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Preface

The concept of fuzzy set, introduced by L.A. Zadeh in 1965, tried to extend classical set
theory. It is well known that a classical set corresponds to an indicator function whose val-
ues are only taken to be 0 and 1. With the aid of a membership function associated with a
fuzzy set, each element in a set is allowed to take any values between 0 and 1, which can
be regarded as the degree of membership. This kind of imprecision draws forth a bunch of
applications.

This book is intended to present the mathematical foundations of fuzzy sets, which can
rigorously be used as a basic tool to study engineering and economics problems in a fuzzy
environment. It may also be used as a graduate level textbook. The main prerequisites for
most of the material in this book are mathematical analysis including semi-continuities,
supremum, convexity, and basic topological concepts of Euclidean space, ℝn. This book
presents the current state of affairs in set operations of fuzzy sets, arithmetic operations
of fuzzy intervals and fuzzification of crisp functions that are frequently adopted to model
engineering and economics problems with fuzzy uncertainty. Especially, the concepts of
gradual sets and gradual elements have been presented in order to cope with the difficulty
for considering elements of fuzzy sets such as considering elements of crisp sets.
● Chapter 1 presents the mathematical tools that are used to study the essence of fuzzy

sets. The concepts of supremum and semi-continuity and their properties are frequently
invoked to establish the equivalences among the different settings of set operations and
arithmetic operations of fuzzy sets.

● Chapter 2 introduces the basic concepts and properties of fuzzy sets such as membership
functions and level sets. The fuzzy intervals are categorized as different types based on
the different assumptions of membership functions in order to be used for the different
purposes of applications.

● Chapter 3 deals with the intersection and union of fuzzy sets including the complement of
fuzzy sets. The general settings by considering aggregation functions have been presented
to study the intersection and union of fuzzy sets that cover the conventional ones such
as using minimum and maximum functions (t-norm and s-norm) for intersection and
union, respectively.

● Chapter 4 extends the conventional extension principle to the so-called generalized
extension principle by using general aggregation functions instead of using mini-
mum function or t-norm to fuzzify crisp functions. Fuzzifications of real-valued and
vector-valued functions are frequently adopted in engineering and economics problems
that involve fuzzy data, which means that the real-valued data cannot be exactly collected
owing to the fluctuation of an uncertain situation.
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● Chapter 5 presents the methodology for generating fuzzy sets from a nested family or
non-nested family of subsets of Euclidean space ℝn. Especially, generating fuzzy inter-
vals from a nested family or non-nested family of bounded closed intervals is useful for
fuzzifying the real-valued data into fuzzy data. Based on a collection of real-valued data,
we can generate a fuzzy set that can essentially represent this collection of real-valued
data.

● Chapter 6 deals with the fuzzification of crisp functions. Using the extension principle
presented in Chapter 4 can fuzzify crisp functions. This chapter studies another method-
ology to fuzzify crisp functions using the mathematical expression in the well-known
decomposition theorem. Their equivalences are also established under some mild
assumptions.

● Chapter 7 studies the arithmetic operations of fuzzy sets. The conventional arithmetic
operations of fuzzy sets are based on the extension principle presented in Chapter 4. Many
other arithmetic operations using the general aggregation functions haven also been stud-
ied. The equivalences among these different settings of arithmetic operations are also
established in order to demonstrate the consistent usage in applications.

● Chapter 8 gives a comprehensive and accessible study regarding inner product of fuzzy
vectors that can be treated as an application using the methodologies presented in
Chapter 7. The potential applications of inner product of fuzzy vectors are fuzzy linear
programming problems and the engineering problems that are formulated using the
form of inner product involving fuzzy data.

● Chapter 9 introduces the concepts of gradual sets and gradual elements that can be used
to propose the concept of elements of fuzzy sets such as the concept of elements of crisp
sets. Roughly speaking, a fuzzy set can be treated as a collection of gradual elements. In
other words, a fuzzy set consists of gradual elements. In this case, the set operations and
arithmetic operations of fuzzy sets can be defined as the operations of gradual elements,
like the operations of elements of crisp sets. The equivalences with the conventional set
operations and arithmetic operations of fuzzy sets are also established under some mild
assumptions.

● Chapter 10 deals with the concept of duality of fuzzy sets by considering the lower 𝛼-level
sets. The conventional 𝛼-level sets are treated as upper 𝛼-level sets. This chapter con-
siders the lower 𝛼-level sets that can be regarded as the dual of upper 𝛼-level sets. The
well-known extension principle and decomposition theorem are also established based
on the lower 𝛼-level sets, and are called the dual extension principle and dual decompo-
sition theorem. The so-called dual arithmetics of fuzzy sets are also proposed based on
the lower 𝛼-level sets, and a duality relation with the conventional arithmetics of fuzzy
sets is also established.

Finally, I would like to thank the publisher for their cooperation in the realization of
this book.

Hsien-Chung WuDepartment of Mathematics
National Kaohsiung Normal University
Kaohsiung, Taiwan
e-mail 1: hcwu@mail.nknu.edu.tw
e-mail 2: hsien.chung.wu@gmail.com
Web site: https://sites.google.com/view/hsien-chung-wu
April, 2022

mailto:hcwu@mail.nknu.edu.tw
mailto:hsien.chung.wu@gmail.com
https://sites.google.com/view/hsien-chung-wu
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1

Mathematical Analysis

We present some materials from mathematical analysis, which will be used throughout this
book. More detailed arguments can be found in any mathematical analysis monograph.

1.1 Infimum and Supremum

Let S be a subset of ℝ. The upper and lower bounds of S are defined below.

● We say that u is an upper bound of S when there exists a real number u satisfying x ≤ u
for every x ∈ S. In this case, we also say that S is bounded above by u.

● We say that l is a lower bound of S when there exists a real number l satisfying x ≥ l for
every x ∈ S. In this case, we also say that S is bounded below by l.

The set S is said to be unbounded above when the set S has no upper bound. The set S is
said to be unbounded below when the set S has no lower bound. The maximal and minimal
elements of S are defined below.

