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Preface to First Edition

This book presents a study of the inverse heat conduction problem (IHCP), which is the estimation of the surface heat flux
history of a heat conducting body. Transient temperature measurements inside the body are utilized in the calculational
procedure. The presence of errors in the measurements as well as the ill-posed nature of the problem lead to “estimates”
rather than the “true” surface heat flux and/or temperature.
This book was written because of the importance and practical nature of the IHCP; furthermore, at the time of writing,

there is no available book on the subject written in English. The specific problem treated is only one of many ill-posed pro-
blems but the techniques discussed herein can be applied to many others. The basic objective is to estimate a function given
measurements that are “remote” in some sense. Other applications include remote sensing, oil exploration, nondestructive
evaluation of materials, and determination of the Earth’s interior structure.
The authors became interested in the IHCP over two decades ago while employed in the aerospace industry. One of the

applications was the determination of the surface heat flux histories of reentering heat shields.
This book iswritten as a textbook in engineeringwith numerical examples and exercises for students. These examples will be

useful to practicing engineerswhouse the book to becomeacquaintedwith the problemandmethods of solution.A companion
book, Parameter Estimation in Engineering and Science by J. V. Beck and K. J. Arnold (Wiley 1977), discusses the estimation of
certain constants or parameters rather than functions as in the IHCP. Though many of the ideas relating to least squares and
sensitivity coefficients are present in both books, the present book does not require a mastery of parameter estimation.
The book is written at the advanced BS or the MS level. A course in heat conduction at the MS level or courses in partial

differential equations and numerical methods are recommended as prerequisite materials.
Our philosophy in writing this book was to emphasize general techniques rather than specialized procedures unique to

the IHCP. For example, basic techniques developed in Chapter 4 can be applied either to integral equation representations
of the heat diffusion phenomena or to finite difference (or element) approximations of the heat conduction equation. The
basic procedures in Chapter 4 can treat nonlinear cases, multiple sensors, nonhomogeneous media, multidimensional
bodies, and many equations, in addition to the transient heat conduction equation.
The two general procedures that are used are called (a) function specification and (b) regularization. A method of com-

bining these (the trial function method) is also suggested. One of the important contributions of this book is the demon-
stration that all of these methods can be implemented in a sequential manner. The sequential method in some case gives
nearly the same result as whole domain estimation and yet is much more computationally efficient.
One of our goals was to provide the reader with an insight into the basic procedures that provide analytical tools to com-

pare various procedures. We do this by using the concepts of sensitivity coefficients, basic test cases, and the mean squared
error. The reader is also shown that optimal estimation involves the compromise between minimum sensitivity to random
measurement errors and the minimum bias.
Preliminary notes have been used for an ASME short course and for a graduate course at Michigan State University.
Therearemanypeoplewhohavehelped in thepreparationof this textandtowhomweexpressourappreciation.These include

D.Murio,M.Raynaud, other colleagues, and studentswhohave read and commented on the notes. Thanks are also due to Judy
Duncan, Phyllis Murph, Terese Stuckman, Alice Montoya, and Jeana Pineau, who have aided in typing the manuscript.
James V. Beck wishes to express appreciation for the contributions to his education made by Kenneth Astill of Tufts Uni-

versity, Warren Rohsenow of Massachusetts Institute of Technology, and A. M. Dhanak of Michigan State University.
Ben Blackwell would like to acknowledge the contributions that several people made to his heat transfer education: H.Wolf

of the University of Arkansas, M. W. Wildin of the University of New Mexico, and W. M. Kays of Stanford University.
A special and deep appreciation is extended to George A. Hawkins for the education and philosophy that he imparted to

Charles R. St. Clair, Jr. as his graduate student.

