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Preface

The concept of fuzzy set, introduced by L.A. Zadeh in 1965, tried to extend classical set

theory. It is well known that a classical set corresponds to an indicator function whose val-

ues are only taken to be 0 and 1. With the aid of a membership function associated with a

fuzzy set, each element in a set is allowed to take any values between 0 and 1, which can

be regarded as the degree of membership. This kind of imprecision draws forth a bunch of
applications.

This book is intended to present the mathematical foundations of fuzzy sets, which can
rigorously be used as a basic tool to study engineering and economics problems in a fuzzy
environment. It may also be used as a graduate level textbook. The main prerequisites for
most of the material in this book are mathematical analysis including semi-continuities,
supremum, convexity, and basic topological concepts of Euclidean space, R". This book
presents the current state of affairs in set operations of fuzzy sets, arithmetic operations
of fuzzy intervals and fuzzification of crisp functions that are frequently adopted to model
engineering and economics problems with fuzzy uncertainty. Especially, the concepts of
gradual sets and gradual elements have been presented in order to cope with the difficulty
for considering elements of fuzzy sets such as considering elements of crisp sets.

e Chapter 1 presents the mathematical tools that are used to study the essence of fuzzy
sets. The concepts of supremum and semi-continuity and their properties are frequently
invoked to establish the equivalences among the different settings of set operations and
arithmetic operations of fuzzy sets.

o Chapter 2 introduces the basic concepts and properties of fuzzy sets such as membership
functions and level sets. The fuzzy intervals are categorized as different types based on
the different assumptions of membership functions in order to be used for the different
purposes of applications.

o Chapter 3 deals with the intersection and union of fuzzy sets including the complement of
fuzzy sets. The general settings by considering aggregation functions have been presented
to study the intersection and union of fuzzy sets that cover the conventional ones such
as using minimum and maximum functions (t-norm and s-norm) for intersection and
union, respectively.

e Chapter 4 extends the conventional extension principle to the so-called generalized
extension principle by using general aggregation functions instead of using mini-
mum function or t-norm to fuzzify crisp functions. Fuzzifications of real-valued and
vector-valued functions are frequently adopted in engineering and economics problems
that involve fuzzy data, which means that the real-valued data cannot be exactly collected
owing to the fluctuation of an uncertain situation.



x | Preface

o Chapter 5 presents the methodology for generating fuzzy sets from a nested family or
non-nested family of subsets of Euclidean space R". Especially, generating fuzzy inter-
vals from a nested family or non-nested family of bounded closed intervals is useful for
fuzzifying the real-valued data into fuzzy data. Based on a collection of real-valued data,
we can generate a fuzzy set that can essentially represent this collection of real-valued
data.

o Chapter 6 deals with the fuzzification of crisp functions. Using the extension principle
presented in Chapter 4 can fuzzify crisp functions. This chapter studies another method-
ology to fuzzify crisp functions using the mathematical expression in the well-known
decomposition theorem. Their equivalences are also established under some mild
assumptions.

e Chapter 7 studies the arithmetic operations of fuzzy sets. The conventional arithmetic
operations of fuzzy sets are based on the extension principle presented in Chapter 4. Many
other arithmetic operations using the general aggregation functions haven also been stud-
ied. The equivalences among these different settings of arithmetic operations are also
established in order to demonstrate the consistent usage in applications.

e Chapter 8 gives a comprehensive and accessible study regarding inner product of fuzzy
vectors that can be treated as an application using the methodologies presented in
Chapter 7. The potential applications of inner product of fuzzy vectors are fuzzy linear
programming problems and the engineering problems that are formulated using the
form of inner product involving fuzzy data.

o Chapter 9 introduces the concepts of gradual sets and gradual elements that can be used
to propose the concept of elements of fuzzy sets such as the concept of elements of crisp
sets. Roughly speaking, a fuzzy set can be treated as a collection of gradual elements. In
other words, a fuzzy set consists of gradual elements. In this case, the set operations and
arithmetic operations of fuzzy sets can be defined as the operations of gradual elements,
like the operations of elements of crisp sets. The equivalences with the conventional set
operations and arithmetic operations of fuzzy sets are also established under some mild
assumptions.

o Chapter 10 deals with the concept of duality of fuzzy sets by considering the lower a-level
sets. The conventional a-level sets are treated as upper a-level sets. This chapter con-
siders the lower a-level sets that can be regarded as the dual of upper a-level sets. The
well-known extension principle and decomposition theorem are also established based
on the lower a-level sets, and are called the dual extension principle and dual decompo-
sition theorem. The so-called dual arithmetics of fuzzy sets are also proposed based on
the lower a-level sets, and a duality relation with the conventional arithmetics of fuzzy
sets is also established.

Finally, I would like to thank the publisher for their cooperation in the realization of
this book.

Department of Mathematics Hsien-Chung Wu
National Kaohsiung Normal University

Kaohsiung, Taiwan

e-mail 1: hewu@mail.nknu.edu.tw

e-mail 2: hsien.chung.wu@gmail.com

Web site: https://sites.google.com/view/hsien-chung-wu

April, 2022
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Mathematical Analysis

We present some materials from mathematical analysis, which will be used throughout this
book. More detailed arguments can be found in any mathematical analysis monograph.

1.1 Infimum and Supremum

Let S be a subset of R. The upper and lower bounds of S are defined below.

e We say that u is an upper bound of S when there exists a real number u satisfyingx < u
for every x € S. In this case, we also say that S is bounded above by u.

o We say that | is a lower bound of S when there exists a real number [ satisfying x > [ for
every x € S. In this case, we also say that S is bounded below by I.

