appearing bifurcations of hyperbolic and hyperbolic-secant flows. The 
up-down hyperbolic upper-to-lower saddles on the infinite-equilibriums are the 
switching bifurcations of parabola-saddle with saddle and center. The same direc-
tional saddles and centers are discovered in such cubic systems. 

In Chap. 4, parabola-saddle and hyperbolic singular flows in the crossing and 
product cubic systems are presented, and the corresponding switching dynamics are 
discussed through infinite-equilibriums. The parabola-saddles on the inflection-
source and sink infinite-equilibriums are the switching bifurcations of a saddle and 
a hyperbolic-secant flow with a center and hyperbolic flow. The parabola-hyperbolic 
sink-to-source on the parabola-sink and source infinite-equilibriums are the 
switching bifurcations of a parabola-saddle and a hyperbolic flow with another 
parabola-saddle with hyperbolic-secant flow. The third-order parabola-saddles are 
the switching bifurcations of a third-order saddle and a hyperbolic-secant flow with 
third-order center and hyperbolic flow. 

In Chap. 5, simple equilibriums and hyperbolic flows forming a series in the 
crossing and product cubic systems are presented, and the corresponding switching 
dynamics are discussed through the inflection-source and sink infinite-equilibriums. 
The parabola-saddles on single and double inflection-source and sink infinite-
equilibriums are discussed. The parabola-saddles are the switching bifurcations of 
a saddle and a hyperbolic-secant flow with a center and hyperbolic flow. 

Finally, the author hopes the materials presented herein can provide a better 
understanding of cubic nonlinear systems in science and engineering. 

Edwardsville, IL, USA Albert C. J. Luo



Contents 

1 Crossing and Product-Cubic Systems . . . .  . . .  . . .  . . . .  . . .  . . . .  . . . 1  
1.1 Crossing-Linear and Self-Quadratic Product Vector Fields . . . . . . . 1 
1.2 Proof of Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 

2 Parabola-Saddles and Third-Order Centers and Saddles . .  . . . . . .  .  133  
2.1 Parabola-Saddles and Third-Order Saddles and Centers . . . . . . . . . 133 

2.1.1 Parabola-Saddles with Hyperbolic Singular Flows . . . . . . . 133 
2.1.2 Third-Order Saddles and Centers . . . . . . . . . . . . . . . . . . . 137 

2.2 Switching Bifurcations . . . .  . . . .  . . . . .  . . . .  . . . . .  . . . . .  . . . .  .  142  
2.2.1 Up-Down Hyperbolic Saddle Infinite-Equilibriums . . . . . . 142 
2.2.2 Inflection-Saddle Infinite-Equilibriums . . . . . . . . . . . . . . . 146 
2.2.3 Parabola Upper and Lower-Saddle 

Infinite-Equilibriums . . . . . . . . . . . . . . . .  . . .  . . .  . . .  . . .  147  

3 Saddles, Centers, and Switching with Hyperbolic Singular 
Flows .  . . . .  . . .  . . . .  . . .  . . . .  . . .  . . . .  . . .  . . . .  . . .  . . . .  . . . .  . . .  .  151  
3.1 Centers and Saddles with Hyperbolic Singular Flows . . . . . . . . .  .  151  
3.2 Up-Down and Down-Up Saddle Infinite-Equilibriums . . . . . .  . . . .  158  

4 Parabola-Saddles, Third-Order Saddles and Centers, 
and Switching with Hyperbolic Flows .  . .  . .  . . .  . .  . .  . .  . . .  . .  . .  . . .  167  
4.1 Parabola-Saddles, Third-Order Saddles and Centers, 

and Hyperbolic Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 
4.1.1 Parabola-Saddle with Hyperbolic Flows . . . . . . . . . . . . . .  167  
4.1.2 Third-Order Saddles and Centers with Hyperbolic 

Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . .  178  
4.2 Switching Bifurcations . . . .  . . . .  . . . . .  . . . .  . . . . .  . . . . .  . . . .  .  184  

4.2.1 Inflection Sink and Source Infinite Equilibriums . . . . . . . . 184 
4.2.2 Parabola Sink and Source Infinite Equilibriums . . . . . . . . .  193  
4.2.3 Third-Order Inflection Sink and Source Infinite 

