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Foreword: Theory of Complex Foliations
in Moscow and QOutside

The geometric theory of complex differential equations was originated in the early
1950s by Petrovsky and Landis. They introduced complex limit cycles and the
analogue of the real Poincaré map, and proved that a generic planar polynomial
vector field has no algebraic orbits, a fact known in the West as the Jouanolou
theorem. They stated a persistence conjecture for complex limit cycles; this
conjecture stays open even now.

There are two approaches to the theory of planar polynomial foliations. One
may consider a class of polynomial vector fields that have degree no greater than
n in a fixed affine neighborhood of the complex projective plane. These foliations
generically have an invariant line at infinity, which contains in general n4-1 singular
points. They give rise to a so called monodromy group at infinity that determines
very specific properties of the foliation. The class of these foliations is denoted by
Ay,. Another class is the class of vector fields that have degree not greater than » in
any affine neighborhood of CP?2. This class is denoted by 8B,,. Generic foliations of
this class have no invariant complex lines at all.

Khudai-Verenov, a student of Landis, proved that a generic planar polynomial
vector field of class A, has the minimality property: all its orbits except for
the singular points and the line at infinity are dense. This was the origin of the
topological theory of complex foliations. For a while this theory attracted the
attention of the leading young mathematicians of the 1960s: Anosov, Arnold,
Novikov, Vinogradov and others. A conjecture that a generic planar polynomial
vector field is structurally stable was discussed.

Being an undergraduate student, I found a gap in the published proof of the
Petrovsky-Landis persistence theorem. Since then I had a dream to find a correct
proof: a goal that is not yet achieved. At the same time, complex differential
equations became my main subject.

One of the major problems of complex foliations was suggested by Anosov
in 1963. Is it correct that a generic planar polynomial foliation has only simply
connected leaves except for no more than a countable number of topological cylin-
ders? This problem admits the following simplification not yet solved: Prove that
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a generic planar polynomial foliation has no complex cycles with the monodromy
identity.
A weaker form of this problem was solved in 1995 by Pyartli and I:

Theorem A generic foliation of class A, has no cycle with the holonomy identity
on the line at infinity, which is a leaf of the foliation.

In the late 1970s, it was proved that generic foliation of class A, is absolutely
rigid (in a sense explained below) and has a countable number of complex limit
cycles. It was conjectured that similar results hold in higher dimension.

Partial results in this direction were proved later by Muller, Loray, Rebelo
and others. The results for the class (A, were improved by Shcherbakov, Nakai,
Goncharuk, Kudryashov and others. A final version of the rigidity theorem in the
quadratic case was proved by Ramirez in 2017.

Theorem Two quadratic foliations that are topologically equivalent in CP? are at
the same time affinely equivalent.

Very recently, Deroin and Alvarez proved an opposite result: there are foliations
of class B, that are structurally stable (a property opposite to absolute rigidity). In
particular, the Jouanolou equation of degree 2 is structurally stable.

Striking results about singularities of linear vector fields in the space of dimen-
sion three and higher were discovered in the 1970s by Ladis and independently by
Camacho, Kuiper and Palis. It appeared that even for linear vector fields, singulari-
ties in the Siegel domain have numeric invariants of topological classification.

In the 1980s, Chaperon proved a complex version of the Grobman-Hartman
theorem. It implies the existence of numeric invariants of topological classification
of singular points of nonlinear vector fields. For high dimension and degree, the
number of the invariants of the polynomial vector fields at their singular points may
be greater than the dimension of the space of the vector fields considered.

Thus the absolute rigidity property is expected in at least an open domain within
polynomial vector fields of high dimension and degree. It remains to prove that the
invariants are in a sense independent, a problem that remains still open.

Roughly speaking, absolute rigidity of vector fields of a certain class means
the following: topological equivalence of the vector fields implies their affine
equivalence.

In more detail, a vector field of a certain class is absolutely rigid if there exists a
neighborhood of this vector field in the class considered, and a neighborhood of the
identity in the space of homeomorphisms of the phase space such that if two vector
fields from the first neighborhood have topologically equivalent phase portraits
conjugated by a homeomorphism from the second neighborhood, then these two
vector fields are affinely equivalent.

It seems that in higher dimensions polynomial vector fields form a domain of
structurally stable ones as well as one of absolutely rigid vector fields. Are there
domains with an intermediate property? To the best of my knowledge, the question
is open.
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The monodromy group of a polynomial vector field at infinity (a finitely
generated group of germs of conformal mappings at a common fixed point) became
one of the central objects of the theory. The density of its orbits was discovered by
Khudai-Verenov.

It was found in the 1970s that generically these groups have a countable
number of isolated periodic orbits, and are topologically rigid: two groups that
are topologically equivalent are at the same time holomorphically equivalent. The
genericity conditions were improved by many authors: Shcherbakov, Nakai, Sad and
others.

The local theory of individual germs played an essential role in these investiga-
tions. It starts with easy results about the analytic equivalence between a hyperbolic
one-dimensional germ and its linear part, and becomes very involved when the germ
is non-hyperbolic.

For the germs whose linear part is an irrational rotation, very delicate results
were obtained by Siegel, Bryuno and Yoccoz. Yet the problem about analytic
classification of germs with identity linear part remained in the 1970s widely open.

In the late 1930s, Birkhoff, with his universal interest in the whole world of
dynamical systems, real and complex, high and low-dimensional, addressed the
problem of parabolic germs and found the transition functions between the Fatou
coordinates as the moduli of analytic classification of such germs. But he did not
succeed to prove that all these moduli may be realized.

In the mid 1970s, I suggested to my graduate student Voronin to find the analytic
classification of parabolic germs. We knew nothing about our predecessors, and
rediscovered the moduli already found by Birkhoff. Parabolic germs have a very
simple formal normal form. For a long time we tried to prove that the corresponding
formal series do converge (and Arnold supported these efforts). At last it became
clear that, on the contrary, all the moduli may be realized, and the normalizing series
diverge in general.

In 1981, the analytic classification of parabolic germs was completed: simulta-
neously and independently by Ecalle and Voronin, though by completely different
ways; and also by Malgrange, who delivered Ecalle’s results at the Bourbaki seminar
but who used his own approach, closer to Voronin’s than to Ecalle’s one. As a
consequence, the moduli found are now called Ecalle-Voronin moduli.

There is a tradition followed by a part of the Russian school that goes back to
Petrovsky, who, according to Landis, his student, said: “When I start solving a
new problem, I do not try to find what the predecessors have done; if they had
found something useful, the problem would be solved.” This is certainly debatable.
However, later, Voronin came across a book on functional equations with about 400
references to the papers that study parabolic germs. If he tried to learn all this, he
would never solve the problem.

Inspired by Malgrange, Martinet and Ramis found the analytic classification
of complex saddle-nodes (planar singular points with one zero eigenvalue) and
resonant saddles. The latter result was independently obtained, but not completely
published, by Elizarov, Voronin and myself. In 1993, Nonlinear Stokes Phenomena,
the book summarizing all these investigations, was published by the AMS.
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In the late 1970s, Arnold discovered that some purely analytic problems of
singularity theory contain a sort of hidden dynamics. Thus, the Ecalle-Voronin
moduli became applicable in singularity theory outside dynamical systems.

The theory of functional moduli is developing even now.

In the last part of their work, Petrovsky and Landis estimated from above the
number of complex limit cycles generated by a perturbation of some integrable
foliations. The leaves of the foliations they considered were rational curves, that
is, Riemann spheres with a finite set of punctures, and the Melnikov integrals
were reduced to residues. I remember how frightened I was, still an undergraduate
student at that time, when I realized that the problem of perturbation of Hamiltonian
foliations whose leaves were Riemann surfaces of arbitrary genus should be studied
in full generality.

