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Preface

In this book, consider crossing and product cubic systems with a crossing-linear and
self-quadratic product vector field. Nonlinear dynamics and singularity for such
crossing and product cubic systems are presented. The parabola-saddles and third-
order saddles and centers are discussed as the appearing bifurcations. The switching
bifurcations are based on up-down hyperbolic upper-to-lower saddles on the
up-down and down-up infinite-equilibriums, parabola-saddles on the inflection-
saddle infinite-equilibriums, hyperbolic and circular upper-to-lower saddles on
parabola-saddle infinite equilibriums, and parabola-saddles on the inflection-source
and sink infinite-equilibriums. The materials in this book are scattered in five
chapters.

In Chap. 1, nonlinear dynamics and singularity of a crossing and product cubic
system with a crossing-linear and self-quadratic product vector field are discussed,
and the corresponding switching dynamics are discussed through the infinite-
equilibriums. A theory for nonlinear dynamics behaviors of such a cubic system is
presented through a theorem. Such a cubic system possesses parabola-saddle, third-
order saddles and centers, and hyperbolic singular flows for appearing bifurcations.
The switching bifurcations are up-down hyperbolic upper-to-lower saddles,
parabola-saddles on the inflection-saddle infinite-equilibriums, parabola-hyperbolic
and circular upper-to-lower saddles, and parabola-saddle on the inflection-source
and sink infinite-equilibriums.

In Chap. 2, the parabola-saddle, third-order centers and saddles, and hyperbolic
singular flows in the crossing and product cubic systems are presented, and the
corresponding switching dynamics are discussed through infinite-equilibriums in
such cubic systems. There are three switching bifurcations on the infinite-
equilibriums. The up-down hyperbolic upper-to-lower saddles are the switching
bifurcations of hyperbolic singular flows with saddle and center. The parabola-
saddles are the switching bifurcations of parabola-saddles with hyperbolic-to-hyper-
bolic-secant flows. The hyperbolic and circular upper-to-lower saddles are the
switching bifurcations of a third-order saddle and a hyperbolic-to-hyperbolic-secant
flow with a third-order center and a hyperbolic-secant-to hyperbolic flow.

vii



viii Preface

In Chap. 3, series of centers and saddles with hyperbolic singular flows in the
crossing and product cubic systems are presented, and the corresponding switching
dynamics are discussed through infinite-equilibriums. The hyperbolic singular flows
are the appearing bifurcations of hyperbolic and hyperbolic-secant flows. The
up-down hyperbolic upper-to-lower saddles on the infinite-equilibriums are the
switching bifurcations of parabola-saddle with saddle and center. The same direc-
tional saddles and centers are discovered in such cubic systems.

In Chap. 4, parabola-saddle and hyperbolic singular flows in the crossing and
product cubic systems are presented, and the corresponding switching dynamics are
discussed through infinite-equilibriums. The parabola-saddles on the inflection-
source and sink infinite-equilibriums are the switching bifurcations of a saddle and
a hyperbolic-secant flow with a center and hyperbolic flow. The parabola-hyperbolic
sink-to-source on the parabola-sink and source infinite-equilibriums are the
switching bifurcations of a parabola-saddle and a hyperbolic flow with another
parabola-saddle with hyperbolic-secant flow. The third-order parabola-saddles are
the switching bifurcations of a third-order saddle and a hyperbolic-secant flow with
third-order center and hyperbolic flow.

In Chap. 5, simple equilibriums and hyperbolic flows forming a series in the
crossing and product cubic systems are presented, and the corresponding switching
dynamics are discussed through the inflection-source and sink infinite-equilibriums.
The parabola-saddles on single and double inflection-source and sink infinite-
equilibriums are discussed. The parabola-saddles are the switching bifurcations of
a saddle and a hyperbolic-secant flow with a center and hyperbolic flow.

Finally, the author hopes the materials presented herein can provide a better
understanding of cubic nonlinear systems in science and engineering.

Edwardsville, IL, USA Albert C. J. Luo
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Chapter 1 ®)
Crossing and Product-Cubic Systems Shex

In this chapter, the nonlinear dynamics and singularity of a crossing and product-
cubic system with a crossing-linear and self-quadratic product vector field are
discussed, and the corresponding switching dynamics are discussed through the
infinite equilibriums. A theory for the nonlinear dynamic behaviors of such a
cubic system is presented through a theorem. Such a cubic system possesses
parabola-saddles, third-order saddles and centers. Parabola-saddles are the appearing
bifurcations of saddles and centers. Third-order saddles are the appearing bifurca-
tions from a saddle to saddle, center, and saddle. A third-order center is the appearing
bifurcation from a center to center, saddle, and center. Up-down hyperbolic upper-
to-lower saddles are the switching bifurcations of hyperbolic singular flows with a
saddle and center. Parabola-saddles are the switching bifurcations of parabola-
saddles with hyperbolic-to-hyperbolic-secant flows. Parabola-hyperbolic upper-to-
lower saddles are the switching bifurcations of a third-order saddle and a hyperbolic-
to-hyperbolic-secant flow. Parabola-circular upper-to-lower saddles are the
switching bifurcations of a third-order center and a hyperbolic-secant-to-hyperbolic
flow. Parabola-saddles on the inflection source and sink infinite equilibriums are the
switching bifurcations of a saddle and a hyperbolic-secant flow with a center and
hyperbolic flow.