Equilibria . . . . .  . . . .  . . . .  . . .  . . . .  . . . .  . . . .  . . . .  . . .  .  199

ix



x Contents

5 Simple Equilibriums and Hyperbolic Flows . .  . . .  . .  . . .  . . .  . . .  . .  .  207  
5.1 Simple Equilibrium Series with Hyperbolic Flows . . . . . . .  . . . .  .  207  
5.2 Inflection Sink and Source Infinite Equilibriums . . . . . . . . . . . . . . 228 

5.2.1 Single Inflection Sink and Source Infinite Equilibriums . . . 230 
5.2.2 Double Inflection Sink and Source Infinite 

Equilibriums . . . . . .  . . . . .  . . . .  . . . . .  . . . . .  . . . .  . . . . .  253  

Index .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  259



Chapter 1 
Crossing and Product-Cubic Systems 

In this chapter, the nonlinear dynamics and singularity of a crossing and product-
cubic system with a crossing-linear and self-quadratic product vector field are 
discussed, and the corresponding switching dynamics are discussed through the 
infinite equilibriums. A theory for the nonlinear dynamic behaviors of such a 
cubic system is presented through a theorem. Such a cubic system possesses 
parabola-saddles, third-order saddles and centers. Parabola-saddles are the appearing 
bifurcations of saddles and centers. Third-order saddles are the appearing bifurca-
tions from a saddle to saddle, center, and saddle. A third-order center is the appearing 
bifurcation from a center to center, saddle, and center. Up-down hyperbolic upper-
to-lower saddles are the switching bifurcations of hyperbolic singular flows with a 
saddle and center. Parabola-saddles are the switching bifurcations of parabola-
saddles with hyperbolic-to-hyperbolic-secant flows. Parabola-hyperbolic upper-to-
lower saddles are the switching bifurcations of a third-order saddle and a hyperbolic-
to-hyperbolic-secant flow. Parabola-circular upper-to-lower saddles are the 
switching bifurcations of a third-order center and a hyperbolic-secant-to-hyperbolic 
flow. Parabola-saddles on the inflection source and sink infinite equilibriums are the 
switching bifurcations of a saddle and a hyperbolic-secant flow with a center and 
hyperbolic flow. 

1.1 Crossing-Linear and Self-Quadratic Product Vector 
Fields 

In this section, a crossing and product cubic system with a crossing-linear and self-
quadratic product vector field will be discussed. The corresponding dynamical 
behaviors will be presented through the following theorem. 

Theorem 1.1 Consider a two-dimensional, cubic dynamical system with a product-
cubic vector field and a crossing-cubic vector field as 

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 
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2 1 Crossing and Product-Cubic Systems

_xj2 = aj2j20(xj1 - bj2j11)(x
2 
j1 
þ Bj2j1 xj1 þ Cj2j1 ), 

_xj1 = aj1j10(xj2 - aj1j21)(x
2 
j1 
þ Bj1j1 xj1 þ Cj1j1 ), 

(1.1) 

with 

Δj1j1 =B2 
j1j1

- 4Cj1j1 ,Δj2j1 =B2 
j2j1

- 4Cj2j1 : (1.2) 

(i) For Δj1j2 < 0 and Δj2j1 < 0, the standard form is 

_xj2 = aj2j20(xj1 - aj2j11)  (xj1 - aj2j1 )
2 þ bj2j1 , 

_xj1 = aj1j10(xj2 - aj1j21)  (xj1 - aj1j1 )
2 þ bj1j 1

(1.3)

where 

aj1j1 = -
1 
2 
Bj1j1 , bj1j1 = 

1 
4 
(-Δj1j1 ), 

aj2j11 = bj2j11, aj2j1 = -
1 
2 
Bj2j1 , bj2j1 = 

1 
4 
(-Δj2j1 ): 

(1.4) 

The first integral manifold is 

1 
2 

(xj1 - aj2j11)
2 - (xj10 - aj2j11)

2 

þ2(aj1j1 - aj2j1 )(xj1 - xj10)þ (aj1j1 - aj2j1 )(aj1j1 - aj2j11) 

þ 1 
2 

(aj1j1 - aj2j1 )
2 þ bj2j1 - bj1j1 ln 

j (xj1 - aj1j1 )
2 þ bj1j1 j 

j (xj10 - aj1j1 )
2 þ bj1j1 j 

þ (aj1j1 - aj2j11)  (aj1j1 - aj2j1 )
2 þ bj2j1 - bj1j1

- 2bj1j1 (aj1j1 - aj2j1 ) 
1 
bj1j1 

(arctan 
xj1 - aj1j1 

bj1j1
- arctan 

xj10 - aj1j1 
bj1j1 

) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.5)

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) has the following properties:

• For aj1j10 > 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (UPþ, UPþ) 
positive saddle 

: (1.6) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP+,UP+)-positive saddle.
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• For aj1j10 < 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (DPþ, DP-) 

CCW center 

: (1.7) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP+,DP-)-counter-clockwise 

center.
• For aj1j10 > 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (DP-, DPþ) 
CW center 

: (1.8) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP-,DP+)-clockwise center.