In two papers of 1969, I investigated the generation of limit cycles under
perturbation of Hamiltonian foliations with hyperbolic leaves of arbitrary genus.
I got a lower rather than upper estimate of the real limit cycles that might be
generated by a perturbation of a Hamiltonian foliation and proved that they may
be located in a diversive manner. Between the lines, the Infinitesimal Hilbert 16th
problem was stated: Give an upper estimate of the number of limit cycles that may
be generated from the ovals of a Hamiltonian foliation by a perturbation of this
foliation. After 40 years, this problem was solved by Yakovenko and his students
Novikov and Binyamini. One should note that the limit cycles born from polycycles
are not counted. The problem: How many real limit cycles may be generated by a
perturbation of a real Hamiltonian foliation by a polynomial of the same degree?
still stays open.

In my paper of 1969, there was a theorem whose true statement remained hidden
from me. It was Lins Neto who discovered this statement. Some preliminary notes
are needed.

It is well known since Poincaré and Hilbert that the set of polynomial vector
fields of degree n with a singular point whose linear part is a center and that is an
actual center form an algebraic manifold, the so called manifold of centers.

The statement of Lins Neto was: Hamiltonian vector fields form an irreducible
component of the manifold of centers.

In 2000s, Hossein Movasati, student of Lins Neto, proved that Polynomial vector
fields with a rational first integral and linear center at zero form an irreducible
component of the manifold of centers.

A similar result was proved recently by Christopher and Mardesic for polynomial
vector fields with a Darboux first integral.

An open problem is: Are there any other irreducible components of the manifold
of centers different from the three ones named above?

The exactness theorem, proved in 1969, claims:

If the integrals of a polynomial one-form of degree n over the ovals surrounding
a singular point of a generic real polynomial of degree n 4 1 are all zeros then the
form is exact.

Khovanskaya in 1997 improved this theorem and replaced ovals surrounding a
singular point by arbitrary real ovals.
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Developing the exactness theorem, Gavrilov in 1998 invented so called Petrov
moduli. Given a generic polynomial H, a space of all polynomial 1-forms factorized
by exact forms and the forms proportional to d H becomes a finitely generated
modulus over a ring of polynomials on H.

The theory of polynomial perturbation of polynomial Hamiltonian vector fields
is still a challenging and intensively developing part of the theory of complex
foliations.

I see the following major open problems of foliation theory in the complex
domain.

Persistence. Do complex limit cycles persist as functions of the parameters of
polynomial differential equations?

Uniformization. Where is the boundary between the simultaneously uniformiz-
able and non-uniformizable (algebraic) foliations located?

Anosov problem. Is it true that a generic polynomial foliation has all leaves
simply connected except for (a countable number of) topological cylinders?

Rigidity versus structural stability. What is the interplay between structural
stability and absolute rigidity? Are there intermediate foliations?

Y. S. Ilyashenko
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This is the fifth volume of the Handbook of Geometry and Topology of Singularities,
and this forms a unit together with Volume VI, focused on singular holomorphic
foliations.

Singularities are ubiquitous in mathematics, appearing naturally in a wide range
of different areas of knowledge. Their scope is vast, their purpose is multifold. Its
potential for applications in other areas of mathematics and of knowledge in general
is unlimited, and so are its possible sources of inspiration. Singularity theory is
a crucible where different types of mathematical problems interact and surprising
connections are born.

Foliation Theory is a multidisciplinary field and a whole area of mathematics
in itself, with close connections with dynamical systems, geometry, topology and
singularity theory. For instance:

(i) The integral lines of a vector field on a manifold, or the orbits of a smooth
flow, determine a foliation with singularities at the fixed points of the flow.
Holomorphic actions of the complex numbers on complex manifolds, or
holomorphic vector fields, define holomorphic one-dimensional foliations with
singularities at the zeros of the vector field.

(i) Differential 1-forms on a manifold determine a codimension-one distribution
(a sub-bundle of the tangent bundle), except at the points where the 1-
form vanishes. Under a certain “integrability condition,” this gives rise to a
codimension-one foliation with singularities at the points where the 1-form
vanishes. If the 1-form is holomorphic, we get a holomorphic foliation.

(iii) If we consider a holomorphic function f from an (n + k)-manifold M into
an n-manifold N which is a submersion (like a projection locally) at most
points, and we consider the fibers f~!(y) of all points in y € N, we get a
codimension-n holomorphic foliation on M, with singularities at the critical
points of f.

(iv) Open-books are a special class of foliations, with codimension-one leaves (the
pages) and a codimension-two singular set (the binding). The Milnor fibrations

xi
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associated to isolated critical points of holomorphic maps are examples of
open-books.

(v) Lefschetz pencils in algebraic geometry are examples of singular holomorphic
foliations.

These important examples highlight the deep connections between foliations and
singularity theory, and the reasons for having these volumes on foliations as a part
of this Handbook, with Felipe Cano, an expert in holomorphic foliations, as a fourth
editor for these two volumes.

A foliation means, naively, a partition of a manifold into connected subsets called
the leaves, which are immersed manifolds, and one has a local product structure,
except that there may be some special points: its singularities.

The theory of holomorphic foliations has its origins in the study of differential
equations on the complex plane by C. F. Gauss, A. L. Cauchy, B. Riemann,
K. Weierstrass, J. C. Bouquet, C. A. Briot, L. Fuchs, J. Liouville, G. Darboux,
P. Painlevé, H. Dulac, 1. G. Petrovsky, C. L. Siegel, L. S. Pontryagin and others.
At the end of the nineteenth century, Liouville observed that it was not possible to
find explicit solutions to most differential equations. A few years later, H. Poincaré
stressed the importance of analyzing the topological, geometrical and analytical
properties of the solutions of differential equations, even without giving their
explicit expressions. This was a landmark for the birth of dynamical systems, for
the qualitative theory of differential equations, and eventually for foliation theory.

The concept of “foliation” was formalized in the 1940s in a series of papers
by G. Reeb and Ch. Ehresmann. This was inspired by the theory of differential
equations, where the phase manifold gets decomposed into one-dimensional real
or complex lines, as the case may be. This gives a local partition of the manifold,
where, at each regular point of the differential equation one has a flow box, or a
product decomposition. The new idea was passing from local to global, and having
higher dimensional “leaves,” as one does, for instance, when considering the fibers
of a submersion. Notice that in the complex case, the decomposition obtained by
considering the integral lines of a vector field is by one-dimensional complex curves,
so these have real dimension two.

After the early first steps, intensive development came into the theory, both in the
real and complex cases, and important research schools were developed worldwide.

On the one hand, the deep results for holomorphic foliations by A. Haefliger,
B. Malgrange, J. Martinet, J. P. Ramis, R. Moussu, J. F. Mattei, J. Ecalle, E. Ghys,
D. Cerveau and many others have made of France a Mecca for Foliation Theory.
Of course this had significant influence in other countries, and particularly in Spain,
where J. M. Aroca, F. Cano and others now have a research school with excellent
mathematicians all over the country.

Simultaneously, in the former Soviet Union, the geometric theory of complex
differential equations was developed in the early 1950s by 1. G. Petrovsky and
E. M. Landis. This fascinating theory soon attracted the attention of the leading
young mathematicians of the 1960s: D. V. Anosov, V. I. Arnold, S. P. Novikov,
R. E. Vinogradov, and soon afterwards, Yu. S. Ilyashenko, S. Yu. Yakovenko,
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S. M. Voronin, A. N. Varchenko, A. G. Khovanskii, A. A. Bolibruch, A. D. Bryuno,
D. I. Novikov, G. S. Petrov and many others, that have made of the Soviet Union,
and now Russia, a main pole of development for complex foliations.