1.1 Crossing-Linear and Self-Quadratic Product Vector
Fields

In this section, a crossing and product cubic system with a crossing-linear and self-
quadratic product vector field will be discussed. The corresponding dynamical
behaviors will be presented through the following theorem.

Theorem 1.1 Consider a two-dimensional, cubic dynamical system with a product-
cubic vector field and a crossing-cubic vector field as

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
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2 1 Crossing and Product-Cubic Systems

. 2
Xj, = a,j,00%, — bjpj, ), + Bjjx;, + Cjj),

Y —_— .. . — .. 2 o . . ..
X 7aj]./10('x12 ajl/zl)(le + B/lhle + C11J1)’
with

_ 2
4; _lejl_4cj

2
i Ajj, =B;; —4C;

1o S iy 2

(i) For A;j, <0 and Aj,;, <O, the standard form is

: 2
X, = aj,,0(5, — @i, D[, — a;,1)° + by |,

o 2
Xjy 7ajlj]0(xj2 - ajljzl)[(le - ajljl) + bjljl]

where

1 1
ajjy = = 5Bjyj» bjyj, = 7 (= By,
1 1
ajjit = bjpji 15 jpjy = = 5 Bpjis bjpjy = 1 (= Ajyj,).

The first integral manifold is

1 2 2

5 (@, = aii1)” = (0 — @;5,1)°]

+2(a),, — i), — X300 + {(@), — a;)(@g,j, — @i1)

| (le — 4jj, )2 + bjlj] ‘
(@G,0 — @) + b, |

(@), — apj D[, — a3 + by, — b, ]

1
+5 (@, = a)* + by, — b, ]} In |

Xi —di; Xio—aii
J1 S arctan J1 Jl/l)

Vbjj, Vbij,

2 2
[, = ajj,1)° — (0 — @107 ]

(arctan

1
= by (@), — @)} ——
1 U1 1 \/m
_ 1(1}1]10
2aj,j0
The equilibrium of (x; ,x; ) = (aj j,1,aj,j,1) has the following properties:
* Forajjo>0and ajjo>0,

(Cl./1j2] > Ajyjy = (UP,, UP+)

positive saddle

(1.1

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

The equilibrium of ()cj*z,xj*I )=(aj,j,1,a;,;,1) is a (UP,,UP,)-positive saddle.



1.1 Crossing-Linear and Self-Quadratic Product Vector Fields 3
* Forajjo0<0 and a;jo>0,

(@) j,1,a5,j,1) = (DP,,DP_). (1.7)
S———
CCW center
The equilibrium of (x; ,x; ) = (ajj,1, aj,j,1) is a (DP,DP_)-counter-clockwise
center.
* Forajjo0>0and a;jo <0,

(@j,j,1, aj,j,1) = (DP_, DP). (1.8)

CW center

The equilibrium of (x x ) (@) ,1,aj,j,1) is a (DP_,DP_)-clockwise center.
* Forajjo0<0and ajjo< 0,

(@,,1,a5,5,1)=(UP_,UP_). (1.9)

negative saddle

The equilibrium of (sz,x;]) =(aj j,1, a,j,1) is a (UP_,UP_)-negative saddle.

(ii) For A; ;, <0 and A;; =0, the standard form is

. 2
Xj, = a,j,0(6, — Qjyjis )X, — Bjyjisy) "

(1.10)
. 2
5, = ajj0(5, — @), — aj,j)° + by, |
where
1
ajj, = 7§Bj1h’ i — ( Aj]jl)’ 111
Y (1.11)
Ajrjysi = Djjy 15 Ajojisy = — 5 By
(ii;) The first integral manifold is
2 2
5 (@, = @) = (0 = @jis,)°]
F2(a;,j, = ajj,s), = %5,0) + {@5, =y, (@, — sy
1 | (g, — ;)" + by, |
+_[(ajj anIV) JJ]}I ] Y =
20 v . | (5,0 —a;,5,)" + b, | (L12)