• For aj1j10 < 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (UP-, UP-) 

negative saddle 

: (1.9) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP-,UP-)-negative saddle. 

(ii) For Δj1j1 < 0 and Δj2j1 = 0, the standard form is 

_xj2 = aj2j20(xj1 - aj2j1s1 )(xj1 - aj2j1s2 )
2 , 

_xj1 = aj1j10(xj2 - aj1j21)  (xj1 - aj1j1 )
2 þ bj1j1 

(1.10)

where 

aj1j1 = -
1 
2 
Bj1j1 , bj1j1 = 

1 
4 
(-Δj1j1 ), 

aj2j1s1 = bj2j11, aj2j1s2 = -
1 
2 
Bj2j1 : 

(1.11) 

(ii1) The first integral manifold is 

1 
2 

(xj1 - aj2j1s1 )
2 - (xj10 - aj2j1s1 )

2 

þ2(aj1j1 - aj2j1s1 )(xj1 - xj10)þ (aj1j1 - aj2j1s2 )(aj1j1 - aj2j1s1 ) 

þ 1 
2 

(aj1j1 - aj2j1s2 )
2 - bj1j1 ln 

j (xj1 - aj1j1 )
2 þ bj1j1 j 

j (xj10 - aj1j1 )
2 þ bj1j1 j 

þ (aj1j1 - aj2j1s1 )  (aj1j1 - aj2j1s2 )
2 - bj1j1

- 2bj1j1 (aj1j1 - aj2j1s1 ) 
1 
bj1j1 

(arctan 
xj1 - aj1j1 

bj1j1
- arctan 

xj10 - aj1j1 
bj1j1 

) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.12)
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(ii1a) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) has the following properties:

• For aj1j10 > 0 and aj2j20(aj2j1s1 - aj2j1s2 )
2 > 0, 

(aj1j21, aj2j1s1 )= (UPþ, UPþ) 
positive saddle 

: (1.13) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP+,UP+)-positive saddle.

• For aj1j10 < 0 and aj2j20(aj2j1s1 - aj2j1s2 )
2 > 0, 

(aj1j21, aj2j1s1 )= (DPþ, DP-) 

CCW center 

: (1.14) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP+,DP-)-counter-clockwise 

center.
• For aj1j10 > 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 < 0, 

(aj1j21, aj2j1s1 )= (DP-, DPþ) 
CW center 

: (1.15) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP-,DP+)-clockwise center.

• For aj1j10 < 0 and aj2j20(aj2j1s1 - aj2j1s2 )
2 < 0, 

(aj1j21, aj2j1s1 )= (UP-, UP-) 

negative saddle 

: (1.16) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP-,UP-)-negative saddle. 

(ii1b) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) has the following properties:

• For aj1j10 > 0 and aj2j20(aj2j1s2 - aj2j1s1 )> 0, 

(aj1j21, aj2j1s2 )= (UP, US) 

up‐parabola upper‐saddle 

: (1.17) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (UP,US)-up-parabola upper-

saddle.
• For aj1j10 < 0 and aj2j20(aj2j1s2 - aj2j1s1 )> 0, 

(aj1j21, aj2j1s2 )= (DP, US) 

down‐parabola upper‐saddle 

: (1.18) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (DP,US)-down-parabola upper-

saddle.
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• For aj1j10 > 0 and aj2j20(aj2j1s2 - aj2j1s1 )< 0, 

(aj1j21, aj2j1s2 )= (DP, LS) 

down‐parabola lower‐saddle 

: (1.19) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (DP,LS)-down-parabola lower-

saddle.
• For aj1j10 < 0 and aj2j20(aj2j1s2 - aj2j1s1 )< 0, 

(aj1j21, aj2j1s2 )= (UP, LS) 

up‐parabola lower‐saddle 

: (1.20) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (UP,LS)-up-parabola lower-

saddle. 