● We say that u∗ is a maximal element of S when there exists a real number u∗ ∈ S satis-
fying x ≤ u∗ for every x ∈ S. In this case, we write u∗ = max S.

● We say that l∗ is a minimal element of S when there exists a real number l∗ ∈ S satisfying
x ≥ l∗ for every x ∈ S. In this case, we write l∗ = min S.

Example 1.1.1 We provide some concrete examples.

(i) The set ℝ+ = (0,+∞) is unbounded above. It has no upper bounds and no maximal
element. It is bounded below by 0, but it has no minimal element.

(ii) The closed interval S = [0,1] is bounded above by 1 and is bounded below by 0. We also
have max S = 1 and min S = 0.

(iii) The half-open interval S = [0,1) is bounded above by 1, but it has no maximal element.
However, we have min S = 0.

Although the set S = [0,1) is bounded above by 1, it has no maximal element. This moti-
vates us to introduce the concepts of supremum and infinum.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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2 1 Mathematical Analysis

Definition 1.1.2 Let S be a subset of ℝ.

(i) Suppose that S is bounded above. A real number ū ∈ ℝ is called a least upper bound
or supremum of S when the following conditions are satisfied.
● ū is an upper bound of S.
● If u is any upper bound of S, then u ≥ ū.
In this case, we write ū = sup S. We say that the supremum sup S is attained when
ū ∈ S.

(ii) Suppose that S is bounded below. A real number l̄ ∈ ℝ is called a greatest lower
bound or infimum of S when the following conditions are satisfied.
● l̄ is a lower bound of S.
● If l is any lower bound of S, then l ≤ l̄.
In this case, we write l̄ = inf S. We say that the infimum inf S is attained when l̄ ∈ S.

It is clear to see that if the supremum sup S is attained, then max S = sup S. Similarly,
if the infimum inf S is attained, then min S = inf S.

Example 1.1.3 Let S = [0,1]. Then, we have

max S = sup S = 1 and inf S = min S = 0.

If S = [0,1), then max S does not exists. However, we have sup S = 1.

Proposition 1.1.4 Let S be a subset of ℝ with ū = sup S. Then, given any s < ū, there exists
t ∈ S satisfying s < t ≤ ū.

Proof. We are going to prove it by contradiction. Suppose that we have t ≤ s for all t ∈ S.
Then s is an upper bound of S. According to the definition of supremum, we also have s ≥ ū.
This contradiction implies that s < t for some t ∈ S, and the proof is complete. ◾

Proposition 1.1.5 Given any two nonempty subsets A and B of ℝ, we define C = A + B by

C = {x + y ∶ x ∈ A and y ∈ B} .

Suppose that the supremum sup A and sup B are attained. Then, the supremum sup C is
attained, and we have

sup C = sup A + sup B.

Proof. We first have

sup A = max A and sup B = max B.

We write a = sup A and b = sup B. Given any z ∈ C, there exist x ∈ A and y ∈ B satisfying
z = x + y. Since x ≤ a and y ≤ b, we have z = x + y ≤ a + b, which says that a + b is an upper
bound of C. Therefore, the definition of c = sup C says that c ≤ a + b. Next, we want to
show that a + b ≤ c. Given any 𝜖 > 0, Proposition 1.1.4 says that there exist x ∈ A and y ∈ B
satisfying a − 𝜖 < x and b − 𝜖 < y. We also see that x + y ≤ c. Adding these inequalities, we
obtain

a + b − 2𝜖 < x + y ≤ c,

which says that a + b < c + 2𝜖. Since 𝜖 can be any positive real number, we must have
a + b ≤ c. This completes the proof. ◾
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1.2 Limit Inferior and Limit Superior 3

Proposition 1.1.6 Let A and B be any two nonempty subsets of ℝ satisfying a ≤ b for any
a ∈ A and b ∈ B. Suppose that the supremum sup B is attained. Then, the supremum sup A
is attained and sup A ≤ sup B.

Proof. It is left as an exercise. ◾

1.2 Limit Inferior and Limit Superior

Let {an}∞n=1 be a sequence in ℝ. The limit superior of {an}∞n=1 is defined by

lim sup
n→∞

an = inf
n≥1

sup
k≥n

ak,

and the limit inferior of {an}∞n=1 is defined by

lim inf
n→∞

an = −lim sup
n→∞

(−an).

Moreover, we can see that

lim inf
n→∞

an = sup
n≥1

inf
k≥n

ak.

Let

bn = sup
k≥n

ak and cn = inf
k≥n

ak (1.1)

It is clear to see that {bn}∞n=1 is a decreasing sequence and {cn}∞n=1 is an increasing sequence.
In this case, we have

inf
n≥1

bn = lim
n→∞

bn and sup
n≥1

cn = lim
n→∞

cn,

which also says that

lim sup
n→∞

an = inf
n≥1

bn = lim
n→∞

bn = lim
n→∞

sup
k≥n

ak (1.2)

and

lim inf
n→∞

an = sup
n≥1

cn = lim
n→∞

cn = lim
n→∞

inf
k≥n

ak. (1.3)

Some useful properties are given below.

Proposition 1.2.1 Let {an}∞n=1 be a sequence of real numbers. Then, the following state-
ments hold true.

(i) We have

lim inf
n→∞

an ≤ lim sup
n→∞

an.

(ii) We have

lim
n→∞

an = a

if and only if

lim inf
n→∞

an = lim sup
n→∞

an = a with |a| < +∞.

(iii) The sequence diverges to +∞ if and only if

lim inf
n→∞

an = lim sup
n→∞

an = +∞.
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(iv) The sequence diverges to −∞ if and only if

lim inf
n→∞

an = lim sup
n→∞

an = −∞.

(v) Let {bn}∞n=1 be another sequence satisfying an ≤ bn for all n. Then, we have

lim inf
n→∞

an ≤ lim inf
n→∞

bn and lim sup
n→∞

an ≤ lim sup
n→∞

bn.

Proof. To prove part (i), from (1.1), we see that cn ≤ bn for all n. Using (1.2) and (1.3), we
obtain

lim inf
n→∞

an = lim
n→∞

cn ≤ lim
n→∞

bn = lim sup
n→∞

an.

