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Preface

This volume contains the proceedings of the Workshop on Associative Rings and
Algebras (WARA22) which was held in hybrid mode, that is, both in-person (at
University of Messina, Italy) and virtually (on Zoom platform) from July 18 to
July 20, 2022. The purpose of the workshop was to present the state of art both in
the theory of Lie structures of associative rings and algebras and in the theory of
functional identities in rings. The main topics covered referred to rings with invo-
lution, Lie and Jordan structures, rings and algebras arising under various construc-
tions, modules, bimodules and ideals in associative algebras, behavior of derivations,
automorphisms, and other kinds of additive maps in prime and semiprime rings.
The conference was sponsored by University of Messina (Italy), Aligarh Muslim
University (India), EGE University (Turkey), and Chuzhou University (China). The
main aim of the Workshop was to facilitate the exchange of research ideas and to
contribute to mutual communications and collaborations among ring theorists and
experts in functional identities theory. A total of 10 invited talks on current topics of
algebra and its applications were delivered by distinguished algebraists. The speakers
included Profs. Asma Ali (Aligarh Muslim University, India), Mohammad Ashraf
(Aligarh Muslim University, India), Luisa Carini (University of Messina, Italy), Cagri
Demir (EGE University, Turkey), Miinevver Pinar Eroglu (Dokuz Eylul University,
Turkey), Alberto Facchini (University of Padova, Italy), Tsiu-Kwen Lee and Jheng-
Huei Lin (National Taiwan University, Taipei, Taiwan), Giovanni Scudo (University
of Messina, Italy), Faiza Shujat (Taibah University, Saudi Arabia), and Feng Wei
(Beijing Institute of Technology, China).

The workshop was particularly devoted to young researchers in order to give them
the opportunity to have a correct approach to new research developments and ideas
within ring theory, both by attending conferences presented and through the inter-
action with the invited speakers. More than 100 researchers from all over the world
participated in the meetings, thus having the possibility of exchanging new ideas,
discussing open problems already known in the literature, proposing new ones, as
well as laying the foundations for future research collaborations in the field of algebra
in general and with particular regard to the applications of the ring theory in other
areas such as, for example, Physics (Lie-admissible algebras), Differential geometry

vii



viii Preface

(Poisson algebras), Mechanics (maps covariant under the action of Lie algebras),
Calculus (operator algebras and Banach spaces), and Informatics (cryptography and
coding theory). Each of the conference sessions was characterized by a subsequent
lively debate on the topics covered. Although it was not the initial intentions of the
organizers, it was precisely from these open discussions that the idea of proposing a
volume that collected a series of new results was born. This book is then the outcome
not only of some invited lectures presented at the conference, but also of research
papers by invited algebraists who could not attend the conference. All papers of
the volume are peer-reviewed by anonymous experts. To this regard, we would like
to thank all those who have contributed to this volume with their papers and those
who have kindly and friendly accepted to serve as referees of the submitted papers.
We also express our thanks to Springer for giving us the opportunity to publish this
volume. Finally, let us thank Dr. Banu Dhayalan (Project Coordinator, Springer), Dr.
Francesca Ferrari (Assistant Editor, Springer), and Dr. Francesca Bonadei (Executive
Editor, Springer), without whose active assistance and help this project would not
have been completed.

Messina, Italy Vincenzo De Filippis
Aligarh, India Shakir Ali
Aligarh, India Mohammad Ashraf
Aligarh, India Nadeem ur Rehman

November 2023
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A Note on Multiplicative
(Generalized)-Derivations and Left Sided  <:¢
Ideals in Semiprime Rings

Gurninder S. Sandhu, Basudeb Dhara, and Sourav Ghosh

Abstract Let R be a 2-torsion free semiprime ring with center Z (R) and \ a nonzero
left sided ideal of R. Let F, G : R — R be multiplicative (generalized)-derivations
associated with the map d : R — R (not necessarily additive nor derivation) and
H, T : R — R be any two maps. The main goal of this article is to study identities:

(1) X)F(y)X£G(y)dx) £ (Hx)y+ yT(x))=0forallx,y € \;
2) X)F(y)£G(y)dx)) £ (xy+Ltyx)e Z(R)forallx,y € \.

Keywords Prime rings - Semiprime rings + Multiplicative (generalized)-derivation

1 Introduction

Let R be an associative ring. Then R is called prime (resp. semiprime) if for any
a,b e R,aRb = (0) (resp.aRa = (0)) impliesa = 0 or b = 0 (resp. a = 0). Recall
that an additive mappingd : R — Riscalled aderivationifd(xy) = d(x)y + xd(y)
for all x, y € R. In case d is not necessarily additive, then d is called multiplicative
derivation of R.If F : R — R is an additive mapping and d is a derivation of R such
that F(xy) = F(x)y 4+ xd(y) holds for all x, y € R, then F is called a generalized
derivation of R.

Like multiplicative derivation, if we drop additivity restriction of F, then F is
called multiplicative generalized derivation of R. More precisely a mapping F :
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R — R (not necessarily additive) is called a multiplicative generalized derivation of
R, if there exists a derivation d : R — R such that F(xy) = F(x)y + xd(y) holds
forall x,y € R.