(ii2) For aj2j1s1 = aj2j1s2 = aj2j11, 

_xj2 = aj2j20(xj1 - aj2j11)
3 , 

_xj1 = aj1j10(xj2 - aj1j21)  (xj1 - aj1j1 )
2 þ bj1j1 : 

(1.21)

The first integral manifold is 

1 
2 

(xj1 - aj2j11)
2 - (xj10 - aj2j11)

2 þ 2(aj1j1 - aj2j11)(xj1 - xj10) 

þ 1 
2 

3(aj1j1 - aj2j11)
2 - bj1j1 ln 

j (xj1 - aj1j1 )
2 þ bj1j1 j 

j (xj10 - aj1j1 )
2 þ bj1j1 j 

þ(aj1j1 - aj2j11)  (aj1j1 - aj2j11)
2 - 3bj1j1 

1 
bj1j1 

(arctan 
xj1 - aj1j1 

bj1j1
- arctan 

xj10 - aj1j1 
bj1j1 

) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.22)

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) has the following properties:

• For aj1j10 > 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (UPþ, 3rd UPþ) 
third‐order positive saddle 

: (1.23) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP+,3

rd UP+)-third-order 

positive saddle.
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• For aj1j10 < 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (DPþ, 3rd DP-) 

third‐order CCW center 

: (1.24) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP+,3

rd DP-)-third-order 

counter-clockwise center.
• For aj1j10 > 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (DP-, 3
rd DPþ) 

third‐order CW center 

: (1.25) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP-,3

rd DP+)-third-order 

clockwise center.
• For aj1j10 < 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (UP-, 3
rd UP-) 

third‐order negative saddle 

: (1.26) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP-,3

rd UP-)-third-order 

negative saddle. 

(iii) For Δj1j2 < 0 and Δj2j1 > 0, the standard form is 

_xj2 = aj2j20(xj1 - aj2j11)(xj1 - aj2j12)(xj1 - aj2j13), 

_xj1 = aj1j10(xj2 - aj1j21)  (xj1 - aj1j1 )
2 þ bj1j1 

(1.27)

where 

aj1j1 = -
1 
2 
Bj1j1 , bj1j1 = 

1 
4 
(-Δj1j1 ), 

bj2j12, bj2j13 = -
1 
2 
(Bj2j1 ± Δj2j1 ), 

aj2j11, aj2j12, aj2j13 = sort bj2j11, bj2j12, bj2j12 , 

aj2j1s1 < aj2j1s2 , s1, s2 ∈ 1, 2, 3f  g, s1 < s2: 

(1.28)

The first integral manifold is



1.1 Crossing-Linear and Self-Quadratic Product Vector Fields 7

1 
2 

(xj1 - aj2j1s1 )
2 - (xj10 - aj2j1s1 )

2 þ (2aj1j1 - aj2j1s2 - aj2j1s3 )(xj1 - xj10) 

þ 1 
2 

(2aj1j1 - aj2j1s2 - aj2j1s3 )(aj1j1 - aj2j1s1 ) 

þ (aj1j1 - aj2j1s2 )(aj1j1 - aj2j1s3 )- bj1j1 ln 
j (xj1 - aj1j1 )

2 þ bj1j1 j 
j (xj10 - aj1j1 )

2 þ bj1j1 j 
þ (aj1j1 - aj2j1s1 )  (aj1j1 - aj2j1s2 )(aj1j1 - aj2j1s3 )- bj1j1

- bj1j1 (2aj1j1 - aj2j1s2 - aj2j1s3 ) 
1 
bj1j1 

(arctan 
xj1 - aj1j1 

bj1j1
- arctan 

xj10 - aj1j1 
bj1j1 

) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.29)

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) (s1= 1, 2, 3) has the following properties:

• For aj1j10 > 0 and aj2j20 
3 
s2 = 1,s2 ≠ s1 

(aj2j1s1 - aj2j1s2 )> 0, 

(aj1j21, aj2j1s1 )= (UPþ, UPþ) 
positive saddle 

: (1.30) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP+,UP+)-positive saddle.

• For aj1j10 < 0 and aj2j20 
3 
s2 = 1,s2 ≠ s1 

(aj2j1s1 - aj2j1s2 )> 0, 

(aj1j21, aj2j11)= (DPþ, DP-) 

CCW center 

: (1.31) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP+,DP-)-counter-clockwise 

center.