On the other hand, in the early 1970s, C. Camacho finished his Ph.D. in Berkeley,
working with S. Smale on a thesis about smooth group actions, and then moved to
the IMPA in Brazil, where, together with P. Sad and A. Lins Neto, and also with
M. Soares at Belo Horizonte, built up a strong research school on holomorphic
foliations. Some 10 years later, A. Verjovsky and X. Gémez-Mont started building
up a research school on complex foliations in Mexico. The early results of Gémez-
Mont were essential to lay down the foundations of deformation theory for complex
foliations, and the seminal work by Verjovsky on the uniformization of the leaves of
holomorphic one-dimensional foliations has opened an important line of research.
The Mexican school has students and collaborators in Russia, France, Spain and
Brazil, thus profiting from all those schools. The interaction in Foliation Theory
between Mexico, France and Brazil is apparent, for instance, in the area of research
known as LVM manifolds, whose genesis is in the classical paper by Camacho,
Kuiper and Palis on linear C-actions (see for instance Lopez de Medrano’s paper in
Volume II of this Handbook).

We are happy to have in these volumes important contributions from all of these
schools, and others.

Let us say a few words about volumes V and VI. These have nine chapters each,
and these cover a large scope of the theory of analytic foliations. Besides these,
Volume V starts with a foreword by Professor Yulij Ilyashenko, while Volume VI
ends with an epilogue by Professor Jean-Pierre Ramis, two of the main world leaders
in the theory of complex foliations.

The foreword by Prof. Ilyashenko explains some of the most important lines
of research in the theory of holomorphic foliations and it states some major open
problems about:

Persistence. Do complex limit cycles persist as functions of the parameters of
polynomial differential equations?

Uniformization. Where is the boundary between the simultaneously uniformiz-
able and non-uniformizable (algebraic) foliations located?

Anosov problem. Is it true that a generic polynomial foliation has all leaves
simply connected except for (a countable number of) topological cylinders?

Rigidity versus structural stability. ~What is the interplay between structural sta-
bility and absolute rigidity? Are there intermediate foliations?

Besides the important open problems stated by Prof. Ilyashenko, we would
like, as editors of this volumen, to point two other open problems that have
been ubiquitous in the Theory along half a century: the problem of reduction of
singularities of singular holomorphic foliations and the problem of the existence of
a minimal exceptional set for holomorphic foliations of the projective plane.

The epilogue by Jean-Pierre Ramis is about Stokes phenomena, another ubiqui-
tous topic. This is an important legacy for the next generations, as it abounds in deep
thoughts and reflections, and it has plenty of historical roots and a vast bibliography.
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Chapter 1 of this Handbook is an introduction to singular holomorphic foliations.
The chapter introduces the reader to the theory of foliations by proving a couple of
important results. The first is the theorem of Mattei-Moussu about the existence of
holomorphic first integrals for germs of holomorphic foliations, and the second is
the linearization theorem of Camacho-Lins Neto-Sad for foliations in the complex
projective plane. The chapter discusses the Frobenius integrability theorem, the
concepts of the holonomy group and the Poincaré map, Riccati foliations and Kupka
singularities, the blow up method for reducing singularities, the various notions of
equivalence for foliations, and it arrives to the linearization theorem of Poincaré-
Dulac.

Chapters 2-5 are concerned with one-dimensional holomorphic foliations in
dimension two. Chapter 2 is devoted to various geometric properties of complex
foliations in CZ and CP2. It is a survey of some problems, conjectures and relations
between them, and it focuses on two major problems of complex foliations:
persistence of complex cycles and simultaneous uniformization of leaves. Chapter 3
is a survey focused on the local understanding of the solutions of differential
equations in (C?,0). This is a self-contained account in which the problem of
formal-analytic rigidity of vector fields and foliations with dicritical and non-
dicritical singularities, their corresponding formal and analytic normal forms and
the analytic classification invariants—the Thom invariants—are discussed.

In Chap. 4, the authors give a survey on the topology of singularities of holomor-
phic foliation germs in (C?; 0). Two foliation germs are topologically equivalent
(or CO-conjugate) if there is a homeomorphism between two open neighborhoods
that sends leaves into leaves. The final goal of a topological classification would
be to obtain a list of foliation germs containing an element of each topological
class, with minimal redundancy. The chapter begins with a historical approach to
the topological study of singularities of foliation germs. The purpose of this chapter
is to describe, giving ideas of the proofs, results obtained by the authors on the
topology of the leaves, the structure of the leaves space and criteria of conjugacy for
any two foliation germs not necessarily contained in a C°-trivial deformation.

Chapter 5 uses the classical concept of polar curve in singularity theory, as
studied by Teissier, L& and others, to study foliations. Polar curves can be thought of
as being a particular case of the Jacobian curve, which can be defined as the contact
curve between two hamiltonian foliations. The aim of this chapter is to describe
the results obtained by the author about Polar and Jacobian curves of foliations,
explaining the main tools used in the proofs and the relations with known results for
plane curves.

Chapter 6 is about generalizations of the classical Rolle theorem, claiming
that between any two roots of a real valued differentiable function on a segment
must lie a root of its derivative. The authors discuss important generalizations of
this theorem for vector-valued and complex analytic functions and for germs of
holomorphic maps. The unifying feature for these results lies at the heart of their
proofs and springs from the fact that these can be regarded as generalizations of the
Rolle theorem. This gives information about various problems in analysis (real and
complex) and geometry.
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Chapter 7 is a review concerning the study of the local dynamics of a gradient
vector field of a real analytic function. Starting from the famous Thom’s Gradient
Conjecture, the author discusses the state of art of the Finiteness Conjecture on
non-oscillation of trajectories and ends with the formulation of the problem in the
context of o-minimal geometry.

Chapter 8 is an introduction to the use of techniques originally developed by
Newton to study local solutions of algebraic and ordinary differential equations.
This beautifully written chapter studies first the application of Newton’s polygon to
algebraic equations with coefficients in a valued field, and it shows the limitations
of its use for valuations of rank greater than one. The Theorem of Kaplansky is the
key to have explicit solutions for the rank one case. For differential equations, the
lack of a Differential Kaplansky’s theorem is an obstacle to have a general theory.
Yet, the author studies generalizations to certain ordinary differential equations.

Volume V ends with Chap.9 that reviews properties of closed meromorphic
1-forms and of the foliations defined by them. It presents and explains classical
results from foliation theory, like index theorems, existence of separatrices and
resolution of singularities from the viewpoint of the theory of closed meromorphic
1-forms and flat meromorphic connections. The author investigates the algebraicity
of separatrices in a semi-global setting (neighborhood of a compact curve contained
in the singular set of the foliation), and the geometry of smooth hypersurfaces with
numerically trivial normal bundle on compact Kéhler manifolds.

Let us mention briefly the content of Volume VI.

The first chapter is by Adolfo Guillot that studies the singularities of complete
holomorphic vector fields on complex manifolds. Chapter 2 by Julio Rebelo and
Helena Reis studies the global dynamics of singular holomorphic foliations on
complex manifolds of dimension three. The foliations considered are mostly one-
dimensional, but codimension one foliations are also envisaged.

Chapter 3 by Alcides Lins Neto studies the irreducible components of algebraic
foliations of codimension one in complex projective spaces. Chapter 4 is by
Mauricio Corréa and it is a survey on problems and results on singular holomorphic
foliations and Pfaff systems with invariant analytic varieties on complex manifolds.
Chapter 5 by Felipe Cano and Beatriz Molina-Samper is concerned with the
question of R. Thom about the existence of an invariant hypersurface for germs of
holomorphic codimension one foliations, where the reduction of singularities plays
a central role.

A key concept and tool for studying codimension one holomorphic foliations
is the transversal pseudo group. Chapter 6 by Isao Nakai recalls the fundamental
results on this subject, beginning from the basics. Chapter 7 is by Javier Ribén and
it gives a constructive description of the Zariski-closure of subgroups of the group
lfl?f(C”) of formal diffeomorphisms, and it explains why this is meaningful from a
geometric viewpoint.