To prove part (ii), suppose that

lim
n→∞

an = a.

Then, given any 𝜖 > 0, there exists an integer N satisfying

a − 𝜖

2
< an < a + 𝜖

2
for n ≥ N,

which implies

a − 𝜖

2
≤ inf

k≥n
ak = cn and bn = sup

k≥n
ak ≤ a + 𝜖

2
for n ≥ N.

In other words, we have

a − 𝜖

2
≤ cn ≤ bn ≤ a + 𝜖

2
for n ≥ N,

which also implies||cn − a|| ≤ 𝜖

2
< 𝜖 and ||bn − a|| ≤ 𝜖

2
< 𝜖 for n ≥ N.

Therefore, we obtain

lim
n→∞

cn = a = lim
n→∞

bn,

which implies, by using (1.2) and (1.3),

lim inf
n→∞

an = lim sup
n→∞

an = a.

For the converse, from (1.1) again, we see that cn ≤ an ≤ bn for all n ≥ 1. Since

a = lim
n→∞

inf
k≥n

ak = lim
n→∞

cn and a = lim
n→∞

sup
k≥n

ak = lim
n→∞

bn.

Using the pinching theorem, we obtain the desired limit. The remaining proofs are left as
exercise, and the proof is complete. ◾

Proposition 1.2.2 Let {an}∞n=1 and {bn}∞n=1 be any two sequences in ℝ. Then, we have

lim sup
n→∞

(
an + bn

)
≤ lim sup

n→∞
an + lim sup

n→∞
bn

and

lim inf
n→∞

(
an + bn

)
≥ lim inf

n→∞
an + lim inf

n→∞
bn
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Proof. For k ≥ n, we have

ak + bk ≤ sup
k≥n

ak + sup
k≥n

bk,

which says that

sup
k≥n

(
ak + bk

)
≤ sup

k≥n
ak + sup

k≥n
bk. (1.4)

Therefore, we obtain

lim sup
n→∞

(
an + bn

)
= inf

n≥1
sup
k≥n

(
ak + bk

)
= lim

n→∞
sup
k≥n

(
ak + bk

)
≤ lim

n→∞

[
sup
k≥n

ak + sup
k≥n

bk

]
(using (1.4))

= lim
n→∞

sup
k≥n

ak + lim
n→∞

sup
k≥n

bk (since the limits exist)

= lim sup
n→∞

an + lim sup
n→∞

bn (using (1.2) and (1.3)).

We similarly have

inf
k≥n

(
ak + bk

)
≥ inf

k≥n
ak + inf

k≥n
bk. (1.5)

Therefore, we also obtain

lim inf
n→∞

(
an + bn

)
= sup

n≥1
inf
k≥n

(
ak + bk

)
= lim

n→∞
inf
k≥n

(
ak + bk

)
≥ lim

n→∞

[
inf
k≥n

ak + inf
k≥n

bk

]
(using (1.5))

= lim
n→∞

inf
k≥n

ak + lim
n→∞

inf
k≥n

bk (since the limits exist)

= lim inf
n→∞

an + lim inf
n→∞

bn (using (1.2) and (1.3)).

This completes the proof. ◾

Proposition 1.2.3 Let {An}∞n=1 be a sequence of subsets of ℝm satisfying An+1 ⊆ An for all n
and

⋂∞
n=1 An = A, and let f be a real-valued function defined on ℝm. Then

lim
n→∞

sup
a∈An

f (a) = sup
a∈A

f (a) and sup
a∈An

f (a) ≥ sup
a∈An+1

f (a)

and

lim
n→∞

inf
a∈An

f (a) = inf
a∈A

f (a) and inf
a∈An

f (a) ≤ inf
a∈An+1

f (a).

Proof. Since

inf
a∈A

f (a) = −sup
a∈A

[−f (a)].

It suffices to prove the case of the supremum. Let

y∗n = sup
a∈An

f (a) and y∗ = sup
a∈A

f (a).
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Since An+1 ⊆ An for all n, we have that {y∗n}∞n=1 is a decreasing sequence of real numbers.
We also have y∗n ≥ y∗ for all n, which implies

lim inf
n→∞

y∗n ≥ y∗. (1.6)

Given any 𝜖 > 0, according to the concept of supremum, there exists an ∈ An satisfying

y∗n − 𝜖 ≤ f (an). (1.7)

Let bn = infk≥n f (ak). We consider the subsequence {ām}∞m=1 defined by ām = am+n−1 in the
sense of{

ā1, ā2,… , ām,…
}
=
{

an, an+1,… , am+n−1,…
}
.

Then bn = infm≥n f (ām) and bn ≤ f (ām) for all m. Since An+1 ⊆ An for all n and
⋂∞

n=1 An = A,
the “last term” of the sequence {ām}∞m=1 must be in A, a claim that will be proved below.
Since āk ∈ Ak ⊆ An for all k ≥ n, we have the subsequence {āk}∞k=n ⊆ An, which also implies

Ā ≡

∞⋂
n=1

(
{āk}∞k=n

)
⊆

∞⋂
n=1

An = A,

where Ā can be regarded as the “last term” and Ā ⊆ {ām}∞m=1. Since y∗ is the supremum of
f on A, it follows that f (ā) ≤ y∗ for each ā ∈ Ā ⊆ A. Since bn ≤ f (ām) for all m, we see that
bn ≤ y∗ for all n. Therefore, we obtain

lim inf
n→∞

f (an) = sup
n≥1

inf
k≥n

f (ak) = sup
n≥1

bn ≤ y∗,

which implies, by (1.7),

lim inf
n→∞

y∗n − 𝜖 ≤ lim inf
n→∞

f (an) ≤ y∗.

Since 𝜖 is any positive number, we obtain

lim inf
n→∞

y∗n ≤ y∗. (1.8)

Combining (1.6) and (1.8), we obtain

sup
n≥1

inf
k≥n

y∗k = lim inf
n→∞

y∗n = y∗.