The set S is said to be unbounded above when the set S has no upper bound. The set S is
said to be unbounded below when the set S has no lower bound. The maximal and minimal
elements of S are defined below.

e We say that u* is a maximal element of S when there exists a real number u* € S satis-
fying x < u* for every x € S. In this case, we write u* = max S.

e Wesay that!* isa minimal element of S when there exists areal number [I* € Ssatisfying
x > I* for every x € S. In this case, we write [* = min S.

Example 1.1.1 We provide some concrete examples.

(i) The set R* = (0, +o0) is unbounded above. It has no upper bounds and no maximal
element. It is bounded below by 0, but it has no minimal element.
(ii) The closed interval S = [0,1] is bounded above by 1 and is bounded below by 0. We also
have max S =1 and min S = 0.
(iii) The half-open interval S = [0,1) is bounded above by 1, but it has no maximal element.
However, we have min S = 0.

Although the set S = [0,1) is bounded above by 1, it has no maximal element. This moti-
vates us to introduce the concepts of supremum and infinum.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Definition 1.1.2 Let S be a subset of R.

(i) Suppose that S is bounded above. A real number & € R is called a least upper bound
or supremum of S when the following conditions are satisfied.
e iiis an upper bound of S.
o Ifuis any upper bound of S, then u > .
In this case, we write &t = sup S. We say that the supremum sup S is attained when
nes.

(ii) Suppose that S is bounded below. A real number [ € R is called a greatest lower
bound or infimum of S when the following conditions are satisfied.
e lis alower bound of S.
o Iflis any lower bound of S, then [ < 1.
In this case, we write I = inf S. We say that the infimum inf S is attained whenl € S.

It is clear to see that if the supremum sup S is attained, then max S = sup S. Similarly,
if the infimum inf S is attained, then min S = inf S.
Example 1.1.3 Let S = [0,1]. Then, we have
max S =sup S=1 and inf S =min S=0.
If S = [0,1), then max S does not exists. However, we have sup S = 1.

Proposition 1.1.4 Let S be a subset of R with it = sup S. Then, given any s < i, there exists
t € Ssatisfyings < t < 1.

Proof. We are going to prove it by contradiction. Suppose that we have t < sforall t € S.
Then sis an upper bound of S. According to the definition of supremum, we also have s > &i.
This contradiction implies that s < ¢ for some t € S, and the proof is complete. [ |

Proposition 1.1.5 Given any two nonempty subsets A and B of R, we define C = A + B by
C={x+y:x€AandyeB}.

Suppose that the supremum sup A and sup B are attained. Then, the supremum sup C is
attained, and we have

sup C =sup A +sup B.

Proof. We first have
sup A = max A and sup B = max B.

‘We write a = sup A and b = sup B. Given any z € C, there exist x € A and y € B satisfying
z=x+y.Sincex <aandy < b,wehavez = x +y < a + b, which says thata + bis an upper
bound of C. Therefore, the definition of ¢ = sup C says that ¢ < a + b. Next, we want to
show thata + b < c. Given any € > 0, Proposition 1.1.4 says that there existx € Aandy € B
satisfyinga — ¢ < xand b — € < y. We also see that x + y < c. Adding these inequalities, we
obtain

a+b-2¢e<x+y<c,

which says that a + b < ¢ + 2¢. Since ¢ can be any positive real number, we must have
a + b < c. This completes the proof. [



1.2 Limit Inferior and Limit Superior

Proposition 1.1.6 Let A and B be any two nonempty subsets of R satisfying a < b for any
a € A and b € B. Suppose that the supremum sup B is attained. Then, the supremum sup A
is attained and sup A < sup B.

Proof. Itis left as an exercise. ]

1.2 Limit Inferior and Limit Superior

Let {a,}> , be a sequence in R. The limit superior of {a, } , is defined by
limsupa, = inf supa,,
n—oo n>1 k>n
and the limit inferior of {q,}3’ ; is defined by
liminf a, = —limsup (-a,).
n—oo n—o0
Moreover, we can see that
liminf a, = supinf a.
n—oo n>1 k>n
Let
b, =supa, and c, = inf q; 1.1)
k>n k>n
Itisclear tosee that {b, }* | isa decreasing sequence and {c,, };> , is an increasing sequence.
In this case, we have

inf b, = limb, and supc, = limc,,
n>1 n—oo n>1 h—0o0

which also says that

limsupa, =inf b, = limb, = lim supa, (1.2)
n—oo n>1 n—oo n=00 5y
and
liminf a, =supc, = limc, = lim inf a,. 1.3)
n—oo n>1 n—coo n—oo k>n

Some useful properties are given below.

Proposition 1.2.1 Let {a,};?, be a sequence of real numbers. Then, the following state-
ments hold true.

(i) We have

liminf a, < limsupa,.

n—oo n—oo

(ii) We have

lima, =a

n—-oo

if and only if

liminf a, = limsupa, = a with |a| < +oo.
n—oo n—oo
(iii) The sequence diverges to +oo if and only if
liminf a, = limsupa, = +c.

n—oo n—oo

3
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(iv) The sequence diverges to —c if and only if

liminf a, = limsupa, = —c0.

n—oo n—oo

(v) Let {b,} , be another sequence satisfying a,, < b, for all n. Then, we have

liminf a, < liminf b, and limsupa, <limsupb,.

n—-oo n—-oo n—oo n—oo

Proof. To prove part (i), from (1.1), we see that c,, < b, for all n. Using (1.2) and (1.3), we
obtain

liminf a, = limc, < limb, =limsupa,.

n—oo n—oo

n—oo n—-oo

To prove part (ii), suppose that
lima, = a.
n—oo n
Then, given any € > 0, there exists an integer N satisfying
a—£<an<a+€forn2N,
2 2
which implies

€ . €
a——<infa,=c,and b, =supa;, <a+ - forn>N.
k>n ke>n 2

In other words, we have
a—§§cn§bn§a+§fornzN,
which also implies
e, —a] §§<eand |b, —a| §§<eforn2N.
Therefore, we obtain
fime, =a = Jimp,
which implies, by using (1.2) and (1.3),

liminf a, = limsupa, = a.