James V. Beck
Ben Blackwell

Charles R. St. Clair, Jr.
East Lansing, Michigan

Albuquerque, New Mexico
East Lansing, Michigan

August 1985
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Preface to Second Edition

The first edition of this textbook was published in 1985. At that time, the IBM PC had been available for about four years,
and release of the IBM PS/2 was still two years in the future. These historical milestones frame the thinking of the times
about computing in the mid-1980s. It is often said, and is demonstrably true, that any common pocket cell phone of the
2020s has significantly more computation and storage capability than early scientific computing machines. While the first
edition of the book continues to be used by researchers and professionals as a major reference on inverse heat conduction
problems (IHCPs), with the major advancements in solution techniques for IHCPs and the vast progress in use of computer
programs for solving engineering problems over the past few decades, the need for writing the second edition of the book
was long due.
Over the past 30 years, the authors of this second edition have collaborated on an array of research projects on exact

solutions to heat conduction problems and solution of inverse heat conduction problems (IHCPs), and much of that
research forms the basis for this book.
This text aims to present the methodology of many IHCP solution techniques (Chapter 4) and outline approaches for

optimizing the degree of regularization in an IHCP solution (Chapter 6). These discussions will be presented primarily
in the framework of the filter matrix concept presented in Chapter 5.
Almost 40 years have passed since publication of the first edition of this book, and much research on IHCPs and their

solutions has been performed since that time. Chapter 1 presents an extensive literature review of IHCP work over the past
decades in the areas of manufacturing, aerospace, biomedical, electronics cooling, instrumentation, nondestructive testing,
and other areas of engineering applications. Throughout the text, additional references are offered to guide the interested
reader to sources for additional information.
Because computing power today is great, many (most?) direct heat conduction problems are solved using commercial

software based on finite element or finite difference methodology. However, analytical solutions provide highly accurate
results that can be computed efficiently. This second edition continues the emphasis from the first edition on utilization of
exact solutions for linear heat transfer problems – those with thermophysical properties that are independent of temper-
ature. Chapter 2 presents exact solutions to several fundamental problems, and superposition of these solutions provides a
gateway to solution of a wide array of problems. Also discussed in Chapter 2 is the concept of the computational analytical
solution which provides efficient and accurate computation of the solution.
Chapter 3 outlines approximate solution methods for linear problems which form the basis for the IHCP solutions in the

remainder of the book. These concepts are presented using ideas of superposition of exact solutions; however, a more rig-
orous treatment using Green’s functions is given in Appendix.
Chapter 4 retains detailed description of the Stolz method, the Function Specification (Beck’s) Method, and Tikhonov

regularization. New to this second edition are descriptions of the Conjugate Gradient Method and Singular Value Decom-
position. Additionally, two methods that are amenable to nonlinear problems are explained: the Adjoint Method, which is
used in conjunction with the Conjugate Gradient Method, and the Kalman Filter approach to solving the IHCP.
Chapter 6 is new to the second edition and focuses on selection of the optimal degree of regularization in solution of

IHCPs. Because IHCPs are inherently ill-posed, some form of regularization is necessary. Regularization decreases sensi-
tivity to noise in measurements at the expense of introducing bias into the estimates. Striking the appropriate balance
between these competing factors is an important, and often overlooked, part of analyzing an IHCP.
Because of the relative costliness of computer resources at the time, a significant focus of the first edition was computa-

tional efficiency of IHCP algorithms. In this second edition, more attention is devoted to comparing accuracy of IHCP solu-
tion methods than to their computational efficiency. Chapter 7 contains head-to-head comparison of many IHCP solution
methods using a common suite of test problems.
The filter coefficient concept is used throughout the text. Chapter 5 explores the nature of the filter matrix for many IHCP

methods presented in Chapter 4. The character of many of these filter matrices is such that a truncated filter vector can be
extracted from the matrix to use in sequential online (near real-time) estimation. Additionally, Chapter 5 illustrates how
linear IHCP concepts can be applied to problems with temperature-dependent thermophysical properties. Chapter 8 out-
lines application of the filter concepts to two-dimensional transient IHCP problems with multiple unknown heat fluxes.
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Chapter 9 addresses the problem of estimating the heat transfer coefficient, h. Much of the chapter focuses on the case of
lumped capacitance bodies (with negligible internal temperature gradients) and outlines several approaches for estimating
h under those conditions. Application to bodies with temperature gradients is also discussed.
Chapter 10 is new to this edition and addresses bias in temperature measurements caused by sensor installation. Two

situations are explored: correction of measured temperature to remove the bias and utilization of the biased measurements
directly in the IHCP solution. Both situations typically require a computational model which incorporates the sensor in the
domain and can be used to quantify the bias.
The second edition of the book also comes with additional materials that are available on a companion website. These

materials include MATLAB codes for the examples that are solved in the book. Furthermore, course slides, additional pro-
blems, and suggested course syllabus will be available for instructors.
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