+{(af1j1 7aj271Y1)[(aj1]1 a]_lléz) Jl]]]

2b;,j,(aj,j, — amsl)} — arctan
Vv ]1J1 V jljl \/EJTJT
1 a]l]]

= Za,0 (G5, = @3i,1)” = G0 = @j5,1)°] -

Xio—aj;
(arctan ]1]1 J1 J1J1



4 1 Crossing and Product-Cubic Systems

(ii;a) The equilibrium of (x}‘z,xj’-*]) = (aj,j,1, @},j,5,) has the following properties:
» Forajjo>0and a;j0(a;,s — ajzim)z >0,

(@,j,15 @jj,5,) = (UP, UP). (1.13)

positive saddle

The equilibrium of (x]’-‘z,xj*] )=(aj,j,1,a;,j,5,) is a (UP,,UP_)-positive saddle.

2
e For a; ;0 <0 and ajzjz()(djzjlsl — ajzjlsz) >0,

(@j,,1, aj,j,s,) = (DP,DP ). (1.14)

CCW center

The equilibrium of (xj*z,x]f‘l) =(aj,j,1, Gjj,s,) is a (DP, . DP_)-counter-clockwise
center.
2
e For ajljlo > 0 Cll’ld ajzjzo(ajzjlsl — ajzjlxz) < 0;

(@j,j,1, aj,j,5,) = (DP _,DP ). (1.15)
———

CW center

The equilibrium of (xjt,x]’.‘]) =(ajj,1,aj,j,5,) is a (DP_,DP )-clockwise center.

2
e For a; ;.0 <0 and ajzizo(ajzilsl — ajgilsz) <0,

(afljzl’ajzilsl):(UP7:UP7)~ (1.16)
——
negative saddle
The equilibrium of (x; ,x; ) = (aj j,1,j,j,5,) is a (UP_,UP_)-negative saddle.
(ii1p) The equilibrium of (x; ,x; ) = (aj j,1, aj,j,s,) has the following properties:
o For a;,j,0 >0 and ajmg(ajljm — ajzlel) > O,

(aj]j21 , ajz,m) = (UP, US) . (1 . 17)

up-parabola upper-saddle

The equilibrium of (xj’:,x;‘l) =(aj,,1, Ajj,s,) is a (UP,US)-up-parabola upper-
saddle.
* Foraj0<0and a,0(ap,j,s, = @jjys1) >0,

(@15 Ajyjys,) = (DP,US) . (1.18)

down-parabola upper-saddle

The equilibrium of (xj*z, xJ’-‘1 ) =(a;,j,1, aj,j,5,) is a (DP,US)-down-parabola upper-
saddle.
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* For aj j,0 > 0 and ajzjzo(ajzj]sZ — ajzjlsl) <0,

(@j,jy15 Ajyjys,) = (DP,LS) . (1.19)

down-parabola lower-saddle

The equilibrium of (xfz, xj*l) =(aj,j,1, j,j,s,) is a (DP,LS)-down-parabola lower-
saddle.
* Forajjo <0 and aj,,0(ay,j,s, — @jjis,) <0,

(ajljzl » Aoy £)= (UP,LS) . (1.20)

up-parabola lower-saddle

The equilibrium of (x} ,x

7 jl): (@j,j,1, aj,j,s,) is a (UP,LS)-up-parabola lower-
saddle.

(iiz) For Ajrjis1 = jpjisy = Ajajy 15

Xjy, = aj,0(%, — j,j1)°

55, = 1,005, = 4j,;,0) [0, = a;,1)° + by ] (20
The first integral manifold is
! 2 2
5 [0, = @i 1)* = (0 = @j,1)°] + 25, — @5,108, = x5,0)
2
+(a;,j, — ajzi.l)[(ajljl — aj’zjll)2 — Sbj]‘,-l] ﬁ(arctan )%\/%:“ — arctan %)
= %ZL]; (05, = @210 = (g0 — 1))
(1.22)
The equilibrium of ();Z,xfl )=(aj,,1,aj,j,5,) has the following properties:
* Forajjo>0and a;jo>0,
(@jj1-a;;1)= (UP.,3UP,) . (1.23)

third-order positive saddle

The equilibrium of (xfz,xfl):(ajljzl,ajzjll) is a (UP+,3rdUP+)—third-order
positive saddle.
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* Forajjo0<0 and a;jo>0,

(@j,j,1,a;;,1)= (DP,3"DP_) . (1.24)
_\/—/

third-order CCW center

The equilibrium of (xj“;,xfl) =(aj,j,1,A,j,1) IS a (DP+,3rdDP,)-third-order
counter-clockwise center.
* Forajj0>0and a0 <0,

(@j,j,15 aj,j1) = (DP_,3"“DP. ). (1.25)
N————’

third-order CW center

The equilibrium of (xj”;,xj’fl) =(ajj,1,aj,;,1) is a (DP_,3rdDP+)-third—0rder
clockwise center.
* Forajjo<0and ajj <0,

@j,1-a,1)= (UP_,3UP_) . (1.26)
%,_/

third-order negative saddle

The equilibrium of (sz,xj’fl):(ajljzl,ajzjll) is a (UP_,3""UP_)-third-order
negative saddle.