Chapter 8 by Frank Loray is an introductory text to the Riemann-Hilbert
correspondence, aimed to graduate students and researchers. The text explains the
main ideas and remains short enough to allow readers to keep the whole picture in
mind.
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Finally, Chap. 9 by Emmanuel Paul and Jean-Pierre Ramis is concerned with the
extension of the Riemann-Hilbert correspondence in the irregular case and focuses
on Painlevé equations. The authors describe the dynamics on the character variety
related to the Painlevé fifth equation, and they present many consequences of this
original approach.

There are many other important contributions to the theory of analytic foliations
that could (or even, should) have been included in these volumes. We are grateful to
all the very many mathematicians worldwide that have contributed to the theory.

Volumes V and VI of the Handbook complement the previous four volumes
of this collection, which is addressed to graduate students and newcomers to
singularity theory, as well as to specialists who can use these as guidebooks.

The first four volumes of this collection gathered foundational aspects of the
theory, as well as some other important aspects. Some topics are studied in various
chapters, and in some cases, also in more than one volume. The topics studied so far
include:

— The combinatorics and topology of plane curves and surface singularities.

— The classification of plane curves.

— Introductions to four of the classical methods for studying the topology and
geometry of singular spaces, namely: resolution of singularities, deformation
theory, stratifications and slicing the spaces a la Lefschetz.

— Milnor’s fibration theorem for real and complex singularities, the monodromy,
vanishing and L& cycles.

— Morse theory for stratified spaces and constructible sheaves.

— Limits of tangents to complex varieties, a subject that originates in Whitney’s
work.

— Zariski’s equisingularity and intersection homology.

— Singularities of mappings. Thom-Mather theory.

— The interplay between analytic and topological invariants of complex surface
singularities and their relation with modern three-manifold invariants.

— Indices of vector fields and 1-forms on singular varieties.

— Chern classes and Segre Classes for singular varieties.

— Mixed Hodge structures.

— Determinantal singularities.

— Arc spaces.

— Lipschitz geometry in singularity theory, and many other important subjects.

This collection is aimed to provide accessible accounts of the state-of-the-art in
various aspects of singularity theory, its frontiers and its interactions with other areas
of research. This will continue with a Volume VII discussing other important areas
of singularity theory and its interactions.

Valladolid, Spain Felipe Cano
Cuernavaca, Mexico José Luis Cisneros-Molina
Marseille, France L& Diing Trang
Cuernavaca, Mexico José Seade

September 2023



Contents

1 Holomorphic Foliations: Singularities and Local Geometric
ASPECLS ..ottt
Bruno Scardua

1.1
1.2

1.3

1.4

1.5

Introduction ............oiiiiiiiii
The Notion of Holomorphic Foliation ....................oooiiai...
12,1 MOUIVAION .ueetitett et
1.2.2  Definition of Holomorphic Foliation .........................
1.2.3  Other Definitions of Foliation ..................ccooiiiini..
1.2.4  Frobenius Theorem..........ccooiiiiiiiiiiiiiiiiiiiin..
1.2.5  Examples of Holomorphic Foliations ........................
| ST (0] 103110711} 2
1.2.7  The Identity Principle for Holomorphic Foliations ..........
Holomorphic Foliations with Singularities ............................
1.3.1  Linear Vector Fieldsonthe Plane ............................
1.3.2  One-Dimensional Foliations with Isolated Singularities ....
1.3.3  Differential Forms and Vector Fields.........................
1.3.4  Codimension One Foliations with Singularities .............
1.3.5 AnalyticLeaves ...........cooiiiiiiiiiiii
1.3.6  Two Extension Lemmas for Holomorphic Foliations .......
1.3.7  Kupka Singularities and Simple Singularities ...............
Reduction of Singularities: The Blow-Up Method ....................
1.4.1  Germs of Singularities in Dimension Two ...................
1.4.2  Nondegenerate Singularities ...........ccovvviiieieennnnnn...
1.4.3  The Blow-Up Method and Resolution of Curves............
1.4.4  Separatrices: Dicricity and Existence ........................
1.4.5 Seidenberg’s Theorem ..............coovviiiiiiiiiinnnnnnn....
1.4.6  Trreducible Singularities..............oovvviiiiiieeeeeenennn...
1.4.7  Holonomy and Analytic Classification.......................
Holomorphic First Integrals: Theorem of Mattei-Moussu ............
1.5.1  Mattei-Moussu Theorem.............cccevviiiiiiieiniinn...
1.5.2  Groups of Germs of Holomorphic Diffeomorphisms........

XVii



Xviii Contents
1.5.3  Irreducible Singularities.............ooooieiiiiiiiiiiiannn. 48
1.5.4  The Case of a Single Blow-Up ...........ccciiiiiiiiinn. 49
1.5.5 The General Case........ovuuuuiieiiiiiiiiiieiiiiiiiieeeann. 50
1.6 Holomorphic Foliations Given by Closed 1-Forms ................... 51
1.6.1  Foliations Given by Closed Holomorphic 1-Forms.......... 51
1.6.2  Foliations Given by Closed Meromorphic 1-Forms ......... 52
1.6.3  Holonomy of Foliations Defined by Closed
Meromorphic 1-Forms ..o 54
1.6.4  The Integration Lemma ..o, 58
1.7 Linearization of FOations............oooiiiiiiiiiiiiiiiiiiiiiiiee.., 59
1.7.1  Virtual Holonomy Groups ...........ccceeeeeiiiiinieeeannnn. 59
1.7.2  Abelian Groups and Linearization............................ 60
1.7.3  Construction of Closed Meromorphic Forms ................ 61
1.7.4  Proof of the Linearization Theorem .......................... 65
REferenCes ..o et 66
2 Persistence, Uniformizanion and Holonomy .............................. 71
Yu. Ilyashenko
2.1 Itroduction ..........eeeiii e 71
2.1.1  Limit and Identical Complex Cycles: Holonomy Map ...... 71
2.1.2 Persistence Property..............oooiiiiiiiiii 72
2.1.3  PlanofthePaper ...............ooiiiiii 73
2.2 Simultaneous Uniformization Problem .......................ooooo .. 73
2.2.1  Manifold of Universal Covers Over the Leaves.............. 74
2.2.2  What Is Simultaneous Uniformization? ...................... 75
2.2.3  Existence and Non-Existence of Simultaneous
Uniformization ..........ccooviiiiieeiiiiiiiiiie e, 76
2.3 Conditionary Persistence Theorem for Identical Cycle ............... 77
2.3.1 A Conditionary Persistence Theorem ........................ 77
2.3.2  Persistence Domain for an Identical Cycle................... 78
233  Tameness on Disks .........cooiiiiiiiiiiiiiiiii 79
2.3.4  Some Auxiliary Results .................eiiiieL L. 79
2.3.5 Isomorphism of Canonical Skew Cylinders.................. 80
2.3.6  Persistence of Identical Cycles ...................ooeeeennn. 81
2.4 Destruction of Identical Cycle for Analytic Foliations of a
Closed Two-Dimensional Manifold in C> ............................. 82
2.5 Persistence of Complex Limit Cycles.................oovvveiiiienn.. 83
2.5.1  Persistence Domain of Complex Limit Cycles .............. 83
2.5.2  Statement of the Persistence Theorem ....................... 84
253 BoundaryLeaves .............oooiiiiiiiiiiii 86
2.54  The Induced Cylinder and Its Deck Transformation......... 87
2.5.5 Geometric Interpretation of the Map Fp, ..................... 89
2.6 Unifomizability: Proe Contra.................oeviiiiiiiiiinnenn.... 89
2.6.1  Elementary Example ...............ooiiiii. . 90