Since {y∗n}∞n=1 is a decreasing sequence of real numbers, we conclude that

inf
n≥1

y∗n = lim
n→∞

y∗n = lim inf
n→∞

y∗n = y∗,

and the proof is complete. ◾

Proposition 1.2.4 Let {An}∞n=1 be a sequence of subsets of ℝm satisfying An ⊆ An+1 for all n
and

⋃∞
n=1 An = A, and let f be a real-valued function defined on ℝm. Then

lim
n→∞

sup
a∈An

f (a) = sup
a∈A

f (a) and sup
a∈An

f (a) ≤ sup
a∈An+1

f (a)

and

lim
n→∞

inf
a∈An

f (a) = inf
a∈A

f (a) and inf
a∈An

f (a) ≥ inf
a∈An+1

f (a).
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Proof. It suffices to prove the case of the supremum. Let

y∗n = sup
a∈An

f (a) and y∗ = sup
a∈A

f (a).

Since An ⊆ An+1 for all n, we have that {y∗n}∞n=1 is an increasing sequence of real numbers.
We also have y∗n ≤ y∗ for all n, which implies

lim sup
n→∞

y∗n ≤ y∗. (1.9)

Given any 𝜖 > 0, according to the concept of supremum, there exists a∗ ∈ A satisfying
y∗ − 𝜖 ≤ f (a∗). Since

a∗ ∈ A =
∞⋃

n=1
An,

we have that a∗ ∈ An∗ for some integer n∗. We construct a sequence {an}∞n=1 satisfying
an ∈ An for all n < n∗ and an = a∗ for all n ≥ n∗. Since An ⊆ An+1 for all n, it follows that
an ∈ An for all n ≥ n∗. Therefore, the sequence {an}∞n=1 satisfies an ∈ An for all n and

a∗ ∈ {ak}∞k=n for all n,

which means that a∗ is the “last term” of the sequence {an}∞n=1. We also have

y∗n ≥ f (an). (1.10)

Let bn = supk≥n f (ak). We consider the subsequence {āp}∞p=1 defined by āp = ap+n−1 in the
sense of{

ā1, ā2,… , āp,…
}
=
{

an, an+1,… , ap+n−1,…
}
.

Then bn = supp≥n f (āp) and bn ≥ f (āp) for all p. Since a∗ is the “last term” of the sequence
{an}∞n=1, it follows that a∗ is also the “last term” of the sequence {ām}∞m=1. Therefore, we
have bn ≥ f (a∗) ≥ y∗ − 𝜖 for all n, which implies

lim sup
n→∞

f (an) = inf
n≥1

sup
k≥n

f (ak) = inf
n≥1

bn ≥ y∗ − 𝜖.

Since 𝜖 is any positive number, it follows that

lim sup
n→∞

f (an) ≥ y∗.

Using (1.10), we obtain

lim sup
n→∞

y∗n ≥ lim sup
n→∞

f (an) ≥ y∗. (1.11)

Combining (1.9) and (1.11), we obtain

inf
n≥1

sup
k≥n

y∗k = lim sup
n→∞

y∗n = y∗.

Since {y∗n}∞n=1 is an increasing sequence of real numbers, we conclude that

sup
n≥1

y∗n = lim
n→∞

y∗n = lim sup
n→∞

y∗n = y∗,

and the proof is complete. ◾

Given any x = (x(1),… , x(m)) and y = (y(1),… , y(m)) in ℝm. The Euclidean distance
between x and y is defined by

∥ x − y ∥=
√
(x(1) − y(1))2 + · · · + (x(m) − y(m))2.
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Given a point x ∈ ℝm, we consider the open 𝜖-ball

B(x; 𝜖) =
{

y ∈ ℝm ∶∥ x − y ∥< 𝜖
}
. (1.12)

The concept of closure based on open balls will be frequently used throughout this book.
For the general concept refer to Kelley and Namioka [55]. In this book, we are going to
consider the closure of a subset of ℝm, which is given below.

Definition 1.2.5 Let A be a subset of ℝm. The closure of A is denoted and defined by

cl(A) =
{

x ∈ ℝm ∶ A ∩ B(x; 𝜖) ≠ ∅ for any 𝜖 > 0
}
.

We say that A is a closed subset of ℝm when A = cl(A).

Remark 1.2.6 Given any x ∈ cl(A), there exists a sequence {xn}∞n=1 in A satisfying
∥ xn − x ∥→ 0 as n → ∞. In particular, for m = 1, we see that xn → x as n → ∞.

Proposition 1.2.7 Let A be a subset ofℝ, and let f be a continuous function defined on cl(A).
Then

sup
a∈A

f (a) = sup
a∈cl(A)

f (a) and inf
a∈A

f (a) = inf
a∈cl(A)

f (a).

Proof. It suffices to prove the case of the supremum, since

inf
a∈A

f (a) = −sup
a∈A

[−f (a)].

It is obvious that

sup
a∈A

f (a) ≤ sup
a∈cl(A)

f (a).

Given any 𝜖 > 0, according to the concept of supremum, there exists a∗ ∈ cl(A) satisfying

sup
a∈cl(A)

f (a) − 𝜖 ≤ f (a∗) .

We also see that there exists a sequence {an}∞n=1 in A satisfying an → a∗. Since f is continu-
ous on cl(A), we also have f (an) → f (a∗) as n → ∞. Therefore, we obtain

sup
a∈cl(A)

f (a) − 𝜖 ≤ f (a∗) = lim
n→∞

f
(

an
)
≤ lim

n→∞

[
sup
a∈A

f (a)
]
= sup

a∈A
f (a).

Since 𝜖 can be any positive number, it follows that

sup
a∈cl(A)

f (a) ≤ sup
a∈A

f (a).

This completes the proof. ◾

Let S be a subset of ℝ. For a ∈ S and a sequence {an}∞n=1 in ℝ, we write an ↑ a to mean
that the sequence {an}∞n=1 is increasing and converges to a. We also write an ↓ a to mean
that the sequence {an}∞n=1 is decreasing and converges to a.

Proposition 1.2.8 Let A be a subset of ℝ. The following statements hold true.