(iii) For A;;, <0 and A ;, > 0, the standard form is

Xj, = a,j,0(%, — aj,j, )G, — @, 2) (X5, — ajyj,3),

. (1.27)
%, =005, = a4, [, = @) + by, ]

where
1 1
4jij, = — iBj]jl > bj]jl = Z( - Ajl./l)’

1
bjrji2:bjyj3 = =5 Bjyjy £/ Apjy)s (1.28)

{@1, 43,2, @55,3 = sort{byj 1, bjj2, bjjn b
Qjpjisi < Ajyjisy> 1,52 €{1,2,3}, 51 < 5.

The first integral manifold is
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1 2 2

7 1@, = a5 = (0 = @15 )*] + Qatj, — s, — s )X, = ,0)
1

+5{Qaj, — 15, — 415G, — @)

]}1 | (le — ajlj])z + bjlj] |
IJ
. | (le 7aj1j1)2 + bjljl |

+{(aj1j1 7ajzl'1sl)[(aj1j1 7ajz}'132)(aj111 a]zllﬁ) 1111]

+[(ajljl _ajZIISZ)(ajIJI ajzll‘h)

= bj,j,Qajj, — ajjis, — Gpjysy) } —— ! (arctan Gt gregan 10 Gy
J1 11 J2J152 J2J153
V bjl]] V ]1]1 V bjljl
14,0 2
= 5L (g, — aj,,0)7 — (&0 — @17
2“_/'21'20 [ J2 J1Ja 72 12 ]

(1.29)
The equilibrium of(x s ]]) (@,,1, ajyj,s,) (51 =1, 2, 3) has the following properties:
3
* Forajjo>0and a0l [;,— 1,25 @5 — @isjysy) >0,

(@,j,1 ajjy5,) = (UP, UP). (1.30)
——
positive saddle
The equilibrium of ()cj*z,xj*I ) =(aj,j,1,a;,j,5,) is a (UPUP_)-positive saddle.

3
* Forajjo<0and a0l [5, _ 1, 45, @51 — @jrjiss) >0,

(@j,j,1, ajj,1) = (DP,DP_). (1.31)

CCW center

The equilibrium of ()cj’f2 , xj*fl) =(aj,j,1,aj,j,5,) is a (DP,,DP_)-counter-clockwise
center.

3
* Forajjo>0and a0l [5, _ 1, 15, @jis1 — @jrjis) <O,

(@j,j,1> aj,j,1) = (DP_, DP). (1.32)

CW center

The equilibrium of (xj*z,xj’fl) =(aj,j,1,aj,j,5,) is a (DP_,DP_)-clockwise center.

3
* For a.fljlo < O and ajzizonsz: 1,5, ;ﬁsl(ajzlvlsl - (’l.izilsz) < 0’

(@) j,1,aj,j,1) = (UP_,UP_). (1.33)

negative saddle

The equilibrium of (xj*z,xj’fl) =(aj,j,1,j,j,5,) is a (UP_,UP_)-negative saddle.
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(iv) For A;;, =0 and A;;, <0, the standard form is

. 2
i, = aj,j,005, — @D [, — a7 + b ],

. ) (1.34)
X, = aj,j,0(6, — aj,;,1)(, — aj,j,1)
where
i1 = =5 Bjji ajpjn = b1
| | (1.35)
ajpjy = =5 Bjis bjpjy = 7 (= Apj)-
(iv;) The first integral manifold for a;,; | # a;,j,1 is
l[( .. )2_(4 .. )2}
2 x]l ajzlll x]lo a]zlll
F2(a),1 — @)X, = X,0) + {2(a7,j,1 — i )@,1 — @1
2 | Xjp — 1 |
o b JVn L2 Sl L
+[(@jj1 = az;,)* + by, ] In [ X0 — aji1 | (1.36)

5 1 1
— (@1 = ;1) (@151 — @3 + by | € -
J11 J2J1 Jih J2)1 J2J1 R SN — (s
xj] a./]/ll x/lo a/l/ll
_ lajljlo
2aj2720

2 2
[(sz - ajljzl) - (sz() - ajljzl) ] :

(iv14) The equilibrium of (xfz,xj’-‘l) =(aj,j,1,a;,j,1) has the following properties:
2
e For Cljljl()(ajzjll — ajljll) >0 and aj,i,0 >0,

(@15 aj,j1) = (UP,, UP.). (1.37)

positive saddle

The equilibrium of (xj*z,x;‘l) =(ajj,1,a;,j,1) is a (UP_,UP, )-positive saddle.