It is natural to consider a pair of maps (F, d) which satisfies F'(xy) = F(x)y +
xd(y) holds for all x, y € R, where F (not necessarily additive) and d (not necessar-
ily derivation) are any two maps. In [10], Dhara and Ali introduced the notion of such
type of mapping which is called as multiplicative (generalized)-derivation. A map-
ping F : R — R (not necessarily additive) is said to be multiplicative (generalized)-
derivation, if F'(xy) = F(x)y + xg(y) holds for all x, y € R, where g is any map-
ping (not necessarily a derivation nor an additive map).

Evidently, these mappings extend the concept of derivations, multiplicative deriva-
tions, generalized derivations as well as multiplicative generalized derivations.

After Posner’s paper [18], much attention has been devoted to investigate com-
mutative structure (or commutativity) of a ring by imposing polynomial constraints
involving derivations and generalized derivations on suitable subsets of it (see [2—
5, 13-15, 19, 20] and references therein). In [2], Ali and Huang proved that if R
is a 2-torsion free semiprime ring, d a derivation of R and / an ideal of R such
that any one of the following holds: (i) [d(x), d(y)] = £[x, y] for all x, y € I; (ii)
d(x) od(y) = £(x o y)forallx, y € I,thend iscommutingon /,i.e.,[d(x), x] =0
forallx € I.

Ashraf et al. [3] studied the commutativity of a prime ring R admitting a gener-
alized derivation F associated with a nonzero derivation d satisfying any one of the
following conditions: (i) [d(x), F(y)] = £[x, y], (ii) d(x) o F(y) = £(x o y) for
all x, y € I, where I is a nonzero ideal of R.

Dharaetal. [9] extended above results by considering R a 2-torsion free semiprime
rings and concluded that R contains a nonzero central ideal.

There are ongoing interest to investigate the identities replacing generalized
derivation with multiplicative (generalized)-derivation, because multiplicative
(generalized)-derivation is a generalization of derivation as well as generalized
derivation. Thus multiplicative (generalized)-derivations are the large number of
maps which satisfy the above identities. Recently, few papers have investigated
identities involving multiplicative (generalized)-derivations in prime and semiprime
rings (see [1, 6-8, 10-12, 16, 17, 21, 22]). In [16], Khan studied identities (i)
[d(x), FO)]£[x,y] =0 and (ii) d(x) o F(y) £ (x o y) = 0 for all x, y in some
suitable subsets of R, where F' is a multiplicative (generalized)-derivation with asso-
ciated map d.

In [16, Theorem 3.1 and Theorem 3.4], author proved that: Let R be a 2-
torsion free semiprime ring, I a nonzero ideal of R and F : R — R a multi-
plicative (generalized)-derivation associated with the map d : R — R. If d(x) o
FOy)x(xoy)=0forallx,yel,or|[dx), F(y)l£[x,yl=0forall x,y €I,
then [[x,d(x)],d(x)] =0forall x € I.

Recently, Dhara et al. [7], improved the second result, that is, [d(x), F(y)] +
[x,y] =0 for all x,y € A\, where A is a nonzero left ideal of a 2-torsion free
semiprime ring R, and obtained that A\[d(\), A] = (0). But question is “can we
conclude the same conclusion when d(x) o F(y) £ (x oy) =0 forall x, y € A?”



A Note on Multiplicative (Generalized)-Derivations and Left Sided Ideals ... 3

In the present article our motivation is to answer this question by consider-
ing more generalized situation (d(x)F(y) £ G(y)d(x)) £ (H(x)y + yT(x)) =0
for all x, y € A and obtained the same conclusion A\[d(A), A] = (0), where F, G :
R — R are two multiplicative (generalized)-derivations associated with the map
d:R— Rand H, T : R — R are any two maps and A a nonzero left sided ideal of
semiprime ring R.

2 Preliminaries and Auxiliary Lemmas

In the sequel, we shall make extensive use of the basic (anti-)commutator identities
and some known facts of the subject, which are stated as follows:

(i) [xy, w]=x[y, w]+ [x, w]y;

(i) [x, yw] = ylx, w] + [x, y]w;
(i) (xyow) =xow)y+x[y,w] =x(yow)— [x, w]y;
(iv) (xoyw) =[x, ylw+ y(xow)=(xoy)w — y[x, w].

Lemma 1 Let R be asemiprimering. If F : R — R isamultiplicative (generalized)-
derivation of R associated to the map d of R, then d must be multiplicative derivation.

Proof For any x, y,z € R,
F(xyz) = F((xy)z) = F(xy)z + xyd(z) = F(x)yz + xd(y)z + xyd(z) (1)

and
F(xyz) = F(x(yz2)) = F(x)yz + xd(yz). 2)

By (1) and (2),
x{d(yz) —d(y)z — yd(z)} = 0.

Since R is semiprime ring, it yields d(yz) — d(y)z — yd(z) = 0 implying d(yz) =
d(y)z + yd(z) for all y, z € R. Therefore, d is a multiplicative derivation.