n—oo n—-oo

For the converse, from (1.1) again, we see thatc, < a, < b, for all n > 1. Since

a = lim inf g, = limc, and a = lim supq, = limb,.
n—oo kzn h—00 h—00 an n—oo

Using the pinching theorem, we obtain the desired limit. The remaining proofs are left as
exercise, and the proof is complete. [ ]

Proposition 1.2.2 Let {a,}, and {b,}, be any two sequences in R. Then, we have

limsup (a, +b,) <limsupa, +limsupb,
n—oo n—oo n—-oo
and
liminf (a, +b,) > liminf a, + liminf b,

n—oo n—oo n—oo



1.2 Limit Inferior and Limit Superior

Proof. For k > n, we have

a,+b, < sup a, +sup by,

k>n
which says that
sup (a; +by) < supa, +supb,. (1.4)
k>n k>n k>n

Therefore, we obtain

limsup (a, +b,) = inf sup (a; + b;) = lim sup (a, + by)

n—oo n>1 k>n n=0 j>p
< lim [sup a + sup bk] (using (1.4))
n—oo k>n

= lim supa; + hm sup b, (since the limits exist)
n—oo k>n n— o0 k>n

=limsupa, + limsup b, (using (1.2) and (1.3)).

n—oo n—-oo
We similarly have
inf (ay +by) > inf a; + inf by. (1.5)
k>n k>n k>n

Therefore, we also obtain

liminf (a,+b,) =supinf (a,+b;) = lim inf (a, + b;)

n—oco n>1 k>n n=0 j>n
> lim [mf a, +inf b ] (using (1.5))
n=0 | k>n k>n

= lim inf q; + lim inf b, (since the limits exist)
n—oo k>n n—-oo k>n

= liminf a, + liminf b, (using (1.2) and (1.3)).

n—oo n—oo

This completes the proof. [

Proposition 1.2.3 Let {A, }°7, be a sequence of subsets of R™ satisfying A,,, C A, foralln
and (., A, = A, and let f be a real-valued function defined on R™. Then

hm supf(a) = supf(a) and supf(a) > sup f(a)

(=

and

lim inf f(a) = inf f(a) and inf f(a) < inf f(a).
n—=0o ge4q, aeA a€A,

a€A,

Proof. Since
inf f(a) = —sup [—f(a)].
acA acA
It suffices to prove the case of the supremum. Let

¥, =supf(a) and y* = sup f(a).
a€A, acA
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Since A,,, C A, for all n, we have that {y;;}?’ , is a decreasing sequence of real numbers.
We also have y;; > y* for all n, which 1mp11es

liminf y;, > y*. (1.6)

n—oo

Given any € > 0, according to the concept of supremum, there exists a,, € A, satisfying

Yo =€ <f(a,). (1.7)
Let b, = infy,, f(a,). We consider the subsequence {a,,}_; defined by a,, = a,,,,, in the
sense of

{ay.ay, .8 ) ={ap Qs o Qs ) -
Thenb, = inf, ., f(@,)andb, < f(a,,) forallm.Since A, , CA,forallnand (), A, = A,

the “last term” of the sequence {a,,}>_; must be in 4, a claim that will be proved below.
Sincea, € A, € A, forallk > n, we have the subsequence {a, };? C A,, which alsoimplies

Eﬂ {a ), QﬂAn=A,
n=1 n=1

where A can be regarded as the “last term” and A C {a,,}%_, . Since y* is the supremum of
fon A, it follows that f(a) < y* for each @ € A C A. Since b, < f(@,,) for all m, we see that
b, < y* for all n. Therefore, we obtain

liminf f(a,) = supinf f(a,) = supb

n—-oo n>1 k>n
which implies, by (1.7),
liminf y; — e <liminf f(a,) <y".
n—o0 n—oo
Since e is any positive number, we obtain

liminf y; <y*. (1.8)

n—oo
Combining (1.6) and (1.8), we obtain
supinf y; = liminf y, = y".
n>1 k>n n— oo

Since {y} }2, is a decreasing sequence of real numbers, we conclude that

1nfyn = llmy = liminf y; =y*,

n>1 n—oo

and the proof is complete. [ ]

Proposition 1.2.4 Let {A, }5 ;| be a sequence of subsets of R™ satisfying A, C A, ,, foralln
and | J5., A, = A, and let f be a real-valued function defined on R™. Then

hm supf(a) = supf(a) and supf(a) < sup f(a)

A€,

and

lim inf f(a) = inf f(a) and inf f(a) > inf f(a).
n—=0 geq, acA a€A,

a€A,



1.2 Limit Inferior and Limit Superior

Proof. It suffices to prove the case of the supremum. Let

¥, =supf(a) and y* = sup f(a).
a€A, aceA

Since A, C A, for all n, we have that {y; }5; is an increasing sequence of real numbers.
We also have y? < y* for all n, which implies
limsupyj, <y*. 1.9
n—oo

Given any e > 0, according to the concept of supremum, there exists a* € A satisfying
y* —e < f(a*). Since

a* e A= CJ A,
n=1

we have that a* € A,. for some integer n*. We construct a sequence {a,}>, satisfying
a, €A, foralln <n*anda, =a* forall n > n*. Since A, C A, for all n, it follows that
a, € A, for all n > n*. Therefore, the sequence {a,}  satisfies a, € A, for all n and

a* € {a}2, forall n,
which means that a* is the “last term” of the sequence {a, }? . We also have

Yo 2 f(ay). (1.10)

Let b, = supy, f(a;). We consider the subsequence {a,} > defined by a, = a,,,,,_
sense of