2
e For ajleO(aijll — ajljll) <0 and aj,;,0 >0,

(@j,j,15 aj,j,1) = (DP,DP ). (1.38)

CCW center

The equilibrium of (szex;) =(aj j,1,a;,j,1) is a (DP_,DP_)-counter-clockwise
center.
2
e For ajlj]()(ajzjll — aj]jll) >0 and aj,i,0 <0,

(@j,j,1,a;,5,1) = (DP _,DP,). (1.39)

CW center

The equilibrium of (xj*z,x;‘l) =(ajj,1,a;,j,1) is a (DP_,DP_ )-clockwise center.
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2
* Forajj (a1 —ajj,1)” <0 and aj,,0 <0,

(@j,j,1,a;,;,1) = (UP_,UP ). (1.40)
————
negative saddle
The equilibrium of (x}‘z,x]’f]) =(ajj,1,a;,j,1) is a (UP_,UP_)-negative saddle.
(ivip) The equilibrium of (xj*] ,xfz) = (aj,j,1, @;,j,1) has the following properties:
e For a; ;0 >0 and ajzjz()(djlj]l — ajzjll) >0,

(@j,j,1@51) = (UP:UP, pF) . (1.41)
——

hyperbolic-secant-to-hyperbolic flow (+)

The equilibrium of (xj"],)g;): (aj,j,1,aj,j,1) is a (UP:UP,pF)-positive hyper-
bolic-secant-to-hyperbolic flow.
e For a; ;0 <0 and ajzjzo(ajlj]l — Qj,j, 1) > 0,
(@1, jy1) = (DP:DP, pF) . (1.42)
——
hyperbolic-to-hyperbolic-secant flow (+)
The equilibrium of (xj"],)g;): (aj,j,1,aj,j,1) is a (DP:DP,pF)-positive hyper-
bolic-to-hyperbolic-secant flow.
e For a; ;.0 >0 and ajzjzo(ajljll — Qj,j, < 0,
(@j,j, 1, @j,j,1) = (DP:DP, nF) . (1.43)
—_———
hyperbolic-to-hyperbolic-secant flow (7)
The equilibrium of (xj’f],xfz) =(aj,1,a;,j,1) is a (DP:DP,nF)-negative hyper-
bolic-secant-to-hyperbolic flow.
« For aj o < 0 and ajz/-zo(ajljll — aj,j, 1) <0,
(Clj]jl 15 ajljz]) = (UPZUP, HF) . (1 44)
———
hyperbolic-secant-to-hyperbolic flow (—)
The equilibrium of (x]’-‘],xj’-;) = (a;,j,1,@;,j,1) is a (UP:UP,nF)-negative hyper-
bolic-secant to hyperbolic flow.

(iv2) The first integral manifold for a;,; | = a; j,1 is
1 2 2
2 [(le _ajljll) _(leo_ajljll) ]

2,1 — )05, —%,0) + [(@j,1 = @33,)* + byyj, ] In (1.45)

lajljlo
0

2 2
24, [, = j,,1)" = (0 — @,1,1)°]-
2
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(iv2,) The infinite-equilibrium ofx]’f] =a;,;,1 = a;,j,1 With X;, # a; ;,1 has the following
properties:

* For a0, —ajj,1) >0 and aj,;,0 >0,

(@j,j,1,%,) = (US,DU) . (1.46)
—

down-up upper-saddle

The infinite-equilibrium of x; = a;,;1 = a; ;1 is a (US,DU)-down-up asymp-
totic upper-saddle.
* For ajlj]()(sz — aj]jzl) <0 and aj,;,0 >0,

(a,1,%,)= (LS, UD) . (1.47)

up-down lower-saddle

The infinite-equilibrium ofx]’-‘] =a;,;,1 = a;,j,1 is an (LS,UD)-up-down asymp-
totic lower-saddle.
* Forajj (X, —ajj,1) >0 and aj,j,0 <0,

(a,1,%,)= (US,UD) . (1.48)
——

up-down upper-saddle

The infinite-equilibrium of x; = a;j1 = a; ;1 is a (US,UD)-up-down asymp-
totic upper-saddle.
« For Cljlj]()(xj‘z — aj]jzl) <0 and aj,j,0 < 0,

(ajj,1,%,)= (LS,DU) . (1.49)
N———

down-up lower-saddle
The infinite-equilibrium ofx;-‘] =a;,;,1 = a;,j,1 is an (LS,DU)-down-up asymp-
totic lower-saddle.