Lemma 2 Let R be a ring with center Z(R) and d be a multiplicative derivation of
R. Then d(Z(R)) € Z(R).

Proof For any x € R and z € Z(R), xz = zx and hence

0=d(xz) —d(zx) = d(x)z + xd(z) — d(2)x — zd(x) = xd(z) — d(2)x = [x,d(2)].

This implies d(z) € Z(R) for any z € Z(R), as desired.

Lemma 3 Let R be a 2-torsion free semiprime ring and X is a nonzero left ideal of
R. Ifa, b € R such that axb + bxa = 0 for all x € X\, then axb = 0 = bxa for all
X €A
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Proof Let x,y € A. By using the fact axb = —bxa for all x € A, we have
(axb)y(axb) = —(bxa)y(axb) = —{b(xay)a}xb = —{—a(xay)b}xb
= a(xaybx)b = —b(xaybx)a = —(bxa)y(bxa) = —(axb)y(axbh).

Thus 2(axb)y(axb) = 0. Since R is 2-torsion free semiprime ring, A(aA\b) = (0).

Since R is semiprime ring, it must contain a family of prime ideals 2 = {P,|a €
A} such that (1,4, Po = (0). Let P, be any member of §2. Then A(aAb) = (0)
implies either Aa € P, or A\b C P,, sothatbAa C P, ora\b € P,. By hypothesis,
bXa C P, implies thataAb C P, and hence a\b C P, forany P, € §2. Thusalb C
Maca Po =0, thatis, aAb = (0).

Lemmad4 Let R be a prime ring, I a nonzero ideal of R and d a multiplicative
derivation of R. If [d(I), I] = (0), thend : R — Z(R).

Proof Forany x,y,ue€l,r,t € R,
0=1[dx),ryl =r[dx), y] +[d(x),r]ly = [d(x), r]y.

By primeness of R, [d(x), r] = 0 implying d(I) € Z(R).
Again,

0=[dxt), r] =[dx)t +xd(t),r] =dx)[t,r]+ [xd(t), r]. 3)

Substituting x = rx and then using (3), we getd (r)x[t,r] = Oforallx € I,7,r € R.
By primeness of R, for each r € R, either d(r) =0 or r € Z(R). Since r € Z(R)
implies d(r) € Z(R), therefore in any case, we can conclude that d(r) € Z(R) for
all » € R. Hence conclusion follows.

3 Main Results

Theorem 1 Let R be a 2-torsion free semiprime ring and A be a nonzero left ideal
of R. If R admits multiplicative (generalized)-derivations F, G : R — R associ-
ated with the same map d : R — R and any two maps H,T : R — R such that
dX)F(y) £ G(y)d(x)) £ (Hx)y + yT(x)) =O0forallx,y € A\ then A\[d()\), \] =
(0).

Proof We assume that
dX)F(y)£G(y)dx) £(Hx)y+yT(x)) =0, Vx,y €A “)

Substituting yt for y in (4), where t € \, we get
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dO{FO)t+ yd(@®)} £ {G(y)t + yd(t)}d(x) £ (H(x)yt + ytT(x)) =0, Vx,y,t €. (5)
By (4), above relation yields
d(x)yd(®) £ GIt, d()] + yd()d(x) £ y[t, T(x)] =0, Yx,y,r €A (6)
Writing uy in place of y in (4), where u € A, we obtain
dx)uyd(t) £ Guy)[t,d(x)] +uyd(t)d(x) £uy[t, T(x)]=0, Vx,y,t €A
Pre-multiplying (6) by u# and then subtracting from (7), one can see that 7
[d(x), ulyd(t) £ (G(uy) —uGy)[t,d(x)] =0, Vx,y, t,u €A ®)

Replacing ¢ by tw in (8), where w € A and then using it, we observe that

[d(x), uly(d(Dw + td(w)) £ (G (uy) —uG(y)It, d(x)]w
(G uy) —uG(y)t[w,d(x)] =0, )

forall x, y, , w, u € . By using (8), (9) gives
[d(x), ulytd(w) + (G(uy) — uG(M)tw,d(x)] =0, Vx,y, t,w,u e (10)
Put = [p, d(v)]t in (10) (since [p, d(v)]r € \), we get
(G (uy) —uG()p, dW)]t[w, d(x)] + [d(x), ulylp, d(v)]td(w) =0, (11)

forall x, y, t, w, u, p, v € A. By using (8) we get

= [d(), ulyd(p)tld(x), w] +[d(x), uly[d(v), pltd(w) =0, Vx,y,t,w,u, p,ve X (12)
Since d(v)u € A, we put u = d(v)u in (12) and get
[d(x),d()]uyld(v), pltd(w) =0, Vx,y,t,w,u, p,v € A. (13)
Put x = xv in (13) and then using (13), we get

(d(x)[v, d(w)] + [x, d(v)]d(v))uy[d(v), pltd(w) =0, Yx,y, t,w,u, p,v e A

(14)
Let g € \. Put x = gx in (14) and then using (14), we obtain
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(d(q)x[v, d()] + g, d(v)]xd(v))uy[d(v), pltd(w) =0, Yx,y,t,w,u,p,v,qg e (15)