2.6.2 MainExample ............. 90



Contents Xix

2.6.3  Non-Uniformizable Algebraic Foliations .................... 91

2.6.4  Uniformization CONJeCtures ...........cceevviuruieeeennnnnnn.. 91

2.6.5  Algebraic Families and Simultaneous Uniformization ...... 92

2.7 Non-Extendable Holonomy Map...........cccovviiiiiiiiiiiiiia... 93
2.7.1  Limit Points of a Contracting Semigroup as

Singular Points of Holonomy ...............c.ooooiiiiiian 93

2.7.2 A Linear Non-Homogeneous Equation ...................... 95

2.7.3 A Non-Conditional Persistence Theorem .................... 96

References ......ooouviiiii i 97

3 Holomorphic Foliations and Vector Fields with Degenerated
Singularity in (C2, 0) ... ..o 99
Laura Ortiz-Bobadilla, Ernesto Rosales-Gonzalez and Sergei Voronin
3.1 Local Holomorphic Vector Fields and Foliations

with Degenerated Singular Point in (Cz, 0) i 100
3.1 INtroduCtion......ovvereieiii i 100
32 BasiCResults .....oooiiiiiii 103
321 Blow-Up of (CZ,0) . uuieieie e 107
3.2.2  Blow-Up of Germs of Vector Fields in V41 ................ 108
3.3 Rigidity Theorems for Generic Non-Dicritical Foliations
and Vector Fields in (Cz, 0) e 110
3.3.1  Rigidity for Foliations of Generic Non-Dicritical
Germs of Vector Fields..........cooooviiiiiiiiiiiin... 111
3.3.2  Rigidity for Non-Dicritical Germs of Vector Fields ......... 114
3.4 Rigidity Theorems for Generic Dicritical Foliations
and Vector Fields in (Cz, 0) e 118
3.4.1 Rigidity for Foliations Defined by Generic
Dicritical Germs of Vector Fields................cooovvnnnn 118
3.4.2  Rigidity for Generic Dicritical Germs of Vector Fields ..... 126
3.5 Formal Normal Forms for Generic Vector Fields and
Foliations with Degenerate Singularity in (C2,0)..................... 133
3.5.1  Formal Normal Forms for Generic Holomorphic
Dicritical Foliations and Vector Fields in (Cz, () I 133
3.5.2  Formal Normal Forms for Generic Holomorphic
Non-Dicritical Foliations in (C2, 0) «....vuevnieieeinaninnn. 135
3.6 Thom’s Invariants for Generic Non-Dicritical and Dicritical
FOliations in (C2,0) ... eeeeiiiieeee e 137
3.6.1  Thom’s Invariants for Generic Holomorphic
Non-Dicritical Foliations in (C2, 0) «....vvevineeinanannn. 139
3.6.2  Realization Theorem: Independence of the
Invariants ve and [Gy]..ooovviiiiini i 142

3.6.3  Thom’s Invariants for Generic Holomorphic
Dicritical Foliations in (C2, 0) ....o.vueeieeeeieeeiaein 144



XX

Contents

3.7 Analytic Normal Forms of Germs of Foliations

with Degenerated Singularity.............cooooiiiiiiiiiiiiiiiiiian 146
3.7.1  Formal and Analytic Normal Forms of Germs
of Holomorphic Non-Dicritical Foliations ................... 147
3.7.2  Analytic Normal Forms of Germs of Generic
Holomorphic Dicritical Foliations...................oooee... 155
3.8 Geometric Interpretation of Thom’s Parametric Invariants ........... 164
REfEIeNCES ..t 165
Topology of Singular Foliation Germsin C? .............................. 169
David Marin, Jean-Francois Mattei and Eliane Salem
4.1 INtrodUCtION ...eoiintt et 170
4.2 Separatrices and SeParators. .........evvetiiiiiiiieiiiririrerieeeeeeeen. 172
4.2.1  Graph Decomposition of the Complement of a
Germ Of CUIVE . ....vveiiiii e 173
422 SePATALTICES + v vvvvteiiettitttttteeeeeeaas 174
4.2.3  Separators and Dynamical Decomposition................... 178
4.3  Incompressibility of Leaves .........ccooiiiiiiiiiiiiiiiiiiiiiiiiies 182
4.3.1 Foliated Connectedness and a Foliated Van
Kampen Theorem ..........ccoviiiiiiiiiiiiiiiiiiiiiinnnns 183
4.3.2  Construction of Foliated Blocks ...................oocoiiiit 185
4.4 EXAMPIES .ottt e 187
4.4.1  Dicritical Cuspidal Singularity ...........cccovviiiiieiiinan. 187
4.4.2  Foliations Which Are Not Generalized Curves .............. 190
4.5 Monodromy of Singular Foliations ............ccoceiiiiiiiiiiiinnnnnn. 191
4.5.1 Ends of Leaves Space of Reduced Foliations ................ 191
4.5.2  Complex Structure on Leaf Spaces........................... 195
4.5.3  Extended Holonomy Along Geometric Blocks of
the Foliation ...........ccooiiiiiiiiiii i 197
4.5.4  Monodromy Representation of a Singular Foliation......... 200
4.5.5 Monodromy vs Holonomy Conjugacies...................... 201
4.5.6  Classification Theorem...........c.oooviiiiiiiiiiiiiinnnn. 204
4.6 Topological Invariance of Camacho-Sad Indices...................... 209
4.6.1 Camacho-Sad Index ...........cccoviiiiiiiiiiiiiiiiiiiinnn, 209
4.6.2  Different types of Dynamical Components .................. 209
4.6.3  Small Dynamical Components ............c.oovvvvvveeeeennn.. 211
4.6.4  Big Dynamical COomponents ...........cevvvvveveeeeeeennnn... 212
4.6.5  Peripheral Structure and Index Invariance Theorem......... 214
4.7 Excellence Theorem and Topological Moduli Space.................. 216
4.7.1  Excellence Theorem...........cccoovviiiiiiiiiiiiiiieennnn. 216
4.7.2  Classification Problem: Complete Families and
Moduli SPace ......uuuu 217

ReferenCes ..o 220



Contents XX1

5 Jacobian and Polar Curves of Singular Foliations ....................... 223
Nuria Corral
5.1 INtroduction .........eeeeiiii e 223
5.2 Generalized Curve Foliations and Logarithmic Models............... 226
5.2.1  Logarithmic Models............cccoiiiiiiiiiiiiiiiiinn 230
5.2.2  Camacho-Sad Index Relative to Singular Separatrices ...... 232
5.3 Polar and Jacobian Intersection MultiplicitieS......................... 234
5.4 Equisingularity Data of aPlane Curve ...............cooovviiiiie., 240
5.4.1 Equisingularity Data of an Irreducible Curve................ 241
5.4.2  Equisingularity Data of a Curve with Several Branches..... 245
543  Ramification ..........coooiiiiiiiiiiiiiiiiii 250
5.5 Topological Properties of Polar Curves of Foliations ................. 252
5.5.1  The Case of Non-Singular Separatrices ...................... 256
552 General Case.......uveeeiiiiie i 257
5.6 Topological Properties of Jacobian Curves of Foliations ............. 262
5.6.1  The Case of Non-Singular Separatrices ...................... 263
5.6.2  Jacobian Curve: General Case ............ccovvviiiiieennnnn 271
5.7 Analytic Invariants of Irreducible Plane Curves....................... 274
ReEferenCes . onneeee e 277
6 Rolle Models in the Real and Complex World ............................ 281
Dmitry Novikov and Sergei Yakovenko
6.1 Rolle Lemma, Virgin Flavor...............coooiiiiiiiiiiiiiiii.., 282
6.1.1  First Year Calculus Revisited .............cccoviiiiiiiiinn 282
6.1.2  Rolle Inequality and Descartes Rule of Signs................ 283
6.1.3  Main Building Block of Elementary Fewnomial Theory.... 283
6.2 Rolle Theorem and Real ODE’s ..., 285
6.2.1  De la Vallée Poussin Theorem and Higher Order
EqQUations ........uuuu 285
6.2.2  Real Meandering Theorem.............ccoovvvviiiiiiiinnnn.... 286
6.2.3  Maximal Tangency Order and the
Gabrielov—Khovanskii Theorem.....................ooooait 289
6.2.4  Meandering of Curves in the Euclidean Space............... 292
6.2.5  Voorhoeve Index...........cooiiiiiiiiiiiiiiiiiiiiiiiiinnnn, 294
6.2.6  Spatial Curves vs. Linear Ordinary Differential
EqQUations .........uuuu e 297
6.3 Counting Complex ROOtS ...ttt 299
6.3.1  KimTheorem........ccooviiiiiiiiiiiiiiiii i 299
6.3.2 JensenInequality .........ccoovviiiiiiiiiiiiiiiiiiinnnns 300
6.3.3  Bernstein Index ........c.ooooiiiiiiiiiiiiiiii i 301
6.3.4  Variation of Argument of Solutions of
Complex-Valued Linear Equations ...................oooee... 304
6.3.5 Rolle and Triangle Inequalities for the Bernstein Index ..... 304