(ivap) The equilibrium of(x_;‘z,x_;‘])z (@ j,1 aj,j, 1) With a; ;1 = a;,j1 has the following
properties:

* Forajjo>0and ajjo>0,

(@j,j,1> aj,j,1) = (upLS : pyUS,DP _:UP,). (1.50)

hyperbolic lower-to-upper saddle

The equilibrium of(xj*z,xj’f]) =(aj,j,1,aj,j,1) for aj j 1 = a;j,1 is a (upLS: pyUS,
DP_:UP, )-hyperbolic lower-to-upper saddle.
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* Forajjo0<0 and a;jo>0,

(@,,1,a,;,1)= (pyUS: yxpLS,UP_:DP,) . (1.51)

hyperbolic-secant upper-to-lower saddle

The equilibrium of (xj*z,x}‘] )=(ajj,1,a;,j,1) for aj j 1 = a; ;1 is a (pyUS: ypLS,
UP_:DP. )-hyperbolic-secant upper-to-lower saddle.
* Forajjo0>0and a0 <0,

(ajljz] > Ajyjy 1) = (DULS: UDUS’ UP+:DP_) . (152)

hyperbolic-secant lower-to-upper saddle
oy . * *\ _ . .
The equilibrium of (sz,)gj]) =(aj,j,1, aj,j,1) for a; ;1 = aj,j1 is a (pyLS: ypUS,
UP, :DP_)-hyperbolic-secant lower-to-upper saddle.

* Forajjo<0and ajjo<0,

(@j,j,1, a,5,1) = (upUS: pyLS,DP :UP ). (1.53)

hyperbolic upper-to-lower saddle

The equilibrium of(xj’;,xf]) =(ajj,1,aj,j,1) for aj j1 = a;,j,1 is a (upUS: pyLS,
DP, :UP_)-hyperbolic upper-to-lower saddle.

(v) For Aj;, =0 and A ; =0, the standard form is

3 2
Xj, = a,j,0(6, — j,j s )X, — Bjpjisy) "

. ) (1.54)
X, = aj,,006, = &,j, )G, = @jj1)
where 1
@yt = = 5 Bjijis jyjisi = bjjy 15 djyjis; = — 5 By (1.55)
(v1) The first integral manifold for a; ;1 # aj,j, s, # Gj,j,s, IS
1 2 2
5 @5, = 15, = (0 = @15,
+2(aj,j,1 = aj,j,5,)%, = Xj0)
(@1 = G+ 2051 = s @1 = Gjisy)] In Lo = |
1J1 1 1J1 1 1J1 1 | leo 7aj1j11 | (156)

.1 1
— (@1 — @i s a1 — @) _
JiJ1 J2J151 Ji1 J2J152 .. SN — (s s
Xy — Gjj X0 = @jji1

_ lajljlo
2aj,0

2 2
[, = @jyj1)* = (0 — @,1)%] -
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(v1a) The equilibrium of (x}‘z,xj*l) = (aj,j,1, Gj,j,5,) has the following properties:
2 2
* Forayjo(as, —ajj1)” >0 and aj,j,0(aj),s — ajj5,)" >0,

(a),j,15 @jyjys,) = (UP 4, UP,). (1.57)

positive saddle

The equilibrium of ()cj*z,xj*I )=(aj,j,1,a;,j,5,) is a (UPUP_)-positive saddle.

2 2
* Forajj (a5, — aj,j,1)” <0 and aj,j,0(a),j,s, — aj,j,5,)" >0,

(ajlljzl’ajzim):(DP*ﬁDPf)' (158)

CCW center

The equilibrium of (xj*z,x]f‘l) =(aj,j,1, Gjj,s,) is a (DP, . DP_)-counter-clockwise
center.
2 2
* Forayjo@s, —ajj1)” >0 and aj,j,0(aj),5 — @jy5,)" <0,

(@,1+ @j,) = (DP_, DP)). (1.59)
—_——

CW center

The equilibrium of (xjt,x]’.‘]) =(ajj,1,aj,j,5,) is a (DP_,DP)-clockwise center.

2 2
* Forajj (a5, — aj,j,1)” <0 and aj,j,0(a),j,s, — aj,j,5,)" <0,

(afljzl’ajzilsl):(Upf: UP.). (1.60)
N————
negative saddle
The equilibrium of (x; ,x; ) = (aj j,1,j,j,5,) is a (UP_,UP_)-negative saddle.