Forg=v,p=v,w=v,y = [v,d(v)]yin (15)

(d(v)x[v, d()] + [v, d(v)]xd(v))u[v, dW)]y[v,d)tdw) =0, Yx,y,t,u,ve Al (16)
This gives
<d(v)x[v, d()] + [v, d(v)]xd(v)) A, d)])? = (0), Vx,veN a7

that is
d()x[v,dw)]b + [v, d()]xd(v)b = (0), (18)

where b = (A\[v, d(v)])?. Put x = bx in (18) and then we have

(dW)b)x([v, d()]b) + ([v, d(v)]b)x(d (v)b) = (0) 19)
By Lemma 3
d()bx[v,d(v)]b = (0). (20)
This gives
d)Alv, d)Px[v, d@)Alv, d)])* = (0), 21
that is
Alv, d@))* = (0). (22)

Since a semiprime ring contains no nonzero nilpotent left ideals, it follows that

Alv, d()] = (0) (23)

Corollary 1 Let R be a 2-torsion free semiprime ring and I a nonzero ideal of R.
If R admits multiplicative (generalized)-derivations F, G : R — R associated with
the same map d : R — R and any two maps H, T : R — R such that (d(x)F(y) +
G(y)d(x)) £ (Hx)y+yT(x)) =0forallx,y € I, then [d(I), I] = (0).

Proof By Theorem 1, I[d(]), I] = (0). Since R is semiprime, [d([), ] IN
ann(l) = 0.

Corollary 2 Let R be a 2-torsion free semiprime ring, A a nonzero left ideal of
R, F : R — R multiplicative (generalized)-derivation associated with the map d :
R — Rand H : R — R any map. If any one of the following holds:

(i) [dx), FO)Ix£[Hx),yl=0forallx,y e )
(ii) d(x)oF(y)x H(x)oy=0forallx,y €\,
(iii) [dx), FO)]x[x,y]=0forallx,y € )\
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(iv) d(x)oF(y):£(xoy)=0forallx,y € )
then A[d()\), A] = (0).

Corollary 3 Let R be a prime ring of char (R) # 2 and I a nonzero ideal of R.
If R admits multiplicative (generalized)-derivations F, G : R — R associated with
the same map d : R — R and any maps H,T : R — R such that (d(x)F(y) =
G(y)d(x)) £ (Hx)y+yT(x)) =0forall x,y € I, then d maps R into its center.

Proof By Corollary 1, [d(I), I] = (0). Then again by Lemmas 1 and 4, conclusion
follows.

Corollary 4 Let R be a prime ring of char (R) # 2 and I a nonzero ideal of R. If
R admits a multiplicative (generalized)-derivation F : R — R associated with the
map d : R — R such that [d(x), F(y)] £ [x,y] =0 forall x,y € I, then R must
be commutative.

Proof Assuming G = F, H = Id (identity map) and T = —H in Corollary 3, we
conclude by Corollary 3 that d(R) € Z(R) and hence by hypothesis [, I] = (0).
This implies that R is commutative.

Corollary 5 Let R be a prime ring of char (R) # 2 and I a nonzero ideal of R.
If R admits a multiplicative (generalized)-derivation F : R — R associated with
the map d : R — R such that d(x) o F(y) £ xoy =0 forall x,y € I, then R is
commutative and F(xy) = F(x)y forall x,y € R.

Proof By Corollary 3, d(R) € Z(R) and hence by hypothesis 2d(x)F(y) £ x o
y =0 for all x,y € I. Replacing y with yz, we obtain 2d(x)(F (y)z + yd(z)) +
{(x o y)z — yIx,z]} =O0forall x, y, z € I. By using hypothesis, this relation yields
2d(x)yd(z) F y[x, z] = Oforall x, y, z € 1. Now replacing y with yr, wherer € R,
in 2d(x)yd(z) F y[x, z] = 0 and using this relation, we get y[r, [x, z]] = O for all
x,y,z € I and r € R. Primeness of R, implies [R, [I, I]] = (0). This gives that R
is commutative. Then from above relation, we have d(x)yd(z) =0 forall x, y, z €
I which gives d(I) = (0). Now d(I) = (0) implies d(R) = (0). Hence F(xy) =
F(x)yforall x,y € R.

Theorem 2 Let R be a 2-torsion free semiprime ring and A be a nonzero left ideal
of R. Let R admits multiplicative (generalized)-derivations F,G : R — R asso-
ciated with the same map d : R — R such that (d(x)F(y) £ G(y)d(x)) £ (xy £
yx) € Z(R) forall x,y € X\ If d(Z(R)) # (0), then A[d(X\), Ald(Z(R)) = (0) and
ALA, Ald(Z(R)) = (0).