{a,.a,,... . b ={agap . Apin1s ot
Then b, = sup,,, f(@,) and b, > f(a,) for all p. Since a* is the “last term” of the sequence

{a, )52, it follows that a* is also the “last term” of the sequence {a,,}_,. Therefore, we
have b, > f(a*) > y* — ¢ for all n, which implies

, in the

limsupf(a,) = inf supf(q;) = inf b, > y* —e.
1 k>n n>1

n—oo n>
Since ¢ is any positive number, it follows that
limsupf(a,) > y".
n—oo

Using (1.10), we obtain
limsupy;,, > limsupf(a,) > y*. (1.11)

n—oo n—oo

Combining (1.9) and (1.11), we obtain

H * 3 k *
inf supy, = limsupy, = y*.
n>1 k>n n—oo
Since {y},}:7, is an increasing sequence of real numbers, we conclude that
supy; = limy; = limsupy;, =y*,
n>1 n—oco n—co

and the proof is complete. [

Given any x= (x,...,x) and y = (@W,...,y') in R™. The Euclidean distance
between x and y is defined by

| x =y ll= VoD —yDy2 4. oo (xm) — ym)2,

7



8

1 Mathematical Analysis

Given a point x € R™, we consider the open e-ball
Bix;e)={yeR™ :[x-yl<e}. (1.12)

The concept of closure based on open balls will be frequently used throughout this book.
For the general concept refer to Kelley and Namioka [55]. In this book, we are going to
consider the closure of a subset of R, which is given below.

Definition 1.2.5 Let A be a subset of R™. The closure of A is denoted and defined by
cl(4) = {x eR™ : AnNB(x;¢) # @ forany € > 0} .
‘We say that A is a closed subset of R™ when A = cl(A).

Remark 1.2.6 Given any x € cl(A), there exists a sequence {x,};>, in A satisfying
Il x, —x |[= 0as n — oo. In particular, for m = 1, we see thatx, - xasn — .

Proposition 1.2.7 Let A be a subset of R, and let f be a continuous function defined on cl(A).
Then

supf(a) = sup f(a) and inf f(a) = inf f(a).
acA €A

aecl(A) a aecl(A)

Proof. It suffices to prove the case of the supremum, since
inf f(a) = —sup [-f(a)].
a€A a€A

It is obvious that

supf(a) < sup f(a).
acA aecl(A)
Given any € > 0, according to the concept of supremum, there exists a* € cl(A) satisfying
sup f(a) —e < f(a").
aecl(A)
We also see that there exists a sequence {a, } 7, in A satisfying a, — a*. Since f is continu-
ous on cl(A), we also have f(a,) — f(a*) as n — co. Therefore, we obtain
sup f(a) —e < f(a*) = limf (a,) < lim [supf(a)] = supf(a).
aecl(A) n—=co n—=o | geA acA

Since ¢ can be any positive number, it follows that

sup f(a) < supf(a).
a€ecl(A) aceA

This completes the proof. [

Let S be a subset of R. For a € S and a sequence {a,}:>, in R, we write a, 1 a to mean
that the sequence {a,}:?; is increasing and converges to a. We also write a,, | a to mean
that the sequence {a,}? , is decreasing and converges to a.

Proposition 1.2.8 Let A be a subset of R. The following statements hold true.

(i) Letf be a right-continuous function defined on cl(A). Given any fixed r € R, suppose that
there exists a sequence {a, } , in A satisfyinga,, | rasn — oo and a,, > r for all n. Then,
we have

sup f(a)= sup f(a)and inf f(a)= inf f(a).
{a€A:a>r} {a€A:a>r} {a€A:a>r} {a€A:a>r}
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(ii) Letf be a continuous function defined on cl(A). Given any fixed r € R, suppose that there
exists a sequence {a, }°, in A satisfying a, — rasn — oo and a, > r for all n. Then, we
have

sup f(a)= sup f(a)and inf f(a) inf  f(a).

{a€A:a>r} {a€A:a>r} {a€A:a>r) {acA:a>r}

In particular, we can assumer € cl{a € A : a > r}).

Proof. It suffices to prove the case of the supremum. It is obvious that

sup f(a)< sup f(a).
{a€A:a>r} {a€A:a>r}

To prove part (i), given any € > 0, according to the concept of supremum sup taea:azr) S (@),
there exists a* € A with a* > r satisfying

sup f(a)—e<f(a").

{acA:a>r)
We consider the following two cases.

e Suppose that a* > r. Then, we have

sup f@)—e<f@)< sup f(a).

{a€A:a>r} {a€A:a>r}
e Suppose that a* = r. The assumption says that there exists a sequence {a,};>, in A sat-
isfyinga, | a* asn — o and a, > r for all n. Since f is right-continuous and a* € cl(A4),
we also have f(a,) — f(a*) as n — 0. Therefore, we obtain

sup f(a)—e<f(a)_11mf( )slim[ sup f(@)| = sup f(a)
n—oo {

{acA:a>r) acA:a>r} {a€A:a>r}
Since e can be any positive number, it follows that

sup f(@) < sup f(a).