6.3.6  Bernstein Index for Power Series.................coovviiiin. 305



XXii

Contents

6.3.7  Singular Points and Rolle Theory for Difference
L0575 2110
6.3.8  Pseudo-Abelian Integrals ...............ooooiiiiiiiii
6.4 Many (Complex) DIimensions ..........coeeeeeeiiiiiiiieenniinniee...
6.4.1 Infinitesimal Version: Multiplicity Counting.................
6.4.2  Local Version in Several Dimensions: Binyamini
Theorem ..o
6.5 From Local to Global ...
6.5.1  Quasialgebraic Functions ...............ccoeeviiiiiiiieiian,
6.5.2  Abelian Integrals and The Hilbert Sixteenth.................
References ......coueiiiii i

Half a Century with the Problem of the Gradient of an
Analytic Function ...
Fernando Sanz Sanchez
7.1 INtroduction .........ueeeiii et
7.2 Lojasiewicz’s Contribution to the Gradient............................
7.2.1  The Gradient Inequality and the Retraction Theorem .......
7.2.2  Generalizations and Miscellaneous Remarks ................
7.3 Thom’s Gradient Conjecture on Existence of Tangent................
7.3.1  The Spherical Blowing-Up of a Gradient ....................
7.3.2  First Cases Where the Conjecture Holds .....................
7.3.3  Other Comments and Results About Thom’s Conjecture ...
7.4 Invariant Analytic Sets of Gradient Vector Fields .....................
7.4.1  The Statement .........cooviiiiiiiiiiiiiiiii e,
7.4.2 A Hadamard’s Type Theorem on Analytic Invariant
Manifolds ......oovini
7.43 Endofthe Proof ...
7.5 Proof of Thom’s CONjecture .........ovvveiiiiieieeeneeeneneeennnnnnnn..
7.5.1  Idea of the Proof: A Control Function........................
7.5.2  Steps for Constructing a Control Function...................
7.6  Finiteness Gradient Conjecture............ccceevviiiiieeeennninnneee...
7.6.1  Tangents, Oscillation, Spiralling and Interlacing ............
7.6.2  Non-Oscillation for Gradients of Functions of
Order at Least TWO ....ooviniiiiiiiiiiiiiic e
7.6.3  Gradients Do Not TWist ........ccoviiiiiiiiiiiiiiiiiieennn.
7.7 Restricted Gradients to Singular Surfaces .............................
7.7.1  Distinguished Parametrization of Singular Analytic
SUITACES .. e et
7.7.2  Principal Part of Restricted Analytic Functions..............
7.7.3  Oscillation and Spiraling in Singular Surfaces...............
7.7.4  End of the Proof: Dicritical or Non-Monodromic
SIUALIONS .+ttt
7.7.5  Formal Invariant Curves for Restricted Gradients ...........



Contents Xxiii
7.8 Tame Geometry and Gradient Vector Fields........................... 378
7.8.1  Basic Facts of O-Minimal Structures......................... 378
7.8.2  Examples of O-Minimal Structures .................cc.o..... 381
7.8.3  Questions About O-Minimality and Gradient
Vector Fields ....ooueeeiiiiiii 389
ReEferenCes . ouueee et 391
8 Newton Polygomn ......... ... 397
José Manuel Aroca
8.1 Historic Introduction ...........ccooiiiiiiiiiiiiiiiiii i 397
8.2 Valued Fields .......cooiiii i 401
8.3 Newton Polygomn ... 408
8.4 Newton Polygon and Algebraic Equations ............................ 413
8.5 Differential Fields: Hardy Fields ...............ooooviiiiiiiiiiiian.n. 421
8.6 Valuations and Solutions of Ordinary Differential Equations......... 427
8.7 Ordinary Differential Equations with Coefficients in a
Valued Field ..o 429
8.8 TheRank One Case .........uveeiiiiiiiiieiiiiiiiiiii e 432
8.9 First Order and First Degree Equations ...................cooevennn... 440
REferenCes .. ..unete e 444
9 Closed Meromorphic 1-Forms...........................oooa, 447
Jorge Vitério Pereira
9.1 Tntroduction ...........cceiiiniiiiieiiii e 447
9.2 Singular Holomorphic Foliations........................oeeieeenna. 451
9.2.1  Smooth Foliations .............cccciiiiiiiiiiiiiiiiiiinn. 451
9.2.2  Singular FOliations ..........ccooiiiiiiiiiiiiiiiiiiiiiinns 452
9.2.3  Alternative Definition ............ccoooiiiiiiiiiiiiiiiia. 452
9.2.4  Foliations Defined by Closed Meromorphic 1-Forms ....... 453
9.3 Closed Meromorphic 1-Forms and Their Residues ................... 453
9.3.1  Residues and the Residue Divisor ...............oooeeeinn 453
9.3.2  Meromorphic Flat Connections...............covvvviiea.... 455

9.4

9.3.3  Residue Theorem for Logarithmic
Forms/Connections (Not Necessarily

ClosSed/Flat) . ...cooviiie i i 456
9.3.4  Index Theorem for Invariant Hypersurfaces ................. 458
Simple Singularities for Closed Meromorphic 1-Forms .............. 461
9.4.1  Local Expression for Closed Meromorphic 1-Forms........ 461
942  Base LOCUS....oouuuiiiiiiiii 462
9.4.3  Polar Divisor and Irregular Divisor..............ccovvven... 463
9.4.4 Resonant Residues .............cccovviiiiiiiiiiiiiiiiinn. 463
9.4.5  Simple Singularities of Closed Meromorphic 1-Forms...... 464
9.4.6  Local Expression for Simple Singularities ................... 464
Q4T ZBTOS et 465

9.4.8  The Irregular Divisor........ccovviiiiiiiiiiiiiiiiiiiiines 466



XXiv Contents
9.4.9  Simple Singularities for Codimension One Foliations ...... 467
9.4.10 The Separatrix Theorem .............ooooeiiiiiiiiiiiiiin 469
9.4.11 Existence of Separatrix for Non-Dicritical