Proof By hypothesis,
dXOF)£Gdx) £ (xy£yx) e Z(R), Vx,y €A 24)

Since Z(R) # (0), we choose 0 £ z € Z(R). Since yz = zy € A, taking yz instead
of y in our initial hypothesis (24), we observe
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d(x)(F(y)z +yd(z)) £(G(y)z + yd(z))d(x) £ (xy £ yx)z € Z(R), Vx,y € \.

By using (24) and the fact d(z) € Z(R), it yields =
d(x)y + yd(x))d(z) € Z(R), Vx,y € A.

It can be re-written as [(d(x)y &+ yd(x))d(z),r] =0 for all x,y € A and r € R.
Since d(z) € Z(R), it follows that

[dx)y £ yd(x),t]ld(z) =0, Vx,y,t €A (26)
Substituting yz in place of y in (26) and using it, we find
[y[d(x),t],t]ld(z) =0, Vx,y,t €. 27

Replacing y by d(x)y in (27), we get [d(x), t]y[d(x), t]d(z) = Oforall x, y,t € A
This implies (A\[d(x), t]d(z))> = (0) for all x, t € \. It forces

Ald(x),t]ld(z) = (0), Vx,t e (28)

Writing xu in place of x in (28) and using it, we can easily write after simple
calculation that

yd(X)[u,tld(z) + ylx,tldw)d(z) =0, Vx,y,t,u €\ (29)

Replacing u by uw in (29), to get

yd(xX)ulw, t]d(z) + ylx, tlud(w)d(z) =0, Vx,t,u,w e . 30)
Returning to (28), we may look at it as

yd(w)ud(z) — yud(w)d(z) =0, Yu,w e A

Writing y[x, t] for y in the last expression, we obtain

ylx, tld(w)ud(z) — y[x, tlud(w)d(z) =0, Vx,t,u,w € . 31D
Comparing (30) and (31), we have

yd(x)ulw, t11d(z) + y[x, tld(w)ud(z) =0, Vx,t,u,w € A\ (32)
Substituting uv in place of « in (32) and using it in order to get

yd(xX)u[[w, t],v]d(z) =0, Vx,t,u,w,v € A (33)
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Replacing x by zx in (33), we find
yxd@ul[w, t],vld(z) =0, Vx,t,u,w,v e

Taking [[w, 7], v] instead of x in the above relation, we find (A[[w, ], v]d(2))? = (0)
for all w, t,v € \. It forces x[[w, t], v]ld(z) = O for all x, w, f, v € A\. Replacing
w by wt in the last expression, we find x[w, ¢][t, vld(z) = 0 for all w,t,v € A.
Substituting yv instead of v, we get x[w, t]y[f, v]ld(z) = O forall x, y, w,t, v € A.
It yields (A[w, t]d(z))*> = (0), and it is implying that A[), A\]d(Z(R)) = (0). Thus
the proof is completed.

Corollary 6 Let R be a prime ring of char (R) # 2 and A be a nonzero left ideal of
R. If R admits multiplicative (generalized)-derivations F and G associated with the
same map d suchthat (d(x)F(y) £ G(y)d(x)) = (xy £ yx) € Z(R) forallx,y € A
and d(Z(R)) # (0), then A[d(N), A] = (0) and \[\, A] = (0).

Proof We know that for any prime ring R and 0 # z € Z(R),rz = O implies r = 0.
Therefore, by Theorem 2, A[d(A), A] = (0) and A[A, A\] = (0).

Corollary 7 Let R be a prime ring with char (R) # 2 and I be a nonzero ideal of
R. If R admits multiplicative (generalized)-derivations F and G associated with the
same map d such that (d(x)F (y) £ G(y)d(x)) £ (xy £ yx) € Z(R) forallx,y € I
and d(Z(R)) # (0), then R is commutative.

Proof In light of Corollary 6, we have [d([), I] = (0) for all y,t € 1. By Lemma
4,d(R) € Z(R). In view of our initial hypothesis

[d(x)F(y) £ (xy £ yx),11 =0, Vx,y,1 €1, (34)
where F = F 4+ G. Note that F is a multiplicative (generalized)-derivation of R
associated with the map pd, where ;1 = 2 or p = 0. Writing yt in place of y in (34),
we have
[d(x)F () + pd (x)yd(t) £ {(xy + yx)t F ylx, 1]}, 11 =0, ¥Yx,y,t €1, (35)
By (34), above relation yields
[ud(x)yd(t) F y[x,t],t]1 =0, Vx,y,t € l.

This implies
ply, tld(x)d(®) F [ylx, 11,11 =0, Vx,y,r €l (36)

Replacing y by ry in (36) and then using it, we get
wlr, tlyd(x)d(t) F [r, t]y[x,t] =0, Vx,y,t €l, r € R. 37

Substituting yw for y in (37), we obtain
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ulr, tlywd(x)d(t) F [r, t]yw[x,t] =0, Vx,y,t€l, r € R. (38)

Right multiplying by w in (37) and then subtracting from (38), we obtain
[r, t]y[w, [x,t]] = O that is [w, [r, t]]y[w, [x,¢]] =0 for all x,y,z,w € I and
r € R. Primeness of R forces that [w, [x, ¢]] = O for all x, w, ¢t € I which assures
commutativity of R.