{acA:a>r) {acA:a>r)
Part (ii) can be similarly obtained, and the proof is complete. [

Proposition 1.2.9 Let {A,}:>, and {B, }:7, be two sequences of subsets of R satisfying
A, CA,and B, CB, foralln

n+1

and

ﬁAn =A and ﬁBn =B.
n=1 n=1

Then, we have
lim supinf (a — b) = lim (supa — sup b) =supa —supb = supinf (a — b)
n=® geA, beB, n—e \ gea, beB, a€A beB acA beB

and

lim supinf (a —b) = lim | inf a —inf b | = inf a — inf b = supinf (a — b).
N—=® peB,acA, n—o \ gea, beB, acA beB beB a€A
Proof. Itis obvious that

supinf (a — b) = supa — sup b and sup inf (a — b) = inf a —inf b.
a€A, beB, a€A, beB, beB,a€A, a€A, beB,

The results follow immediately from Proposition 1.2.3. n

9
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Proposition 1.2.10 Let {A,}, and {B,}7?; be two sequences of sets in R satisfying
A,CA,,and B, CB,,, foralln

and

0’4" =A and OBH =B.
n=1 n=1

Then, we have

lim supinf (a — b) = lim <supa — sup b) =supa —supb = supinf (a — b)

=0 geA, beB, n—oo \ aea, beB, aeA beB a€A beB
and
lim supinf (a — b) = lim | inf a —inf b | = inf a — inf b = supinf (a — b).
N—=® peB,acA, n=oo \ geA, beB, aeA beB beB a€A
Proof. The results follow immediately from Proposition 1.2.4. [ ]

Proposition 1.2.11 Let f be a real-valued function defined on a subset A of R, and let k be
a constant. Then, we have

sup min {f(x),k} = min {supf(x),k}
X€EA X€EA
and

inf max {f(x),k} = max {inff(x),k}.
X€EA XEA

Proof. We have
. k, if there exists x € Asatisfying f(x) > k
m {ngf(x)’ k} =\ supf), if f(x) < k forall x € A.
XEA

and

{xeA:f(x)>k} {xeA:f(x)<k}
if there exists x € A satisfying f(x) > k
sup f(x), if fx) <kforallxe A
X€A

max {k, sup f(x)} ,
_ {x€A:f(x)<k}

if there exists x € A satisfying f(x) > k
sup f(x), if fx) <kforallxe A
X€EA

max{ sup min{f(x),k}, sup min{f(x),k}},

Il
A

sup min {f(x),k}
XEA

k, if there exists x € A satisfying f(x) > k
sup f(x), if f(x) < kforall x € A.
X€EA

Another equality can be similarly obtained. This completes the proof. [
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1.3 Semi-Continuity

Let f : R™ - R be a real-valued function defined on R™. We say that the supremum
sup,sf(x) is attained when there exists x* € S satisfying f(x) < f(x*) for all x € S with
x # x*. Equivalently, the supremum sup,¢ f(x) is attained if and only if

sup f(x) = max f(x)
xes xes

Similarly, the infimum inf, . f(x) is attained when there exists x* € S satisfying f(x) > f(x*)
for all x € S with x # x*. Equivalently, the infimum inf, _¢ f(x) is attained if and only if

inf f(x) = min f(x).
xeS xX€ES

Letx = (x,, ...,X,,) be an element in R™. Recall that the Euclidean norm of x is given by

| x ll= /% + X5+ + x5,

Definition 1.3.1 Let S be a nonempty set in R™.

e A real-valued function f : S — R defined on S is said to be upper semi-continuous at
x when the following condition is satisfied: for each ¢ > 0, there exists § > 0 such that
|| x — X ||< & implies f(x) < f(X) + € for any x € S.

e A real-valued function f defined on S is said to be lower semi-continuous at X when the
following condition is satisfied: for each ¢ > 0, there exists § > 0 such that || x — X ||< §
implies f(x) < f(x) + € forany x € S.

Remark 1.3.2 We have the following interesting observations.

If f is upper semi-continuou on S, then —f is lower semi-continuous on S.

If f is lower semi-continuou on S, then —f is upper semi-continuous on S.

e The real-valued function f is continuous on S if and only if it is both lower and upper
semi-continuous in S.

If f is upper semi-continuous on R, then {x : f(x) > «} is a closed subset of R™ for all a.
If f is lower semi-continuous on R, then {x : f(x) < a} is a closed subset of R™ for all a.

Proposition 1.3.3 Let f : R™ — R be a multi-variable real-valued function, and let each
real-valued function g; : R — R be continuous atx, € R fori =1, ..., n. Then, the following
statements hold true.

(i) Supposethatf islower semi-continuous atx, = (g,(x,), ... , 8, (xy)). Then, the composition
function h(x) = f (gl(x), cees gm(x)) is lower semi-continuous at x,.

(ii) Suppose that f is upper semi-continuous at X, = (g,0x), --. , &, (X,)). Then, the composi-
tion function h(x) = f (gl(x), ,gm(x)) is upper semi-continuous at x,.

Proof. To prove part (i), since f is lower semi-continuous at x,, given any ¢ > 0, there exists
6* > 0 such that

|| x —x, ||< 6" implies f(x,) < f(x) + €.

11
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Since each g; is continuous at x, fori =1, ..., n, given 6*/ \/ﬁ, there exists 6; > 0 such that
|x — x| < &; implies |g;(x) — g;(xy)| < 57 fori=1,...,n. (1.13)
n

Let 6§ = min {§,,...,6,,}. Then |x — x,| < 6 implies that the inequality (1.13) is satisfied for
alli=1,...,n Letx = (g,(), ..., 8,x)). Then

I x =% lI= \/(gl(X) —8106) + -+ (8,(%) = 8 (%p))* < 67,
which implies
h(xp) = f(g,(X0)s -, 8n (X)) = F(Xp) < f(X) + € = f(g(0), ....8, (X)) + € =h(x) +e,

which says that & is lower semi-continuous at x,. Part (ii) can be similarly obtained. This
completes the proof. [ ]

Proposition 1.3.4 Let f : R™ — R be a multi-variable real-valued function, and let each
real-valued function g; : R — R be left-continuous at x, € R fori =1, ...,n. Then, the fol-
lowing statements hold true.

(i) Assume that the composition function h(x) = f(g,(x), ..., g,, (X)) is increasing. If f is lower
semi-continuous at X, = (g,(x), ... , &, (Xy)), then h is lower semi-continuous at x,.