(i) Let f be a right-continuous function defined on cl(A). Given any fixed r ∈ ℝ, suppose that
there exists a sequence {an}∞n=1 in A satisfying an ↓ r as n → ∞ and an > r for all n. Then,
we have

sup
{a∈A∶a>r}

f (a) = sup
{a∈A∶a≥r}

f (a) and inf
{a∈A∶a>r}

f (a) = inf
{a∈A∶a≥r}

f (a).
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(ii) Let f be a continuous function defined on cl(A). Given any fixed r ∈ ℝ, suppose that there
exists a sequence {an}∞n=1 in A satisfying an → r as n → ∞ and an > r for all n. Then, we
have

sup
{a∈A∶a>r}

f (a) = sup
{a∈A∶a≥r}

f (a) and inf
{a∈A∶a>r}

f (a) = inf
{a∈A∶a≥r}

f (a).

In particular, we can assume r ∈ cl({a ∈ A ∶ a > r}).

Proof. It suffices to prove the case of the supremum. It is obvious that

sup
{a∈A∶a>r}

f (a) ≤ sup
{a∈A∶a≥r}

f (a).

To prove part (i), given any 𝜖 > 0, according to the concept of supremum sup{a∈A∶a≥r} f (a),
there exists a∗ ∈ A with a∗ ≥ r satisfying

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) .

We consider the following two cases.

● Suppose that a∗ > r. Then, we have

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) ≤ sup
{a∈A∶a>r}

f (a).

● Suppose that a∗ = r. The assumption says that there exists a sequence {an}∞n=1 in A sat-
isfying an ↓ a∗ as n → ∞ and an > r for all n. Since f is right-continuous and a∗ ∈ cl(A),
we also have f (an) → f (a∗) as n → ∞. Therefore, we obtain

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) = lim
n→∞

f
(

an
)
≤ lim

n→∞

[
sup

{a∈A∶a>r}
f (a)

]
= sup

{a∈A∶a>r}
f (a).

Since 𝜖 can be any positive number, it follows that

sup
{a∈A∶a≥r}

f (a) ≤ sup
{a∈A∶a>r}

f (a).

Part (ii) can be similarly obtained, and the proof is complete. ◾

Proposition 1.2.9 Let {An}∞n=1 and {Bn}∞n=1 be two sequences of subsets of ℝ satisfying

An+1 ⊆ An and Bn+1 ⊆ Bn for all n

and
∞⋂

n=1
An = A and

∞⋂
n=1

Bn = B.

Then, we have

lim
n→∞

sup
a∈An

inf
b∈Bn

(a − b) = lim
n→∞

(
sup
a∈An

a − sup
b∈Bn

b

)
= sup

a∈A
a − sup

b∈B
b = sup

a∈A
inf
b∈B

(a − b)

and

lim
n→∞

sup
b∈Bn

inf
a∈An

(a − b) = lim
n→∞

(
inf
a∈An

a − inf
b∈Bn

b

)
= inf

a∈A
a − inf

b∈B
b = sup

b∈B
inf
a∈A

(a − b).

Proof. It is obvious that

sup
a∈An

inf
b∈Bn

(a − b) = sup
a∈An

a − sup
b∈Bn

b and sup
b∈Bn

inf
a∈An

(a − b) = inf
a∈An

a − inf
b∈Bn

b.

The results follow immediately from Proposition 1.2.3. ◾
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Proposition 1.2.10 Let {An}∞n=1 and {Bn}∞n=1 be two sequences of sets in ℝ satisfying

An ⊆ An+1 and Bn ⊆ Bn+1 for all n

and
∞⋃

n=1
An = A and

∞⋃
n=1

Bn = B.

Then, we have

lim
n→∞

sup
a∈An

inf
b∈Bn

(a − b) = lim
n→∞

(
sup
a∈An

a − sup
b∈Bn

b

)
= sup

a∈A
a − sup

b∈B
b = sup

a∈A
inf
b∈B

(a − b)

and

lim
n→∞

sup
b∈Bn

inf
a∈An

(a − b) = lim
n→∞

(
inf
a∈An

a − inf
b∈Bn

b

)
= inf

a∈A
a − inf

b∈B
b = sup

b∈B
inf
a∈A

(a − b).

Proof. The results follow immediately from Proposition 1.2.4. ◾

Proposition 1.2.11 Let f be a real-valued function defined on a subset A of ℝ, and let k be
a constant. Then, we have

sup
x∈A

min {f (x), k} = min
{

sup
x∈A

f (x), k
}

and

inf
x∈A

max {f (x), k} = max
{

inf
x∈A

f (x), k
}

.

Proof. We have

min
{

sup
x∈A

f (x), k
}

=

{
k, if there exists x ∈ Asatisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A.

and

sup
x∈A

min {f (x), k} =

⎧⎪⎪⎨⎪⎪⎩
max

{
sup

{x∈A∶f (x)>k}
min{f (x), k} , sup

{x∈A∶f (x)≤k}
min{f (x), k}

}
,

if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A .

=

⎧⎪⎪⎨⎪⎪⎩
max

{
k, sup

{x∈A∶f (x)≤k}
f (x)

}
,

if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A .

=

{
k, if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A.

Another equality can be similarly obtained. This completes the proof. ◾
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1.3 Semi-Continuity

Let f ∶ ℝm → ℝ be a real-valued function defined on ℝm. We say that the supremum
supx∈S f (x) is attained when there exists x∗ ∈ S satisfying f (x) ≤ f (x∗) for all x ∈ S with
x ≠ x∗. Equivalently, the supremum supx∈S f (x) is attained if and only if

sup
x∈S

f (x) = max
x∈S

f (x).

Similarly, the infimum infx∈S f (x) is attained when there exists x∗ ∈ S satisfying f (x) ≥ f (x∗)
for all x ∈ S with x ≠ x∗. Equivalently, the infimum infx∈S f (x) is attained if and only if

inf
x∈S

f (x) = min
x∈S

f (x).

Let 𝐱 = (x1,… , xm) be an element in ℝm. Recall that the Euclidean norm of 𝐱 is given by

∥ 𝐱 ∥=
√

x2
1 + x2

2 + · · · + x2
m.