Corollary 8 Let R be a prime ring of char (R) # 2, I a nonzero ideal of R and F :
R — R multiplicative (generalized)-derivation associated with the mapd : R — R
such that d(Z(R)) # (0). If any one of the following holds:

(i) [d(x), Fy)] £ [x,y] € Z(R) forall x,y € I;

(ii)d(x) o F(y) X xo0y € Z(R) forall x,y € I,

then R is commutative.

Oab
Example 3.1 Let Z be the set of all integers and R = 00c |la,b,ceZ
000
011 001 Oxy
Since| 000 | R{ 000 | = (0),Risnotprime.Let/ = 000 | |x,yeZ
000 000 000
be an ideal of R.
Oab Oa O
Define the mappings F,.d :R— R by F|00c |=]00c*| and
000 000
Oab Oa bc
dl00c | =100-—c
000 000

We notice that F and d are not additive maps and so F can not be a generalized
derivation and d can not be a derivation. It is easy to verify that F satisfies F(xy) =
F(x)y + xd(y) for all x,y € R. Therefore, F' is a multiplicative (generalized)-
derivations associated with the map d. We see that [d(x), F(y)] =[x, y] =0 and
d(x)o F(y) £ xoy=0forallx, y € I.Since R is noncommutative, the primeness
hypothesis is not superfluous in Corollaries 4 and 5.
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Nirbhay Kumar and Avanish Kumar Chaturvedi

Abstract We introduce a notion of weakly generalized reversible rings as a proper
generalization of generalized reversible rings. In support, we give examples. We
show that every central reversible ring is an example of weakly generalized reversible
ring. Also, we study some properties and characterizarions of weakly generalized
reversible ring.
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1 Introduction

Throughout this paper, all rings are associative with identity unless otherwise stated.
We denote the ring of all n x n matrices over a ring R by M, (R), the ring of all
n X n upper triangular matrices over a ring R by M, (R); and a square matrix whose
(i, j)th entry is 1 (the identity of R) and elsewhere O (the zero of R) by E;;. The
readers are referred to [5] for all undefined terminologies and notions.

Cohn [2] called a ring R reversible if ab = 0 implies ba = 0 for all a, b € R. In
2014, Kose et al. [4] introduced the notion of central reversible ring as a generalization
of reversible ring. They called aring R central reversible if forany a, b € R,ab =0
implies ba € C(R);where C(R) denotes the set of all central elements of R. Recently,
Subbaetal. [6] introduced the notion of generalized reversible ring as a generalization
of reversiblering. They called aring R generalized reversible if, forany a, b € R\{0},
ab = 0 implies that there exists m € N such that b” # 0 and b™a = 0.

By the motivation, we introduced a notion of weakly generalized reversible ring
as a generalization of generalized reversible ring.
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2 Definition and Properties

Definition 1 We call aring R weakly generalized reversible if, forany a, b € R\{0},
ab = 0 implies that there exist m, n € N such that " # 0 and b™a" = 0.

Example 1 Every generalized reversible ring is weakly generalized reversible.
However, a weakly generalized reversible ring need not to be generalized reversible.
For example, let F be a field and S be the polynomial ring F < x, y > in two non-
commuting indeterminates x and y. If 7 is the ideal < x2, xy, y> > of aring S and
R = §/I, then elements of the ring R are of the form (a + bx +cy +dyx) + 1,
where a,b,c,d e F. Let f =(a+bx+cy+dyx)+1, g= (@ +bx+cy+
d'yx) + 1 € R\{I} such that fg = I. Then aa’ + (ba’ + ab’)x + (ca’ + ac’)y +
(da’ + cb' 4+ ad")yx € I which implies that

aa’ =ba +ab =ca +ac’ =da’ +cb +ad =0.

Claim:- ¢ = Oand @’ = 0: If possible, suppose thata # 0. Since F is a field,aa’ = 0
implies that a’ = 0. Hence ba’ 4+ ab’ = 0 = ca’ + ac’ implies that b’ = 0 = ¢'. So,
da’ + ¢b’ 4+ ad’ = 0 implies that d’ = 0. Therefore, g = I which is a contradiction.
Thus, a = 0. Next, since f # I, at least one of b, ¢ and d must be nonzero. If
b#0orc#0,then ba' +ab’ =ca’ +ac’ =0 gives ' =0. If b = ¢ =0, then
d must be nonzero and so, in this case, equation da’ + ¢b’ + ad’ = 0 gives a’ =
0. Hence f = (bx +cy +dyx)+1 and § = (b'x + ¢’y +d'yx) + 1. Therefore,
f?=bcyx + I and so g' f? = I. Thus, R is weakly generalized reversible. Since
x+DO+D =1 +Dx4+1) #1and (y +1)> =1, so R is not generalized
reversible.

Remark 1 1. Obviously, every subring of a weakly generalized reversible ring is
weakly generalized reversible.

2. Quotient of a weakly generalized reversible ring need not be weakly generalized
reversible. For example, the ring S in Example 1 is weakly generalized reversible
being an integral domain but R = S/I is not weakly generalized reversible.