(vip) The equilibrium of(xj*z,xj*fI ) =(aj,j,1, a,j,5,) With aj j 1 £ a;,j 5, has the following
properties:

2
¢ For a;j (a5, — a;,j,1)" > 0 and aj,j,0(ay,j,5, — aj,j,5,) > 0,

(@,j,1,4j,s) = (UP,US) . (1.61)

up-parabola upper-saddle

The equilibrium of (x}‘z,xj*l) =(aj,j,1,4},j,s5,) is a (UP,US)-up-parabola upper-
saddle.
* For aj,o(@,s, — ;1) <0 and aj,j,0(ais, = ajys,) >0,

(@,j,15 @y sy) = (DP,US) . (1.62)

down-parabola upper-saddle

The equilibrium of (x;27x;):(ajljzl»ajzilsz) is a (DP,US)-down-parabola
upper-saddle.
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. g )2 . ..
¢ For ajj (a5, — a;,j,1)" > 0 and aj,,0(ay,j,s, — aj,j,5,) <0,

(@15 Ajyjysy) = (DP,LS) . (1.63)

down-parabola lower-saddle

The equilibrium of ();;‘2,);].*1) =(aj,j,1,a),j,5,) is a (DP,LS)-down-parabola
lower-saddle.
* For aj,o(@,,s, — ;1) <0 and aj,j,0(ais, — ajyys) <0,

(@1, 4i,)=  (UP,LS) . (1.64)

up-parabola lower-saddle

The equilibrium of (xj"z,xj*I ) =(aj,j,1,a,j,5,) is a (UP,LS)-up-parabola lower-
saddle.
— The parabola-saddles are the appearing bifurcations of saddle and center.

(vie) The equilibrium of (xj*z,xj*l ) =(aj,j,1, aj,j,1) has the following properties:
2
* Forajjo>0and aj0(aj i1 — aj,jis M@y j1 = djjys,)” >0,

(ajj,1>ajjy1) = (UP:UP, pF) - (1.65)
———

hyperbolic-secant-to-hyperbolic flow (+)

The equilibrium of (x}‘l,xj’;) =(ajj,1,a;,j,1) is a (UP:UP, pF)-positive hyper-
bolic-secant-to-hyperbolic flow.
* For ajj,0 <0 and aj,;,0(@j,j,1 — ajyjys) (@1 — @jyjys,)* >0,
(@jj,1>aj,j1) = (DP:DP, pF) : (1.66)
—_——
hyperbolic-to-hyperbolic-secant flow (+)
The equilibrium of (x}‘l,xz) =(aj,j,1,a;,j,1) is a (DP:DP, pF)-positive hyper-
bolic-to-hyperbolic-secant flow.
* For ajj,o >0 and aj,,0(j,j,1 = djyjys (@1 — s, <0,
(@1, aj,j,1) = (DP:DP, nF) . (1.67)
—_———
hyperbolic-to-hyperbolic-secant flow (7)

The equilibrium of (xj*l,xj’-;) =(aj,j,1,a;,j,1) is a (DP:DP, nF)-negative hyper-
bolic-secant-to-hyperbolic flow.
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2
* Forajj o <0 and a;,j,0(a),j,1 — aj,j 5, (@)1 — Ajyjs5,)” <O,

(@)1, @,,1) = (UP:UP, nF) . (1.68)

hyperbolic-secant-to-hyperbolic flow (7)

The equilibrium of ()c;fI ,x]’.kz) =(ajj,1,aj,j,1) is a (UP:UP, nF)-negative hyper-
bolic-secant-to-hyperbolic flow.

(v2) For a;j 5, = aj,j 5, = a;,j,1, the standard form is

Xjy = aj,0(%, — aj,j,1)°,

. , (1.69)
X, = aj,j,006, — aj,j, 1), — @j,j,1)”

The first integral manifold for a;,;,1 # a;,j,1 is

1 ) 2,3
5 [0, = @i 1)” = G0 = 1)) + 5 @1 = a1, = %,0)

| X, — @it | 3, 1 1

+3(a; i —ai; ) In —L—I L g —a ) —

M e =g | T —aggn X0 — a4
L ajj0 2 2
= Eaj;]'lo [(sz - aj]le) - (szo - ajljZI) ]
2
(1.70)
(v24) The equilibrium of (xfz,xj*l) =(aj,j,1,a;,j,1) has the following properties:

e For ajlj]()(ajljll — ajljll)z >0 and aj,j,0 > 0,

@1 a51)= (UP,.37UP,) . (171)
— ——

third-order positive saddle

The equilibrium of (xj‘;,x;) =(aj,j,1,G,;,1) IS a (UP+,3rdUP+)-third-order
positive saddle.
e For (ljlj]()(ajzjll — ajljll)z <0 and aj,i,0 >0,