Codimension One Foliations.....................ocoia. 471
9.5 Hodge Theory and Closed Meromorphic 1-Forms .................... 472
9.5.1  Closedness of Holomorphic Forms........................... 472
9.5.2  Hodge Decomposition ...........ccovveuiiiieiiiiiiiieeeennnn. 473
9.5.3  Closedness of Logarithmic 1-Forms.......................... 475
9.5.4  Logarithmic 1-Forms with Prescribed Residues
and 1-Forms of the Second Kind ........................ ... 475
9.5.5 Closed Meromorphic 1-Forms with Prescribed
Trregular Divisor........cooviiiiiiiii i 476
9.6 Polar Divisor of Logarithmic 1-Forms ................coooiiiii.., 4717
9.6.1 Hodge Index Theorem ...........ccoooiiiiiiiiiiiiiiiiann. 4717
9.6.2  Logarithmic 1-Form Canonically Attached to a
Divisor with Zero Chern Class ..............coooiiiiiinn 479
9.6.3 A Criterion for the Existence of Fibrations .................. 481
9.6.4  Poles of Logarithmic 1-Forms ..................oooooeiiiin 482
9.6.5 Topology of Hypersurfaces .............coceevviiiiieeenn. 482
9.6.6  Quasi-Invariant Hypersurfaces..................oooeieiinin 483
9.7 Semi-Global SeparatriCes..........covviuuiiiiiiiiiiiiiiiiiiiiiee.., 484
9.7.1  Semi-Global Separatrices ...........ooouveeeeeiiiiiineeeennnn. 484
9.7.2  Negative Definite Intersection Form.......................... 485
9.7.3  Intersection Form with a Positive Eigenvalue................ 486
9.74  Proof of Theorem 9.1.1 ..., 487
9.7.5 Proof of Corollary 9.1.2.......cciiiiiiiiiiiiiiiiii i 488
9.7.6  Negative Semi-Definite Intersection Form and
UedaTheory ....ooovuiiiiiiiii e 489
9.8 Polar Divisor of Meromorphic 1-Forms of the Second Kind ......... 491
9.8.1  Ueda Theory for the Polar Divisor of 1-Forms of
Second Kind ... 491
9.8.2  Formal Principle for Curves with Trivial Normal
Bundle on Projective Surfaces ..............ccocvviiiiiii.L, 493
9.9 A Remark on Stein Complements..........ccovvviiiiieieeniniiinee... 494
9.9.1  Existence of a Closed Meromorphic 1-Form
with Coefficients on a Flat Line-Bundle ..................... 494
9.9.2  Leaves of Foliations on Stein Manifolds ..................... 495
9.9.3  Proof of Theorem 9.9.1/Theorem 9.1.4 ...................... 495
References ......oouuiiii i 496
INdeX. ..o 501



Contributors

José Manuel Aroca Centro “Tordesillas” de relaciones con Iberoamérica (CTRI),
Universidad de Valladolid Tordesillas, Valladolid, Spain

Felipe Cano Dpto. Algebra, Analisis Matemdtico, Geometria y Topologia and
Instituto de Matematicas de la Universidad de Valladolid, Facultad de Ciencias,
Universidad de Valladolid Valladolid, Spain

José Luis Cisneros-Molina Instituto de Matematicas, Unidad Cuernavaca, Univer-
sidad Nacional Auténoma de México and International Research Laboratory CNRS,
Laboratorio Solomon Lefschetz Cuernavaca, Mexico

Nuria Corral Departamento de Matematicas, Estadistica y Computacién, Univer-
sidad de Cantabria Santander, Spain

Yu. Ilyashenko National Research University Higher School of Economics, Rus-
sian Federation, Independent University of Moscow Moscow, Russia

David Marin Departament de Matematiques, Universitat Autonoma de Barcelona
Barcelona, Spain
Centre de Recerca Matematica Cerdanyola del Valles, Spain

Jean-Francois Mattei Institut de Mathématiques de Toulouse, Université Paul
Sabatier Toulouse, France

Dmitry Novikov Department of Mathematics, The Weizmann Institute of Science
Rehovot, Israel

Laura Ortiz-Bobadilla Instituto de Matematicas, Universidad Nacional
Auténoma de México, Area de la Investigacion Cientifica, Circuito Exterior, Ciudad
Universitaria Ciudad de México, México

Jorge Vitério Pereira , IMPA Rio de Janeiro, Brazil

Ernesto Rosales-Gonzalez Instituto de Matematicas, Universidad Nacional
Auténoma de México, Area de la Investigacién Cientifica, Circuito Exterior, Ciudad
Universitaria Ciudad de México, México

XXV



XXVi Contributors

Eliane Salem Sorbonne Université, Université de Paris, CNRS, Institut de Mathé-
matiques de Jussieu - Paris Rive Gauche Paris, France

Fernando Sanz Sanchez Departamento de Algebra, Analisis Matematico,
Geometria y Topologia, University of Valladolid Valladolid, Spain

Bruno Scardua Instituto de Matematica, Universidade Federal do Rio de Janeiro
Rio de Janeiro, Brazil

José Seade Instituto de Matematicas, Unidad Cuernavaca, Universidad Nacional
Auténoma de México and International Research Laboratory CNRS, Laboratorio
Solomon Lefschetz Cuernavaca, Mexico

Lé Diing Trang Professor emeritus, University of Aix-Marseille Marseille, France

Sergei M. Voronin Department of Mathematics, Chelyabinsk Sate University
Chelyabinsk, Russian Federation

Sergei Yakovenko Department of Mathematics, The Weizmann Institute of Sci-
ence Rehovot, Israel



Chapter 1 ®
Holomorphic Foliations: Singularities Qe
and Local Geometric Aspects

Bruno Scardua

Abstract This text has been written with the aim of providing a fast introduction
to the framework of holomorphic foliations with singularities. Our methodology is
based in proving a couple of important results. The first is the theorem of Mattei-
Moussu about existence of holomorphic first integrals for germs of holomorphic
foliations. The second is the linearization theorem of Camacho-Lins Neto-Sad, for
foliations in the complex projective plane. With these we address both aspects, local
and global, of this interesting subject. This text is highly influenced by the author’s
personal interests and it is not intended to exhaust the subject, nor to be a complete
full introduction to this beautiful field. Indeed, I also recommend various other texts
as, for instance, by D. Cerveau and J.-F. Mattei, Y. Ilyashenko and F. Loray (see
references below). I hope these notes will be helpful to those interested in this
interesting field in mathematics.

1.1 Introduction

The theory of foliations is one of those subjects in mathematics that gathers several
distinct domains such as topology, dynamical systems and geometry, among others.
Its origins go back to the works of C. Ehresmann and Shih ([25, 26]) and G. Reeb
([65, 66]). It provides an interesting and valuable approach to the qualitative study
of dynamics and ordinary differential equations on manifolds.

Although its origins are in the classical framework of real functions and
manifolds, the notion of foliation is also very useful in the holomorphic world.
Indeed, it has ancient origins in the study of complex differential equations. From
these first problems, the introduction of singularities as an object of study is a
natural step. We mention the works of P. Painlevé ([58, 59]) and Malmquist ([49]).
With P. Painlevé the study of rational complex differential equations of the form

;11—3‘; = Sgi; has its first more specific methods and results. After Painlevé many
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2 B. Scardua

authors have contributed for the initial push up of the theory, among them are E.
Picard, G. Darboux, H. Poincaré, H. Dulac, Briot and Bouquet.

Complex differential equations appear naturally in mathematics and in natural
sciences ([2, 3, 35]). For instance, we mention the theory of electrical circuits, valves
and electromagnetic waves ([60]). Another motivation is the search for and study of
new (classes of) transcendent functions, as the liouvillian functions ([69, 71]).

With the advent of the geometric theory of foliations and the modern results of
Cartan, Oka, Nishino ([57]), Suzuki ([74-76]) and others, on the theory of analytic
functions of several complex variables and some from algebraic and analytic
geometry, this field of research became quite active again. To these days it is one of
the active branches of modern research in mathematics. It also includes important
connections with algebra and algebraic geometry ([30, 41, 47, 71]). We refer to
[22, 38, 46] for accounts on the subject; see also [6, 8, 12, 14, 17, 20, 39, 40, 48, 56]
for some other aspects not mentioned in the text.

1.2 The Notion of Holomorphic Foliation

This section introduces classical notions of foliations in the complex analytic
framework. The reader which is already familiar with these notions in the real
smooth case, may skip to the next section. We refer to [11, 27, 34] or [54] for more
complete accounts on the theory of real foliations.

1.2.1 Motivation

There are some ways of motivating the concept of foliation. Probably, the very first
is given by a holomorphic submersion f: M — N from a complex manifold M
into a complex manifold N. By the complex analytic version of the local form of
submersions, the level sets f~'(y), y € N are embedded complex submanifolds of
M. These fibers are locally organized as the fibers of a projection (x, y) + y. This
local picture is not necessarily global, and the fibers may be disconnected.