A central reversible ring need not be generalized reversible. For example, if R is
the following subring of matrix ring M3(Z) :

abc
Oad|l|a,b,c,deZ
00a

then R is central reversible by [4, Example 2.2]. However, R is not generalized
reversible as if we take A = E»3, B = Ej; € R,then AB =0, BA = E;3 #0and
B? = 0. However, we find the following result:

Proposition 1 Every central reversible ring is weakly generalized reversible.
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Proof Let R be a central reversible ring. Let a, b € R\{0} such that ab = 0. Then
ba € C(R) and s0 ba® = (ba)a = a(ba) = (ab)a = 0. Hence R is weakly general-
ized reversible.

Proposition 2 A finite subdirect product of weakly generalized reversible rings is
weakly generalized reversible.

Proof Let R be the subdirect product of two rings P and Q. Then, there exist ideal /
and J in R suchthat R/I = P, R/J = Qand I N J = 0. Suppose that P and Q are
weakly generalized reversible. Then, we need to show that R is weakly generalized
reversible. Let x and y be two nonzero elements in R such that xy = 0. There are
two cases:
Case-: x ¢ IUJand y ¢ I U J: Then, x and y are neither in I nor J. So, x +
I1#1,y+I1#I1andx+J #J,y+J #J. Since R/I is weakly generalized
reversible, x + I #I,y+1 # I and (x + I)(y + I) = I, so there exist m,n € N
such that y” ¢ I and y"x" € I. Similarly there exist k,/ € N such that y* ¢ J
and y*x' € J. Let i = max(m, k) and j = max(n,). Then, clearly y’ # 0 and
yix/=1InJ=0.
Case-ll: x e IUJory e I U J: In this case yx e TU J. So, yx € I or yx € J.
If yx e INJ =0, we have nothing to prove. Hence, assume that yx € [ and
yx ¢ J. Now since J is an ideal and yx ¢ J, clearly x,y ¢ J. Thus, we have
x+J#EJ,y+J #Jand (x + J)(y + J) = J. Since R/J is weakly generalized
reversible, there exist m, n € Nsuch that y”" ¢ J and y”x" € J. Clearly y" # 0 and
yixtelINJ=0asyx el

Thus, in both cases, there exist m, n € N such that y” # 0 and y"x" = 0. There-
fore, R is weakly generalized reversible.

Corollary 1 A finite product of rings is weakly generalized reversible if and only if
each ring of the product is weakly generalized reversible.

Corollary 2 For any central idempotent e of a ring R, eR and (1 — e) R are weakly
generalized reversible if and only if R is weakly generalized reversible.

Proposition 3 For any ideal I of a ring R having no nonzero nilpotent element, R
is weakly generalized reversible whenever R/ is so.

Proof Let x and y be two nonzero elements in R such that xy = 0. Then, (x +
I)(y + I) = I. There are two cases.
Case-I: x¢Tandy¢I.Sox+1#1andy+ 1 # I.Since R/I is weakly gen-
eralized reversible, there exist m, n € N such that y” ¢ I and y"x" € I. Now since
y"x" € I and (y"x™)? = y"x""'(xy)y"'x" =0, y"x" = 0 as I has no nonzero
nilpotent element.
Case-II: x € I and y € I.So, yx € I and (yx)> = y(xy)x = 0. Hence yx = Oas [
has no nonzero nilpotent element.

Thus, in both cases, there exist m, n € N such that y”* # 0 and y"x" = 0. There-
fore, R is weakly generalized reversible.




16 N. Kumar and A. K. Chaturvedi

3 Some Extensions

Recall [1], for aring R,

adapapz - dip—1 Ain
0 a ap---aj,—1 ai,

R, = T a,a;j € Rforanyi, j
0 0 .- a Ap—1n
0 0--- 0 a

o O -

is a subring of the upper triangular matrix ring 7,,(R). We observe that for any ring
R and n > 3, the ring R, is not generalized reversible as if we take A = E»3, B =
E; € R,,then AB=0,BA = E;3 #0and B> =0.

Proposition 4 Let S be a multiplicatively closed subset of a ring R consisting of
central regular elements. Then, R is weakly generalized reversible if and only if S™'R
is so.

Proof Suppose that R is weakly generalized reversible and let 0 # y = rlsfl, 0 #
S = rzsz_1 € S7'R such that y§ = (rlrz)(slsz)fl = 0. Then, 1, # 0 and rir, =
0.So, there existm, n € Nsuchthatr)® # Oandry'r{ = Oas R is weakly generalized
reversible. This implies that §" = (ré")(sé")’1 # 0and §"y" = (rg”rf)(sg"si’)’l =
0. Thus, S~'R is weakly generalized reversible.

Conversely, suppose that S~'R is weakly generalized reversible and let 0 #
X,y € Rsuchthatxy =0.Ifwetakeao = x17!, 8 =yl1~' € S7!R, thena, 8 # 0
and af = 0. So, there exist m,n € N such that 8” = y"1~' £ 0 and p"a" =
O"x™) (1)~ =0as S~ 'Ris weakly generalized reversible. This implies that y™ # 0
and y"x" = 0. Thus, R is weakly generalized reversible.