• For aj1j10 > 0 and aj2j20 
3 
s2 = 1,s2 ≠ s1 

(aj2j1s1 - aj2j1s2 )< 0, 

(aj1j21, aj2j11)= (DP-, DPþ) 
CW center 

: (1.32) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP-,DP+)-clockwise center.

• For aj1j10 < 0 and aj2j20 
3 
s2 = 1,s2 ≠ s1 

(aj2j1s1 - aj2j1s2 )< 0, 

(aj1j21, aj2j11)= (UP-, UP-) 

negative saddle 

: (1.33) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP-,UP-)-negative saddle.
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(iv) For Δj1j2 = 0 and Δj2j1 < 0, the standard form is 

_xj2 = aj2j20(xj1 - aj2j11)  (xj1 - aj2j1 )
2 þ bj2j1 , 

_xj1 = aj1j10(xj2 - aj1j21)(xj1 - aj1j11)
2 

(1.34)

where 

aj1j11 = -
1 
2 
Bj1j1 , aj2j11 = bj2j11, 

aj2j1 = -
1 
2 
Bj2j1 , bj2j1 = 

1 
4 
(-Δj2j1 ): 

(1.35) 

(iv1) The first integral manifold for aj2j11 ≠ aj1j11 is 

1 
2 

(xj1 - aj2j11)
2 - (xj10 - aj2j11)

2 

þ2(aj1j11 - aj2j1 )(xj1 - xj10)þ 2(aj1j11 - aj2j1 )(aj1j11 - aj2j11) 

þ (aj1j11 - aj2j1 )
2 þ bj2j1 ln 

j xj1 - aj1j11 j 
j xj10 - aj1j11 j

- (aj1j11 - aj2j11)  (aj1j11 - aj2j1 )
2 þ bj2j1 ( 

1 
xj1 - aj1j11

-
1 

xj10 - aj1j11 
) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.36)

(iv1a) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) has the following properties:

• For aj1j10(aj2j11 - aj1j11)
2 > 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (UPþ, UPþ) 
positive saddle 

: (1.37) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP+,UP+)-positive saddle.

• For aj1j10(aj2j11 - aj1j11)
2 < 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (DPþ, DP-) 

CCW center 

: (1.38) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP+,DP-)-counter-clockwise 

center.
• For aj1j10(aj2j11 - aj1j11)

2 > 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (DP-, DPþ) 
CW center 

: (1.39) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP-,DP+)-clockwise center.
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• For aj1j10(aj2j11 - aj1j11)
2 < 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (UP-, UP-) 

negative saddle 

: (1.40) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP-,UP-)-negative saddle. 

(iv1b) The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) has the following properties:

• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j11)> 0, 

(aj1j11, aj1j21)= (UP:UP, pF) 

hyperbolic‐secant‐to‐hyperbolic flow (þ) 

: (1.41) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP,pF)-positive hyper-

bolic-secant-to-hyperbolic flow.
• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j11)> 0, 

(aj1j11, aj1j21)= (DP:DP, pF) 

hyperbolic‐to‐hyperbolic‐secant flow (þ) 

: (1.42) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP,pF)-positive hyper-

bolic-to-hyperbolic-secant flow.
• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j11)< 0, 

(aj1j11, aj1j21)= (DP:DP, nF) 

hyperbolic‐to‐hyperbolic‐secant flow (-) 

: (1.43) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP,nF)-negative hyper-

bolic-secant-to-hyperbolic flow.
• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j11)< 0, 

(aj1j11, aj1j21)= (UP:UP, nF) 

hyperbolic‐secant‐to‐hyperbolic flow (-) 

: (1.44) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP,nF)-negative hyper-

bolic-secant to hyperbolic flow. 