Definition 1.3.1 Let S be a nonempty set in ℝm.

● A real-valued function f ∶ S → ℝ defined on S is said to be upper semi-continuous at
𝐱 when the following condition is satisfied: for each 𝜖 > 0, there exists 𝛿 > 0 such that
∥ 𝐱 − 𝐱 ∥< 𝛿 implies f (𝐱) < f (𝐱) + 𝜖 for any 𝐱 ∈ S.

● A real-valued function f defined on S is said to be lower semi-continuous at 𝐱 when the
following condition is satisfied: for each 𝜖 > 0, there exists 𝛿 > 0 such that ∥ 𝐱 − 𝐱 ∥< 𝛿

implies f (𝐱) < f (𝐱) + 𝜖 for any 𝐱 ∈ S.

Remark 1.3.2 We have the following interesting observations.

● If f is upper semi-continuou on S, then −f is lower semi-continuous on S.
● If f is lower semi-continuou on S, then −f is upper semi-continuous on S.
● The real-valued function f is continuous on S if and only if it is both lower and upper

semi-continuous in S.
● If f is upper semi-continuous on ℝ, then {𝐱 ∶ f (𝐱) ≥ 𝛼} is a closed subset of ℝm for all 𝛼.
● If f is lower semi-continuous on ℝ, then {𝐱 ∶ f (𝐱) ≤ 𝛼} is a closed subset of ℝm for all 𝛼.

Proposition 1.3.3 Let f ∶ ℝm → ℝ be a multi-variable real-valued function, and let each
real-valued function gi ∶ ℝ → ℝ be continuous at x0 ∈ ℝ for i = 1,… ,n. Then, the following
statements hold true.

(i) Suppose that f is lower semi-continuous at𝐱0 ≡ (g1(x0),… , gm(x0)). Then, the composition
function h(x) = f

(
g1(x),… , gm(x)

)
is lower semi-continuous at x0.

(ii) Suppose that f is upper semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)). Then, the composi-
tion function h(x) = f

(
g1(x),… , gm(x)

)
is upper semi-continuous at x0.

Proof. To prove part (i), since f is lower semi-continuous at 𝐱0, given any 𝜖 > 0, there exists
𝛿∗ > 0 such that

∥ 𝐱 − 𝐱0 ∥< 𝛿
∗ implies f (𝐱0) < f (𝐱) + 𝜖.
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Since each gi is continuous at x0 for i = 1,… ,n, given 𝛿∗∕
√

n, there exists 𝛿i > 0 such that

|x − x0| < 𝛿i implies ||gi(x) − gi(x0)|| < 𝛿∗√
n

for i = 1,… ,n. (1.13)

Let 𝛿 = min {𝛿1,… , 𝛿m}. Then |x − x0| < 𝛿 implies that the inequality (1.13) is satisfied for
all i = 1,… ,n. Let 𝐱 ≡ (g1(x),… , gm(x)). Then

∥ 𝐱 − 𝐱0 ∥=
√

(g1(x) − g1(x0))2 + · · · + (gm(x) − gm(x0))2 < 𝛿
∗
,

which implies

h(x0) = f (g1(x0),… , gm(x0)) = f (𝐱0) < f (𝐱) + 𝜖 = f (g1(x),… , gm(x)) + 𝜖 = h(x) + 𝜖,

which says that h is lower semi-continuous at x0. Part (ii) can be similarly obtained. This
completes the proof. ◾

Proposition 1.3.4 Let f ∶ ℝm → ℝ be a multi-variable real-valued function, and let each
real-valued function gi ∶ ℝ → ℝ be left-continuous at x0 ∈ ℝ for i = 1,… ,n. Then, the fol-
lowing statements hold true.

(i) Assume that the composition function h(x) = f (g1(x),… , gm(x)) is increasing. If f is lower
semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)), then h is lower semi-continuous at x0.

(ii) Assume that the composition function h(x) = f (g1(x),… , gm(x)) is decreasing. If f is upper
semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)), then h is upper semi-continuous at x0.

Proof. To prove part (i), since f is lower semi-continuous at 𝐱0, given any 𝜖 > 0, there exists
𝛿∗ > 0 such that

∥ 𝐱 − 𝐱0 ∥< 𝛿
∗ implies f (𝐱0) < f (𝐱) + 𝜖.

Since each gi is left-continuous at x0 for i = 1,… ,n, given 𝛿∗∕
√

n, there exists 𝛿i > 0 such
that

0 < x0 − x < 𝛿i implies ||gi(x) − gi(x0)|| < 𝛿∗√
n

for i = 1,… ,n.

The argument in the proof of Proposition 1.3.3 is still valid to show that there exists 𝛿 > 0
such that

0 < x0 − x < 𝛿 implies h(x0) < h(x) + 𝜖.

For 0 < x − x0 < 𝛿, since h is increasing, it follows that

h(x0) ≤ h(x) < h(x) + 𝜖.

Therefore, we conclude that

|x0 − x| < 𝛿 implies h(x0) < h(x) + 𝜖,

which says that h is lower semi-continuous at x0.
To prove part (ii), we can similarly show that there exists 𝛿 > 0 such that

0 < x0 − x < 𝛿 implies h(x) < h(x0) + 𝜖.
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For 0 < x − x0 < 𝛿, since h is decreasing, it follows that

h(x) ≤ h(x0) < h(x0) + 𝜖,

which says that h is upper semi-continuous at x0. This completes the proof. ◾

Proposition 1.3.5 We have the following properties.

(i) Suppose that the real-valued functions f1 and f2 are lower semi-continuous on the closed
interval [a, b]. Then, the addition f1 + f2 is also lower semi-continuous on the closed inter-
val [a, b].

(ii) Suppose that the real-valued functions g1 and g2 are upper semi-continuous on on the
closed interval [a, b]. Then, the addition g1 + g2 is also upper semi-continuous on the
closed interval [a, b].

Proof. To prove part (i), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies f1(x0) < f1(x) +
𝜖

2
,

and that|x − x0| < 𝛿2 implies f2(x0) < f2(x) +
𝜖

2
.