(@jj,1,4;5,1) = (DP,3"“DP ) . (1.72)
—/_/

third-order CCW center

The equilibrium of (x;’x;]):(ajljzl’ajlill) is a (DP+,3rdDP,)-third-0rder
counter-clockwise center.
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2
* Forajjolapj,1 —aj1)" >0 and aj,j0 <0,

(@1 @jj1) = (DP_, 3*DP,.). (1.73)
\—,__/
third-order CW center
The equilibrium of (x;,.x;)= (@;,1.az,1) is a (DP_3"DP.)-third-order

clockwise center.
2
e For ajljlo(ah]-ll — aj]jll) <0 and aj,;,0 <0,

(@jj15ajj1) = (UP_,3"UP_) . (1.74)
—/_/

third-order negative saddle
The equilibrium of (xj’-‘z,xj*]) =(ajj,1,a,;,1) is a (UP_,3rdUP_)-third-order
negative saddle.

— The third-order saddles are the appearing and switching bifurcations of saddle,
center, and saddle.

— The third-order centers are the appearing and switching bifurcations of center,
saddle, and center.

(vap) The equilibrium of (xj*],x]’fz):(aj]jll,ajljzl) with ajj1 # ajj,s,»aj,j,s, has the
following properties:

3
« For a; 0 >0 and ajzjzo(ajljll —aj,j, 1) >0,

(ajl_,] 1s (1_]']]'21) = (UP:UP, pF) . (1 75)
e ——

hyperbolic-secant-to-hyperbolic flow (+)

The equilibrium of (x}‘l,xz) =(ajj,1,a;,;,1) is a (UP:UP, pF)-positive hyper-
bolic-secant-to-hyperbolic flow.
e For a; ;.0 <0 and ajzl'z()(djljll — aj,, 1)3 >0,
(@j,j,1,aj,j,1) = (DP:DP, pF) . (1.76)
——
hyperbolic-to-hyperbolic-secant flow (+)
The equilibrium of (xj*] ,x;fz) =(ajj,1,a;,;,1) is a (DP:DP,pF)-positive hyper-
bolic-to-hyperbolic-secant flow.
o For a; ;0 >0 and Cljzjz()(ajljll —aj,j, 1)3 <0,
(@j,j, 1, @j,j,1) = (DP:DP, nF) . (1.77)
—_——
hyperbolic-to-hyperbolic-secant flow (7)

The equilibrium of (xj*] ,x;;) =(ajj,1,a;,j,1) is a (DP:DP, nF)-negative hyper-
bolic-secant-to-hyperbolic flow.
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3
* Forajj0 <0 and aj,,0(a),j,1 — aj,j,1)” <0,

(@j,,1> @jyjy1) = (UP:UP, nF) : (1.78)

hyperbolic-secant-to-hyperbolic flow (7)

The equilibrium of (x_;,x;): (a1, aj,j,1) is a (UP:UP,nF)-negative hyper-

bolic-secant-to-hyperbolic flow.

(v3) The first integral manifold for a;j s = a; ;1 is

1 1 ajjo
3 106 = @i = (o = i) = 5 205, = i) = (0 = i ] (1.79)

J2)2
(vsa) The infinite-equilibrium of x; = aj,j s, = a;,j,1 with X;, # aj,j,1 has the following
properties:
= 2
* Fora;j0(, — djj,1) > 0 and aj,j,0(dy,jis, = Gjis,)” > 0,

(alljll’)_cjz): (US’ DU) N (180)
——

down-up upper-saddle

The infinite-equilibrium oij*l =aj,j 5, = a;,j,1 is a (US,DU)-down-up asymp-
totic upper-saddle.
- 2
* Forajj,0, — a;,,1) <0 and aj,j,0(ay,j,5, = ajji5,)" >0,

(@jj1,x5,)= (LS, UD) . (1.81)
——

up-down lower-saddle

The infinite-equilibrium of xj"l =a;,j,s, = a;,j,1 is an (LS,UD)-up-down asymp-
totic lower-saddle.
- 2
* For a;j,0;, — aj,,1) > 0 and aj,j,0(ay,j,5, = ajji5,)” <0,

(ajj1,%,)=(US,UD) . (1.82)
——

up-down upper-saddle

The infinite-equilibrium oij"1 =a;,;,s, = a;,j,1 is a (US,UD)-up-down asymp-
totic upper-saddle.
- 2
* Forajo(X;, — aj,1) <0 and a;,;,0(a),j,5, = ajjis5,)" <0,

(@jj1,%,)= (LS,DU) . (1.83)
N——

down-up lower-saddle

The infinite-equilibrium of )cj*l =aj,j,s, = a;,j,1 is an (LS, DU)-down-up asymp-
totic lower-saddle.