Corollary 3 For any ring R, R[x] is weakly generalized reversible ring if and only
if the Laurent polynomials ring R[x, x~'1 is so.

Proof If wetake S = {1, x, x%, x>, ..}, then S is a multiplicatively closed subset of
R[x] consisting of central regular elements and S~ (R[x]) = R[x, x~']. So, result
follows from Proposition 4.

Let R be an algebra over Z. Then the set R x Z with operations (ry, m;) +
(r2, my) = (r1 +r2, my +mo) and (ry, m)(ra, ma) = (riry + mira+mory, myms),
where r; € R and m; € Z, form a ring with identity (0, 1). Construction of this ring
was due to J. L. Dorroh in [3]. This ring is called as Dorroh extension of R by Z and
usually denoted by D(R, Z).

Lemmal [6, Lemma 2.11] For any (r,s) € D(R,Z) and for any positive

integer k,
k-1
(r, )k = (chis’rk_‘, sk) .
i=0
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Proposition 5 A ring R is weakly generalized reversible if and only if the Dorroh
extension ring D(R, Z) is so.

Proof Suppose that R is weakly generalized reversible and let (0, 0) # (a, b),
(c,d) € D(R, Z) such that (a, b)(c,d) = (ac + bc + da, bd) = (0, 0). Then, ac +
bc+da=0and bd =0. Since ¢,d € Z and bd =0, b = 0 or d = 0. Thus, there
are two cases:

Case-1: b = 0 In this case, a(c +dlg) =0 and a # 0 as ac + bc +da =0 and
(a,b) # (0,0).If c + d1g # 0, then by the assumption that R is weakly generalized
reversible, there exist m, n € N such that (¢ +d1z)™ # 0 and (c +d1g)"a" = 0.
Since Lemma 1 shows that sum of components of (c,d)™ is (c +d1g)™, so
(c,d)™ # (0, 0). Also,

m—1
(C, d)m(a7 b)n — (chidicm—i, dm) (a, O)n

i=0

m—1
= (chidfcm—f, d”’) (@",0)

i=0

((lzmccz' "= ’)a +d"a", 0)
((,chw "t dm] ) ”,0)

(c+d1R)'"a” O) 0, 0).

If ¢c+dlg=0, then (c,d)(a,b) = (c,d)(a,0) = (ca+da,0)=((c+dlg)
a,0) = (0,0).

Case-II: d = 0 In this case, (a + blg)c =0 and ¢ # 0 as ac + bc + da = 0 and
(c,d) #(0,0). If a + b1g # 0, then by the assumption that R is weakly general-
ized reversible, there existm, n € Nsuchthatc¢™ # Oandc¢™(a 4+ blg)" = 0.Clearly
(c,d)" = (c,0)" = (c",0) # (0,0) and

n—1
(c,d)"(a,b)" = (c,0)" (Z "Cib'a", b”)

i=0

n—1
— (Cm, 0) (Z nCibianfi’ bn)

i=0
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n—1

- <cm (Z”Cibia”i> + "B, o)
i=0
n—1

- (cm <Z”C[bia”i + b"1R> ,0)
i=0

= (¢"(a + b1g)", 0) = (0, 0).

If a+blg =0, then (c,d)(a, b) = (c,0)(a, b) = (ac + bc, 0)=((a+blg)c,0) =
0, 0).

Thus, in all cases, there exist m, n € N such that (¢, d)™ # (0,0) and (c, d)™
(a,b)" = (0, 0). Therefore, D(R, Z) is weakly generalized reversible.

The converse follows from the fact that R is a subring of D(R, Z).

Recall that if B is a subring of a ring A having same identity, then the set, denoted
anddefined by R[A, B] = {(a1,...,a,,b,b,...)In € N,a; € A, b € B}formaring
with respect to the component wise addition and multiplication.

Proposition 6 Let B be a subring of a ring A having same identity. Then, A is
weakly generalized reversible if and only if R[A, B] is so.

Proof Suppose that A is weakly generalized reversible andlet0 # X = (ay, . . ., a,,
Ant1, Ansts - - ), 0 FY = (b1, ..., by, bys1, byy1, ...) € R[A, B] such that XY =
(arby, ..., anby, ays1bysy, ays1bpsy, ...) = 0. Let iy, ip, ..., i, be all indices for
which a; and b; both are nonzero. Since A is weakly generalized reversible,
there exist m;, n; € Nsuch that b/ # Oand b} ’a}’ = 0forall j € {ir, iz, ..., ir}.
Clearly, b;ja; =0 for all ie{l,2,...,n,n+4+ 1}\{i1,i2,...,0,}. Let m=
max{m;,,...,m; 1} and n = max{n;,,...,n;,1}. Then, clearly, Y # 0 and

Y™ X" = 0. Thus, R[A, B] is weakly generalized reversible.
The converse follows from the fact that A is a subring of R[A, B].
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