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

f1(x0) + f2(x0) < f1(x) +
𝜖

2
+ f2(x) +

𝜖

2
= f1(x) + f2(x) + 𝜖

which shows that f1 + f2 is lower semi-continuous at x0.
To prove part (ii), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies g1(x0) +

𝜖

2
> g1(x),

and that|x − x0| < 𝛿2 implies g2(x0) +
𝜖

2
> g2(x).

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

g1(x0) + g2(x0) + 𝜖 = g1(x0) +
𝜖

2
+ g2(x0) +

𝜖

2
> g1(x) + g2(x),

which shows that g1 + g2 is upper semi-continuous at x0. This completes the proof. ◾

Proposition 1.3.6 We have the following properties.

(i) Suppose that the real-valued functions f1 and f2 are lower semi-continuous on the closed
interval [a, b]. Then, the real-valued functions min {f1, f2} and max {f1, f2} are also lower
semi-continuous on the closed interval [a, b].

(ii) Suppose that the real-valued functions g1 and g2 are upper semi-continuous on on the
closed interval [a, b]. Then, the real-valued functions min {g1, g2} and max {g1, g2} are
also upper semi-continuous on the closed interval [a, b].

Proof. To prove part (i), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies f1(x0) < f1(x) + 𝜖,
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and that|x − x0| < 𝛿2 implies f2(x0) < f2(x) + 𝜖.

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

min
{

f1(x0), f2(x0)
}
< min

{
f1(x) + 𝜖, f2(x) + 𝜖

}
= min

{
f1(x), f2(x)

}
+ 𝜖

and

max
{

f1(x0), f2(x0)
}
< max

{
f1(x) + 𝜖, f2(x) + 𝜖

}
= max

{
f1(x), f2(x)

}
+ 𝜖,

which show that min {f1, f2} and max {f1, f2} are lower semi-continuous at x0.
To prove part (ii), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies g1(x0) + 𝜖 > g1(x),

and that|x − x0| < 𝛿2 implies g2(x0) + 𝜖 > g2(x).

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

min
{

g1(x0), g2(x0)
}
+ 𝜖 = min

{
g1(x0) + 𝜖, g2(x0) + 𝜖

}
> min

{
g1(x), g2(x)

}
and

max
{

g1(x0), g2(x0)
}
+ 𝜖 = max

{
g1(x0) + 𝜖, g2(x0) + 𝜖

}
> max

{
g1(x), g2(x)

}
,

which show that min {g1, g2} and max {g1, g2} are upper semi-continuous at x0. This com-
pletes the proof. ◾

Proposition 1.3.7 We have the following properties.

(i) Suppose that f is increasing on a subset D of ℝ. Then f is left-continuous on D if and only
if f is lower semi-continuous on D.

(ii) Suppose that g is decreasing on a subset D of ℝ. Then g is left-continuous on D if and only
if g is upper semi-continuous on D.

Proof. To prove part (i), we first assume that f is left-continuous at x0 ∈ D. Then, given
any 𝜖 > 0, there exists 𝛿 > 0 such that 0 < x0 − x < 𝛿 implies |f (x0) − f (x)| < 𝜖, i.e. f (x0) <
f (x) + 𝜖. For x0 ∈ D with 0 < x − x0 < 𝛿, since f is increasing, we have

f (x0) ≤ f (x) < f (x) + 𝜖.

Therefore, we conclude that |x0 − x| < 𝛿 implies f (x0) < f (x) + 𝜖, which shows that f is
lower semi-continuous at x0 ∈ D.

Conversely, we assume that f is lower semi-continuous at x0 ∈ D. Then, given any 𝜖 > 0,
there exists 𝛿 > 0 such that |x0 − x| < 𝛿 implies f (x0) < f (x) + 𝜖. If 0 < x0 − x < 𝛿 then we
immediately have f (x0) − f (x) < 𝜖 by the lower semi-continuity at x0. Since f is increasing,
we also have

f (x) ≤ f (x0) < f (x0) + 𝜖.

Therefore, we conclude that 0 < x0 − x < 𝛿 implies |f (x0) − f (x)| < 𝜖, which shows that f is
left-continuous at x0 ∈ D.
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To prove part (ii), we first assume that g is left-continuous at x0 ∈ D. Then, given any
𝜖 > 0, there exists 𝛿 > 0 such that 0 < x0 − x < 𝛿 implies |g(x0) − g(x)| < 𝜖, i.e. g(x) <
g(x0) + 𝜖. For x0 ∈ D with 0 < x − x0 < 𝛿, since g is decreasing, we have

g(x0) + 𝜖 ≥ g(x) + 𝜖 > g(x).

Therefore, we conclude that |x0 − x| < 𝛿 implies g(x) < g(x0) + 𝜖, which shows that g is
upper semi-continuous at x0 ∈ D.

Conversely, we assume that f is upper semi-continuous at x0 ∈ D. Then, given any 𝜖 > 0,
there exists 𝛿 > 0 such that |x0 − x| < 𝛿 implies g(x) < g(x0) + 𝜖. If 0 < x0 − x < 𝛿, then we
immediately have g(x) − g(x0) < 𝜖 by the upper semi-continuity at x0. Since g is decreasing,
we also have

g(x0) ≤ g(x) < g(x) + 𝜖.

Therefore, we conclude that 0 < x0 − x < 𝛿 implies |g(x0) − g(x)| < 𝜖, which shows that g is
left-continuous at x0 ∈ D. This completes the proof. ◾

Let A be a subset of ℝm. The characteristic function or indicator function of A is
defined by

𝜒A(x) =
{

1 for x ∈ A
0 for x ∉ A.

(1.14)

Proposition 1.3.8 Let S be a subset of ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that 𝜁L is lower semi-continuous on S, and that 𝜁U is upper semi-continuous on S. Let
M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, for any fixed x ∈ ℝ, the function
𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on S.