(iv2) The first integral manifold for aj2j11 = aj1j11 is 

1 
2 

(xj1 - aj1j11)
2 - (xj10 - aj1j11)

2 

þ2(aj1j11 - aj2j1 )(xj1 - xj10)þ (aj1j11 - aj2j1 )
2 þ bj2j1 ln 

j xj1 - aj1j11 j 
j xj10 - aj1j11 j 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.45)
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(iv2a) The infinite-equilibrium of x*j1 = aj2j11 = aj1j11 with xj2 ≠ aj1j21 has the following 

properties:

• For aj1j10(xj2 - aj1j21)> 0 and aj2j20 > 0, 

(aj1j11, xj2 )= (US, DU) 

down‐up upper‐saddle 

: (1.46) 

The infinite-equilibrium of x*j1 = aj2j11 = aj1j11 is a (US,DU)-down-up asymp-

totic upper-saddle.
• For aj1j10(xj2 - aj1j21)< 0 and aj2j20 > 0, 

(aj1j11, xj2 )= (LS, UD) 

up‐down lower‐saddle 

: (1.47) 

The infinite-equilibrium of x*j1 = aj2j11 = aj1j11 is an (LS,UD)-up-down asymp-

totic lower-saddle.
• For aj1j10(xj2 - aj1j21)> 0 and aj2j20 < 0, 

(aj1j11, xj2 )= (US, UD) 

up‐down upper‐saddle 

: (1.48) 

The infinite-equilibrium of x*j1 = aj2j11 = aj1j11 is a (US,UD)-up-down asymp-

totic upper-saddle.
• For aj1j10(xj2 - aj1j21)< 0 and aj2j20 < 0, 

(aj1j11, xj2 )= (LS, DU) 

down‐up lower‐saddle 

: (1.49) 

The infinite-equilibrium of x*j1 = aj2j11 = aj1j11 is an (LS,DU)-down-up asymp-

totic lower-saddle. 

(iv2b) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) with aj1j11 = aj2j11 has the following 

properties:

• For aj1j10 > 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (UDLS : DUUS,DP- :UPþ) 

hyperbolic lower‐to‐upper saddle 

: (1.50) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) for aj1j11 = aj2j11 is a (UDLS: DUUS, 

DP-:UP+)-hyperbolic lower-to-upper saddle.
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• For aj1j10 < 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (DUUS: UDLS,UP-:DPþ) 

hyperbolic‐secant upper‐to‐lower saddle 

: (1.51) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) for aj1j11 = aj2j11 is a (DUUS: UDLS, 

UP-:DP+)-hyperbolic-secant upper-to-lower saddle.
• For aj1j10 > 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (DULS: UDUS,UPþ:DP-) 

hyperbolic‐secant lower‐to‐upper saddle 

: (1.52) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) for aj1j11 = aj2j11 is a (DULS: UDUS, 

UP+:DP-)-hyperbolic-secant lower-to-upper saddle.
• For aj1j10 < 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (UDUS: DULS, DPþ :UP-) 

hyperbolic upper‐to‐lower saddle 

: (1.53) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) for aj1j11 = aj2j11 is a (UDUS: DULS, 

DP+:UP-)-hyperbolic upper-to-lower saddle. 

(v) For Δj1j2 = 0 and Δj2j1 = 0, the standard form is 

_xj2 = aj2j20(xj1 - aj2j1s1 )(xj1 - aj2j1s2 )
2 , 

_xj1 = aj1j10(xj2 - aj1j21)(xj1 - aj1j11)
2 (1.54) 

where 
aj1j11 = -

1 
2 
Bj1j1 , aj2j1s1 = bj2j11, aj2j1s2 = -

1 
2 
Bj2j1 : (1.55) 

(v1) The first integral manifold for aj1j11 ≠ aj2j1s1 ≠ aj2j1s2 is 

1 
2 

(xj1 - aj2j1s1 )
2 - (xj10 - aj2j1s1 )

2 

þ2(aj1j11 - aj2j1s2 )(xj1 - xj10) 

þ (aj1j11 - aj2j1s2 )
2 þ 2(aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 ) ln 

j xj1 - aj1j11 j 
j xj10 - aj1j11 j

- (aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 )
2 ( 

1 
xj1 - aj1j11

-
1 

xj10 - aj1j11 
) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.56)
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(v1a) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) has the following properties:

• For aj1j10(aj2j1s1 - aj1j11)
2 > 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 > 0, 

(aj1j21, aj2j1s1 )= (UPþ, UPþ) 
positive saddle 

: (1.57) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP+,UP+)-positive saddle.

• For aj1j10(aj2j1s1 - aj1j11)
2 < 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 > 0, 

(aj1j21, aj2j1s1 )= (DPþ, DP-) 

CCW center 

: (1.58) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP+,DP-)-counter-clockwise 

center.
• For aj1j10(aj2j1s1 - aj1j11)

2 > 0 and aj2j20(aj2j1s1 - aj2j1s2 )
2 < 0, 

(aj1j21, aj2j1s1 )= (DP-, DPþ) 
CW center 

: (1.59) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (DP-,DP+)-clockwise center.