(ii) Assume that the composition function h(x) = f(g,(x), ..., 8,,(x)) is decreasing. If f is upper
semi-continuous at X, = (8,(x), ... ,8,,(X,)), then h is upper semi-continuous at x,,.

Proof. To prove part (i), since f is lower semi-continuous at x,,, given any e > 0, there exists
6* > 0 such that

| x —x, [|l< 6" implies f(x,) < f(X) + €.

Since each g; is left-continuous at x, fori = 1, ..., n, given 6*/ \/ﬁ, there exists §; > 0 such
that

*

0 <X, —x < &; implies |g;(x) — g(x,)| < 5 fori= 1,...,n

The argument in the proof of Proposition 1.3.3 is still valid to show that there exists § > 0
such that

0 < x, —x < 6 implies h(x,) < h(x) + €.

For 0 < x — x, < 8, since h is increasing, it follows that
h(x,) < h(x) < h(x) +e.

Therefore, we conclude that
|x, — x| < 6 implies h(xy) < h(x) + €,

which says that h is lower semi-continuous at x;,.
To prove part (ii), we can similarly show that there exists 6 > 0 such that

0 < x, —x < 6 implies h(x) < h(x,) + €.
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For 0 < x —x, < 6, since h is decreasing, it follows that
h(x) < h(xy) < h(xy) + €,

which says that h is upper semi-continuous at x,. This completes the proof. [

Proposition 1.3.5 We have the following properties.

(i) Suppose that the real-valued functions f, and f, are lower semi-continuous on the closed
interval [a, b]. Then, the addition f, + f, is also lower semi-continuous on the closed inter-
val [a, b].

(ii) Suppose that the real-valued functions g, and g, are upper semi-continuous on on the
closed interval [a,b]. Then, the addition g, + g, is also upper semi-continuous on the
closed interval [a, b].

Proof. To prove part (i), given € > 0, there exist 6,, 6, > 0 such that

Ix — x,| < &, implies f;(x,) < f,(x) + %
and that

[x —x,| < 6, implies f,(xy) < f,(x) + g
Let 6 = min {§,,6,}. Then, for |x — x,| < 6, we have

H00) +00) <00+ 5+ 09+ 5 =00 +,00 +e

which shows that f; + f, is lower semi-continuous at x,,.
To prove part (ii), given ¢ > 0, there exist 6,, 6, > 0 such that

[x —x,| < 6, implies g,(x,) + % > g,(x),
and that
[x —x,| < 6, implies g,(x,) + % > g,(X).
Let 6 = min {é,, 6, }. Then, for |x — x;| < 6, we have
810%) + &%) + € = 810) + = +80) + 5 > &) + g,(%).

which shows that g, + g, is upper semi-continuous at x,. This completes the proof. [

Proposition 1.3.6  We have the following properties.

(i) Suppose that the real-valued functions f; and f, are lower semi-continuous on the closed
interval [a, b]. Then, the real-valued functions min {f,, f,} and max {f;,f,} are also lower
semi-continuous on the closed interval [a, b].

(ii) Suppose that the real-valued functions g, and g, are upper semi-continuous on on the
closed interval [a,b]. Then, the real-valued functions min {g,,g,} and max{g,,g,} are
also upper semi-continuous on the closed interval [a, b].

Proof. To prove part (i), given e > 0, there exist §,, 6, > 0 such that

[x —x,| < 6, implies f;(xy) < f;(x) + €,
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and that

|x —x,| < 6, implies f,(xy) < f,(x) +e.
Let 6 = min {6, 6,}. Then, for |x — x,| < 6, we have

min {f;(x)./,(x)} < min {f;(x) + €,f,(x) + €} = min {f;(x).f,()} + ¢
and

max {f; (). f,00)} <max {00 +e.,H() + e} = max {f;,(0.£,0} +e.

which show that min {f},f,} and max {f;,f,} are lower semi-continuous at x,,.
To prove part (ii), given ¢ > 0, there exist §,, 6, > 0 such that

Ix — x| <6, implies g (x,) + € > g (x),
and that
|x —x,| < 6, implies g,(x,) + € > g,(%).
Let 6 = min {é,, 6,}. Then, for |x — x,| < 6, we have

min{g, (x,). &,(X,) } + € = min{g, (X,) + €,8,(Xo) + €} > min{g; (x), g,(x)}

and

max{g, (X,). 8t } + € = max{g,(x,) + €,8,(x,) + €} > max{g,(x),g,x)},

which show that min {g;,g,} and max {g,,g,} are upper semi-continuous at x,. This com-
pletes the proof. L]

Proposition 1.3.7 We have the following properties.

(i) Suppose thatf is increasing on a subset D of R. Then f is left-continuous on D if and only
if f is lower semi-continuous on D.

(ii) Suppose that g is decreasing on a subset D of R. Then g is left-continuous on D if and only
if g is upper semi-continuous on D.

Proof. To prove part (i), we first assume that f is left-continuous at x, € D. Then, given
any € > 0, there exists § > 0 such that 0 < x, —x < 6 implies |f(x;) — f(x)| < €, i.e. f(x;) <
f(x) + €. For x, € Dwith 0 < x —x,, < §, since f is increasing, we have

f) < f0) < flx) +e.

Therefore, we conclude that |x, — x| < é implies f(x;) < f(x) + ¢, which shows that f is
lower semi-continuous at x, € D.

Conversely, we assume that f is lower semi-continuous at x;, € D. Then, given any ¢ > 0,
there exists 6 > 0 such that |x, — x| < 6 implies f(x;) < f(x) + €. If 0 < x, —x < 6 then we
immediately have f(x;) — f(x) < e by the lower semi-continuity at x,,. Since f is increasing,
we also have

JFO) < f(xp) < fxp) +e.