A second important example is given by a non-singular closed holomorphic 1-

form @ on a complex manifold M. By the complex version of the integration lemma
of Poincaré we can write locally w = df for a holomorphic submersion map f
taking values on C. Any local function f as above, defined in an open subset in M,
is called a first integral for w.
Notice that two local first integrals f and f for w in a same connected subset of M
are related by f = f + ¢ for some constant ¢ € C. Therefore, f and f do share
level sets, these local sets can therefore be globalized as immersed (locally closed)
complex submanifolds of M, again locally organized as fibers of a projection.

The third and last basic example we shall mention is the one provided by a
holomorphic (complex analytic) vector field X on a complex manifold M. Given a
point p € M which is not a singular point of X, the complex flow-box theorem gives
a conjugation between (X, U), where p € U C M is an open neighborhood, and
a nonzero constant complex vector field on C”, where m = dim M is the complex
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dimension of M. The orbits of X in U then follow the same geometrical condition
of the above examples.
The above examples motivate the classical definition of foliation below.

1.2.2 Definition of Holomorphic Foliation

The purpose of this section is to introduce, in a formal way, the concept of
holomorphic foliation. In fact, a holomorphic foliation is, in particular, a foliation
in the classical sense.

Definition 1.2.1 Let M be a complex manifold of (complex) dimension n. A
holomorphic foliation of M, of dimension k, or codimensionn —k, 1 <k <n —1,
is a decomposition ¥ of M in pairwise disjoint immersed complex submanifolds
(called leaves of the foliation ) of dimension (complex) k, and having the following
properties:

(i) Yp € M there exists a unique submanifold L, of the decomposition that passes
by p (called the leaf through p).

(i) Vp € M, there exists a holomorphic chart of M (called distinguished chart of
F), (p,U), pe U, ¢: U - ¢oU) C C", such that p(U) = P x Q, where P
and Q are open polydiscs in C* and C" ¥ respectively.

(iii) If L is aleaf of Fsuchthat LNU # @, then LNU = |J ¢ (P x {g}),

qeDLu
where Dy, y is a countable subset of Q.

The subsets of U of the form ¢~ '(P x {q}) are called plagues of the
distinguished chart (¢, U).

A foliation of dimension one is also called foliation by curves. In this case, the
leaves are Riemann surfaces.

Observe that (iii) also implies that the leaves are immersed submanifolds
immersed in M. Indeed, the intersection of a leaf with a distinguished chart is a
union of disjoint plaques.

1.2.3 Other Definitions of Foliation

There are essentially three ways to define foliations (cf. [11, 27, 34]). In addition to
the one we just have given in Definition 1.2.1 above, we have the following.

Definition 1.2.2 Given a complex manifold M of dimension m; by a codimension
0 < n < m holomorphic (complex analytic) foliation of M, we mean an atlas ¥ =
{(Uj,9j)}jes of M, where each coordinate chart ¢;: U; C M — ¢;(U;) C
C™™" x C" is holomorphic and we have the following compatibility condition:

For each non-empty intersection U; N U; # ¢, the corresponding change of
coordinates

®j o(pi_l‘(p,'(U;ﬂUi): pi(UiNU;j) — ¢;j(U; NU;)
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preserves the natural horizontal fibration y = vy, for some constant yo € C, of
C" 7" x C" > (x,y).

This is equivalent to say that, in coordinates (x, y) € C" ™" x C", we have
@jo <pf1(x, y) = (h,-j(x, y), g,-j(y)) e C" " x C".

The charts ¢;: U;j — ¢;(U;) are called foliation charts, trivializing charts or
distinguished charts of ¥. The local plaques of ¥ are the fibers of a foliation chart in
¥. Given a holomorphic diffeomorphism ¢: U — ¢(U) C C" = C"™" x C", we
say that ¢ is compatible with the foliation ¥ if for any j € J suchthat U; NU # ¢,
we also have

piop (x,y) = (h(x,y),8(3) € C" " x C".

In short, this is equivalent to say that U {(U, ¢)} is still a foliation. Using this and
Zorn’s lemma, we may consider the foliation atlas ¥ as maximal, in the sense that it
contains all the compatible charts of M.

In M we consider the equivalence relation induced by the connected finite union
of local plaques. This means that two points x, y € M are equivalent x ~ y if and
only if x and y lie in the same plaque of ¥ or there is a finite number of plaques
P,....,P.,vr > 2;0of Fsuchthat x € P;,y € P and P; N P;41 # @ for all
i=1,...,r —1.Given apoint x € M we call the corresponding equivalence class
[x] C M is the leaf of F through x. Usually we denote this leaf by 7, or by L. The
leaf Ly C M is an immersed complex submanifold, but not necessarily embedded.
These leaves then decompose M into disjoint immersed complex submanifolds.
Each leaf has dimension m — n and meets a foliation chart domain along plaques
of the foliation. For instance, in the case of a submersion f: M — N, the
leaves of the corresponding foliation are the connected components of the level sets
f~1(y),y € N. The quotient space M/ ~ is the leaf space of F, also denoted by
M/F.

The third definition of foliation uses the notion of distinguished maps. Let ¥ =
{(Uj,9j),j € J} be a foliation of a manifold M in the sense of Definition 1.2.2.
Then Vi, j the transition map ¢; o ()~ ! has the form

gjo @), y) = (fij(x, ¥), g, ().

The map g;; is a local diffeomorphism in its domain of definition. This
follows from the fact that the derivative of the transition map is given by D(g; o
(@)D, y) - (v, w) = @y fi;(x,¥) - v, Dgi j(y) - w), (v, w) € C"" x C". We
define for all i the map g; = Il o ¢;, where II; is the projection onto the second
coordinate: ITo: C"™" x C" — C", (x,y) — y. We claim that g; = g; ; o &.
Indeed, we have g; jog; = gi jo I"Ié o = Hé o(p; o<pl._1) o = Hj. op; =gj.
Therefore, a holomorphic foliation ¥ of codimension n of a manifold M™ is
equipped with an open cover {U; };c; of M and holomorphic submersions g; : U; —
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C" such that for all i, j there is a local diffeomorphism g; ; : V; C C" — V; C C"
satisfying the cocycle relations

gi=2gjo& &, =I1d.

The g;’s are the distinguished maps of F.
Conversely, suppose that M™ admits an open cover M = | J U; such that for
iel
each i € I there is a holomorphic submersion g;: U; — C" such that for all i, j
there is a diffeomorphism g; ; : V; € C" — V; C C" satisfying the cocycle
relations above. By the local form of the submersions we can assume that for each
i € I there is a holomorphic diffeomorphism ¢; : U; — C™™" x C" such that

gi =T og;.
since
Mo (pjo(p) ) =gjolp) " =g jogiolp) " =g o,
we have that the atlas
F=A{Ui, ¢i)lier
defines a holomorphic foliation of codimension n of M. The above suggests the

following equivalent definition of foliation.

Definition 1.2.3 A holomorphic foliation of M™ of codimension 7, is given by the
following:

1. Anopencover {U; :i € I} of M.

2. A family of holomorphic submersions g;: U; — D", Vi € I; with the
following compatibility property: Vi, j € I with U; N U; # @, there is a local
diffeomorphism g; ; : V; C C" — V; C C" satisfying the cocycle relations

gj=gijo&, &.,:=Id.

The submersions g;’s are the distinguished maps of the foliation 7.

This last definition leads to several interesting definitions. For instance, a
foliation ¥ of M is said to be transversely holomorphic or transversely affine
depending on whether, for some convenient choice, its distinguished maps g; ;
are holomorphic or affine maps. We shall resume this subject later on. In order to
distinguish foliations, we shall use the following definition.

Definition 1.2.4 Two holomorphic foliations ¥ and ¥ of manifolds M and M’
respectively are holomorphically equivalent if there is a holomorphic diffeomor-
phism i: M — M’ sending leaves of ¥ into leaves of . In other words, if