• For aj1j10(aj2j1s1 - aj1j11)
2 < 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 < 0, 

(aj1j21, aj2j1s1 )= (UP-, UP-) 

negative saddle 

: (1.60) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s1 ) is a (UP-,UP-)-negative saddle. 

(v1b) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) with aj1j11 ≠ aj2j1s2 has the following 

properties:

• For aj1j10(aj2j1s2 - aj1j11)
2 > 0 and aj2j20(aj2j1s2 - aj2j1s1 )> 0, 

(aj1j21, aj2j1s2 )= (UP, US) 

up‐parabola upper‐saddle 

: (1.61) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (UP,US)-up-parabola upper-

saddle.
• For aj1j10(aj2j1s2 - aj1j11)

2 < 0 and aj2j20(aj2j1s2 - aj2j1s1 )> 0, 

(aj1j21, aj2j1s2 )= (DP, US) 

down‐parabola upper‐saddle 

: (1.62) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (DP,US)-down-parabola 

upper-saddle.
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• For aj1j10(aj2j1s2 - aj1j11)
2 > 0 and aj2j20(aj2j1s2 - aj2j1s1 )< 0, 

(aj1j21, aj2j1s2 )= (DP, LS) 

down‐parabola lower‐saddle 

: (1.63) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (DP,LS)-down-parabola 

lower-saddle.
• For aj1j10(aj2j1s2 - aj1j11)

2 < 0 and aj2j20(aj2j1s2 - aj2j1s1 )< 0, 

(aj1j21, aj2j1s2 )= (UP, LS) 

up‐parabola lower‐saddle 

: (1.64) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j1s2 ) is a (UP,LS)-up-parabola lower-

saddle. 

– The parabola-saddles are the appearing bifurcations of saddle and center. 

(v1c) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) has the following properties:

• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 )
2 > 0, 

(aj1j11, aj1j21)= (UP:UP, pF) 

hyperbolic‐secant‐to‐hyperbolic flow (þ) 

: (1.65) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP, pF)-positive hyper-

bolic-secant-to-hyperbolic flow.
• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 )

2 > 0, 

(aj1j11, aj1j21)= (DP:DP, pF) 

hyperbolic‐to‐hyperbolic‐secant flow (þ) 

: (1.66) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP, pF)-positive hyper-

bolic-to-hyperbolic-secant flow.
• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 )

2 < 0, 

(aj1j11, aj1j21)= (DP:DP, nF) 

hyperbolic‐to‐hyperbolic‐secant flow (-) 

: (1.67) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP, nF)-negative hyper-

bolic-secant-to-hyperbolic flow.
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• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j1s1 )(aj1j11 - aj2j1s2 )
2 < 0, 

(aj1j11, aj1j21)= (UP:UP, nF) 

hyperbolic‐secant‐to‐hyperbolic flow (-) 

: (1.68) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP, nF)-negative hyper-

bolic-secant-to-hyperbolic flow. 

(v2) For aj2j1s1 = aj2j1s2 = aj2j11, the standard form is 

_xj2 = aj2j20(xj1 - aj2j11)
3 , 

_xj1 = aj1j10(xj2 - aj1j21)(xj1 - aj1j11)
2 : 

(1.69) 

The first integral manifold for aj2j11 ≠ aj1j11 is 

1 
2 

(xj1 - aj1j11)
2 - (xj10 - aj1j11)

2 þ 3 
2 
(aj1j11 - aj2j11)(xj1 - xj10) 

þ3(aj1j11 - aj2j11)
2 ln 

j xj1 - aj1j11 j 
j xj10 - aj1j11 j

- (aj1j11 - aj2j11)
3 ( 

1 
xj1 - aj1j11

-
1 

xj10 - aj1j11 
) 

= 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : 

(1.70) 

(v2a) The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) has the following properties:

• For aj1j10(aj2j11 - aj1j11)
2 > 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (UPþ, 3rd UPþ) 
third‐order positive saddle 

: (1.71) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP+,3

rd UP+)-third-order 

positive saddle.
• For aj1j10(aj2j11 - aj1j11)