Therefore, we conclude that 0 < x, — x < 6 implies |f(x,) — f(x)| < e, which shows that f is
left-continuous at x, € D.
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To prove part (ii), we first assume that g is left-continuous at x, € D. Then, given any
€ > 0, there exists 6 > 0 such that 0 <x, —x < 6 implies |g(x,) —g)| <e¢, i.e. gx) <
8(x,) + €. For x; € Dwith 0 < x — X, < 6, since g is decreasing, we have

80xy) + e > 8(x) + € > gx).

Therefore, we conclude that |x, — x| < 6 implies g(x) < g(x,) + ¢, which shows that g is
upper semi-continuous at x, € D.

Conversely, we assume that f is upper semi-continuous at x, € D. Then, given any € > 0,
there exists 6 > 0 such that |x, — x| < § implies g(x) < g(x,) + €. If 0 < x, —x < 6, then we
immediately have g(x) — g(x,) < e by the upper semi-continuity at x,,. Since g is decreasing,
we also have

8(x,) <g(x) < gx) +e.

Therefore, we conclude that 0 < x, — x < é implies |g(x,) — g(x)| < e, which shows that g is
left-continuous at x;, € D. This completes the proof. [

Let A be a subset of R™. The characteristic function or indicator function of A is
defined by

1 forxeA
XaX) = { 0 forxeA. 114

Proposition 1.3.8 Let S be a subset of R, and let (¥ : S - R and ¢V : S = R be two
bounded real-valued functions defined on S satisfying ¢*(a) < {Y(a) for each a € S. Suppose
that ¢* is lower semi-continuous on S, and that ¢V is upper semi-continuous on S. Let
M, = [¥(a),¢Y ()] for a € S be closed intervals. Then, for any fixed x € R, the function
f(@)=a- X, (x) is upper semi-continuous on S.

Proof. For any fixed o, € S, we are going to show that, given any ¢ > 0, there exists 6 > 0
such that
|a — ay| < 6 implies {(ay) + € > {(a).

We consider the cases ofx € M, andx & M, . Forx € M, ,wehave {(a,) = a,.If |a — ay| <
6 = €, we have a, + ¢ > a. We consider the following cases.

e Suppose that x ¢ M,. Then, we have {(a) = 0. Therefore, we obtain
Clap) +e=ay+e>0={(a).

e Suppose that x € M,,. Then, we have {(a) = a. Therefore, we obtain
Clap) +e=ay+e>a={(a).

Now, we consider the case of x & Mao, i.e. x < ¢E(ay) or x > ¢Y(a,). In this case, we have
{(ay) = 0.

e For x < {L(ay), let € = {L(a,) — x. Since ¢ is lower semi-continuous at «,, there exists
& > 0 such that |a — a,| < & implies ¢£(a,) < ¢L(a) + €. Therefore, we obtain

¢H@) > ¢Hag) — e = ¢Mag) +x = (M) = x.

This also says that x € M, i.e. {(a) = 0 for |a — a| < 6.

15
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e Forx > ¢Y(ay), let € = x — {Y(q,). Since ¢Y is upper semi-continuous at «,, there exists
8 > 0 such that |a — a,| < & implies ¢Y(a) < ¢Y(a,) + €. Therefore, we obtain

(V@) < V@) + e = V() +x — (V(ay) = x.
This also says that x ¢ M, i.e. {(a) = 0 for |@ — ;| < 6.
The above two cases conclude that
lag)+e=€>0=_(a)

for |@ — a,| < 6. This completes the proof. [ |

Proposition 1.3.9 Let S be a subset of R, and let (X : S— R and ¢V : S —» R be two
bounded real-valued functions defined on S satisfying ¢X(a) < (Y () for each a € S. Suppose
that the following conditions are satisfied.

o (L isan increasing function and ¢Y is a decreasing function on S.
e (L and ¢Y are left-continuous on S.

Let M, = [(L(a), (Y ()] for a € S be closed intervals. Then, for any fixed x € R, the function
fl@)=a- I, (x) is upper semi-continuous on S.

Proof. The result follows immediately from Propositions 1.3.8 and 1.3.7. [ ]

Proposition 1.3.10 Let S be a subset of R. Foreachi=1,...,n,let & : S > Rand ¢V :
S — R be bounded real-valued functions defined on S satisfying ¢ iL(a) < CiU (a) foreach a € S.
Suppose that the following conditions are satisfied.

o ¢ lL are increasing function and Cl.U are decreasing functionon S fori=1,...,n.
° {iL and CZ.U are left-continuouson S fori =1, ..., n.

Let MY = (¢ (@), ¢V (@)] for a € Sand fori=1,...,n be closed intervals, and let
M, =MPx---xM" cR".

Given any fixedx = (xy, ...,x,) € R", the function {(a) = a - y), (X) is upper semi-continuous
ons.

Proof. Proposition 1.3.9 says that the functions {j(a) = - y,0(x;) are upper semi-
continuouson S fori =1, ...,n. For r € S, we define the sets

F,={a€S:{a@>r} and F'={a€S: g@z>r} fori=1,...,n

The upper semi-continuity of ¢; says that Fﬁi) isaclosed setfori =1, ...,n. We want to claim
F, =L, FY.Givenany « € F,, it follows thatx € M, and a > r,i.e.x; € MY and a > r for
i=1,...,n,which also implies {;(a) > r for i = 1, ..., n. Therefore, we obtain the inclusion
F,. c f=1 Fﬁ“. On the other hand, suppose that a € Fii) fori=1,...,n. It follows that x; €
Mff) anda >rfori=1,...,n,ie.x € M, and a > r. Therefore, we obtain the equality F, =
ﬂ:;l Fﬁi), which also says that F, is a closed set, since each Fﬁi) isaclosedsetfori=1,...,n.
Therefore, we conclude that ¢ is indeed upper semi-continuous on S. This completes the

proof. [ |
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We say that S is a disjoint union of intervals in R when S can be expressed as

s=Jr
i=1
satisfying I; n I; = @ for i # j, where each I, is an interval in R.

Proposition 1.3.11 Let S be a disjoint union of intervals in R, and let ¢* : S - Rand ¢V :
S — R be two bounded real-valued functions defined on S satisfying (¥ (a) < ¢Y(a) for each
a € S. For a € S, we define the functions
@)= inf ¢Eeo)and u(@) = sup ¢Y(x).
{xeS:x>a} {xeS:x>a}
Then l and u are left-continuous on S. Moreover, l is lower semi-continuous on S and u is upper
semi-continuous on S.

Proof. Given « € S, since S is a disjoint union of intervals, there exists a sequence {a, }5
in S satisfying a,, T @ as n — oo, where we allow a,, = a for some n. Let

A, ={xeS:x>a,}JandA={xeS : x>a}.

Then it is obvious that A,,, C A, for all n and A € (,_, A,. For x € (., A, it means
x € S and x > «,, for all n. By taking limit, we obtain x > «a, i.e. x € A. This shows that
A=, A,. Using Proposition 1.2.3, we obtain

l(a,) = inf ¢*(x) - inf ¢E(x) = () for a, 1 a.
teA, teA

This says that [ is left-continuous on S. We can similarly show that u is left-continuous
on S. Since [ is decreasing and u is increasing on S, Proposition 1.3.7 says that [ is lower
semi-continuous on S and u is upper semi-continuous on S. This completes the proof. m

Let S be a disjoint union of intervals in R. We write 0*(S) to denote the set of all left
endpoints of subintervals in S, and write 0%(S) to denote the set of all right endpoints of
subintervals in S. For any « € S\d%(S), i.e. « € S and a & 0%(S), it is clear to see that there
exists a sequence in S satisfying @, | @ asn — oo with a,, > a for all n.

Proposition 1.3.12  Let S be a disjoint union of closed intervals in R, and let (¥ : S — Rand
¢V : S - R be two bounded and right-continuous real-valued functions defined on S satisfy-
ing {X(a) < ¢Y(a) foreach a € S. Let M, = [¢X(a), (Y ()] for « € S be closed intervals. Then,
the functions

lo)= inf ¢E)andu(@)= sup ¢Y(x)

{xeS:x>a} {xeS:x>a}

are continuous on S\oR(S). Moreover, for « € S\oX(S) and a,, | @ as n — oo with a,, > a for
all n, we have l(a,,) | l(a) and u(a,) T u(a) asn - .

Proof. According to Proposition 1.3.11, we remain to show that I and u are right-
continuous on S\d®(S). We first note that S is a closed set, i.e. cl(S) = S. We are going to
use part (i) of Proposition 1.2.8. Given a € S\9R(S), there exists a sequence {a,}2,inS
satisfying a,, | @ asn — oo with a,, > « for all n. Let

A,={xeS:x>a,}and A" ={xeS:x>a}l.
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Itis clear to see that A, C A,,, forallnand |J,., A, C A*. Forx € A*,i.e.x € Sandx > a,
since a,, | a, there exists a,,. satisfying « < a,. < x, which says thatx € J,., A,. Therefore,
we obtain | J,», A, = A*. Using Proposition 1.2.4 and part (i) of Proposition 1.2.8, fora,, | «
with @, > a, we have
la,) = inf ¢E(x) — inf ¢F(x) = inf  ¢F(x) = Ka).
X€EA, XEA* {xeS:x>a}

Therefore, we conclude that [ is continuous on S. We can similarly show that u is continuous
on S. Since ! is increasing and u is decreasing, we also have l(e,,) | I(a) and u(a,) 1 u(a) as
n — oo fora, | aasn — oo with a, > a for all n, and the proof is complete. [ ]

Proposition 1.3.13  Let S be a closed subset of R, andlet (L : S - Rand ¢V : S — R betwo
bounded real-valued functions defined on S satisfying ¢X(a) < (Y () for each a € S. Suppose
that {T is lower semi-continuous on S, and that {U is upper semi-continuous on S. Let M, =
[¢E (@), ¢Y ()] for a € S be closed intervals. Then, we have

U M,,=[ inf  ¢H(p), sup ¢Y(B)
(pes: pza) {peS: p>a} {peS: p>a}

3 L
[(ﬂgsl:1?>a}§ @, (P poa }g (ﬂ)] (1.15)

foranya € S.

Proof. Since S is a closed set, by Proposition 1.4.4 (which will be given below), the
semi-continuities say that the imfimum and supremum are attained given by

: L U _ U
¥ elgiza)C B = ,,ggl},g }C (P) and ﬂSSu:pZaC » = { ﬂgslgﬁga}i ®.

Forx € U es: poayM;» there exists f, > a satisfyingx € My , i.e. {*(fy) < x < {Y(f). Then,
we have

x > ¢H(By) > m1n CL(ﬂ) and x < ¢Y(fy) < phax )C B;
that is,

~ L U
xe {ﬂes ﬂ> )C M, ﬂnga/;( 7P| -

To prove the other direction of inclusion, given any x satisfying
min <x< max 1.16

o ﬂ>a)C )] R C ®, (1.16)
we want to lead to a contradiction by assumingx ¢ M foreach f € Swith § > a. Under this
assumption, since each M pisa bounded closed interval, it follows that x < ¢%(g) for each
p € Swith g > aorx > ¢Y(p) for each p € Swith § > a. Since the infimum and supremum
are attained, we obtain

x< min ") = inf ¢FPorx> max ¢(YB) = sup Y(p),

{peS: pza}

{peS: pza} (pES:p>a) {PES:pza)}

which contradicts (1.16). Therefore, there exists f, € Swith f, > a satisfyingx € M, . This
completes the proof. n