2 < 0 and aj2j20 > 0, 

(aj1j21, aj2j11)= (DPþ, 3rd DP-) 

third‐order CCW center 

: (1.72) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP+,3

rd DP-)-third-order 

counter-clockwise center.
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• For aj1j10(aj2j11 - aj1j11)
2 > 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (DP-, 3
rd DPþ) 

third‐order CW center 

: (1.73) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (DP-,3

rd DP+)-third-order 

clockwise center.
• For aj1j10(aj2j11 - aj1j11)

2 < 0 and aj2j20 < 0, 

(aj1j21, aj2j11)= (UP-, 3
rd UP-) 

third‐order negative saddle 

: (1.74) 

The equilibrium of (x*j2 , x
*
j1 
)= (aj1j21, aj2j11) is a (UP-,3

rd UP-)-third-order 

negative saddle. 

– The third-order saddles are the appearing and switching bifurcations of saddle, 
center, and saddle. 

– The third-order centers are the appearing and switching bifurcations of center, 
saddle, and center. 

(v2b) The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) with aj1j11 ≠ aj1j2s1 , aj1j2s2 has the 

following properties:

• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j11)
3 > 0, 

(aj1j11, aj1j21)= (UP:UP, pF) 

hyperbolic‐secant‐to‐hyperbolic flow (þ) 

: (1.75) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP, pF)-positive hyper-

bolic-secant-to-hyperbolic flow.
• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j11)

3 > 0, 

(aj1j11, aj1j21)= (DP:DP, pF) 

hyperbolic‐to‐hyperbolic‐secant flow (þ) 

: (1.76) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP,pF)-positive hyper-

bolic-to-hyperbolic-secant flow.
• For aj1j10 > 0 and aj2j20(aj1j11 - aj2j11)

3 < 0, 

(aj1j11, aj1j21)= (DP:DP, nF) 

hyperbolic‐to‐hyperbolic‐secant flow (-) 

: (1.77) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (DP:DP, nF)-negative hyper-

bolic-secant-to-hyperbolic flow.
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• For aj1j10 < 0 and aj2j20(aj1j11 - aj2j11)
3 < 0, 

(aj1j11, aj1j21)= (UP:UP, nF) 

hyperbolic‐secant‐to‐hyperbolic flow (-) 

: (1.78) 

The equilibrium of (x*j1 , x
*
j2 
)= (aj1j11, aj1j21) is a (UP:UP,nF)-negative hyper-

bolic-secant-to-hyperbolic flow. 

(v3) The first integral manifold for aj2j1s1 = aj1j11 is 

1 
2 

(xj1 - aj1j11)
2 - (xj10 - aj1j11)

2 = 
1 
2 
aj1j10 
aj2j20 

(xj2 - aj1j21)
2 - (xj20 - aj1j21)

2 : (1.79) 

(v3a)  The  infinite-equilibrium of x*j1 = aj2j1s1 = aj1j11 with xj2 ≠ aj1j21 has the following 

properties:

• For aj1j10(xj2 - aj1j21)> 0 and aj2j20(aj2j1s1 - aj2j1s2 )
2 > 0, 

(aj1j11, xj2 )= (US, DU) 

down‐up upper‐saddle 

: (1.80) 

The infinite-equilibrium of x*j1 = aj2j1s1 = aj1j11 is a (US,DU)-down-up asymp-

totic upper-saddle.
• For aj1j10(xj2 - aj1j21)< 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 > 0, 

(aj1j11, xj2 )= (LS, UD) 

up‐down lower‐saddle 

: (1.81) 

The infinite-equilibrium of x*j1 = aj2j1s1 = aj1j11 is an (LS,UD)-up-down asymp-

totic lower-saddle.
• For aj1j10(xj2 - aj1j21)> 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 < 0, 

(aj1j11, xj2 )= (US, UD) 

up‐down upper‐saddle 

: (1.82) 

The infinite-equilibrium of x*j1 = aj2j1s1 = aj1j11 is a (US,UD)-up-down asymp-

totic upper-saddle.
• For aj1j10(xj2 - aj1j21)< 0 and aj2j20(aj2j1s1 - aj2j1s2 )

2 < 0, 

(aj1j11, xj2 )= (LS, DU) 

down‐up lower‐saddle 

: (1.83) 

The infinite-equilibrium of x*j1 = aj2j1s1 = aj1j11 is an (LS,DU)-down-up asymp-

totic lower-saddle.