Proof. For any fixed 𝛼0 ∈ S, we are going to show that, given any 𝜖 > 0, there exists 𝛿 > 0
such that|𝛼 − 𝛼0| < 𝛿 implies 𝜁(𝛼0) + 𝜖 > 𝜁(𝛼).

We consider the cases of x ∈ M𝛼0
and x ∉ M𝛼0

. For x ∈ M𝛼0
, we have 𝜁(𝛼0) = 𝛼0. If |𝛼 − 𝛼0| <

𝛿 = 𝜖, we have 𝛼0 + 𝜖 > 𝛼. We consider the following cases.

● Suppose that x ∉ M𝛼 . Then, we have 𝜁(𝛼) = 0. Therefore, we obtain

𝜁(𝛼0) + 𝜖 = 𝛼0 + 𝜖 > 0 = 𝜁(𝛼).

● Suppose that x ∈ M𝛼 . Then, we have 𝜁(𝛼) = 𝛼. Therefore, we obtain

𝜁(𝛼0) + 𝜖 = 𝛼0 + 𝜖 > 𝛼 = 𝜁(𝛼).

Now, we consider the case of x ∉ M𝛼0
, i.e. x < 𝜁L(𝛼0) or x > 𝜁U (𝛼0). In this case, we have

𝜁(𝛼0) = 0.

● For x < 𝜁L(𝛼0), let 𝜖 = 𝜁L(𝛼0) − x. Since 𝜁L is lower semi-continuous at 𝛼0, there exists
𝛿 > 0 such that |𝛼 − 𝛼0| < 𝛿 implies 𝜁L(𝛼0) < 𝜁L(𝛼) + 𝜖. Therefore, we obtain

𝜁
L(𝛼) > 𝜁

L(𝛼0) − 𝜖 = 𝜁
L(𝛼0) + x − 𝜁

L(𝛼0) = x.

This also says that x ∉ M𝛼 , i.e. 𝜁(𝛼) = 0 for |𝛼 − 𝛼0| < 𝛿.
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● For x > 𝜁U (𝛼0), let 𝜖 = x − 𝜁U (𝛼0). Since 𝜁U is upper semi-continuous at 𝛼0, there exists
𝛿 > 0 such that |𝛼 − 𝛼0| < 𝛿 implies 𝜁U (𝛼) < 𝜁U (𝛼0) + 𝜖. Therefore, we obtain

𝜁
U (𝛼) < 𝜁

U (𝛼0) + 𝜖 = 𝜁
U (𝛼0) + x − 𝜁

U (𝛼0) = x.

This also says that x ∉ M𝛼 , i.e. 𝜁(𝛼) = 0 for |𝛼 − 𝛼0| < 𝛿.

The above two cases conclude that

𝜁(𝛼0) + 𝜖 = 𝜖 > 0 = 𝜁(𝛼)

for |𝛼 − 𝛼0| < 𝛿. This completes the proof. ◾

Proposition 1.3.9 Let S be a subset of ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that the following conditions are satisfied.

● 𝜁L is an increasing function and 𝜁U is a decreasing function on S.
● 𝜁L and 𝜁U are left-continuous on S.

Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, for any fixed x ∈ ℝ, the function
𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on S.

Proof. The result follows immediately from Propositions 1.3.8 and 1.3.7. ◾

Proposition 1.3.10 Let S be a subset of ℝ. For each i = 1,… ,n, let 𝜁L
i ∶ S → ℝ and 𝜁U

i ∶
S → ℝ be bounded real-valued functions defined on S satisfying 𝜁L

i (𝛼) ≤ 𝜁U
i (𝛼) for each 𝛼 ∈ S.

Suppose that the following conditions are satisfied.

● 𝜁L
i are increasing function and 𝜁U

i are decreasing function on S for i = 1,… ,n.
● 𝜁L

i and 𝜁U
i are left-continuous on S for i = 1,… ,n.

Let M(i)
𝛼 = [𝜁L

i (𝛼), 𝜁
U
i (𝛼)] for 𝛼 ∈ S and for i = 1,… ,n be closed intervals, and let

M𝛼 = M(1)
𝛼 × · · · × M(n)

𝛼 ⊂ ℝn
.

Given any fixed 𝐱 = (x1,… , xn) ∈ ℝn, the function 𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(𝐱) is upper semi-continuous

on S.

Proof. Proposition 1.3.9 says that the functions 𝜁i(𝛼) = 𝛼 ⋅ 𝜒M(i)
𝛼

(xi) are upper semi-
continuous on S for i = 1,… ,n. For r ∈ S, we define the sets

Fr = {𝛼 ∈ S ∶ 𝜁(𝛼) ≥ r} and F(i)
r =

{
𝛼 ∈ S ∶ 𝜁i(𝛼) ≥ r

}
for i = 1,… ,n.

The upper semi-continuity of 𝜁i says that F(i)
r is a closed set for i = 1,… ,n. We want to claim

Fr =
⋂n

i=1 F(i)
r . Given any 𝛼 ∈ Fr , it follows that 𝐱 ∈ M𝛼 and 𝛼 ≥ r, i.e. xi ∈ M(i)

𝛼 and 𝛼 ≥ r for
i = 1,… ,n, which also implies 𝜁i(𝛼) ≥ r for i = 1,… ,n. Therefore, we obtain the inclusion
Fr ⊆

⋂n
i=1 F(i)

r . On the other hand, suppose that 𝛼 ∈ F(i)
r for i = 1,… ,n. It follows that xi ∈

M(i)
𝛼 and 𝛼 ≥ r for i = 1,… ,n, i.e. 𝐱 ∈ M𝛼 and 𝛼 ≥ r. Therefore, we obtain the equality Fr =⋂n
i=1 F(i)

r , which also says that Fr is a closed set, since each F(i)
r is a closed set for i = 1,… ,n.

Therefore, we conclude that 𝜁 is indeed upper semi-continuous on S. This completes the
proof. ◾
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We say that S is a disjoint union of intervals in ℝ when S can be expressed as

S =
∞⋃

i=1
Ii

satisfying Ii ∩ Ij = ∅ for i ≠ j, where each Ii is an interval in ℝ.

Proposition 1.3.11 Let S be a disjoint union of intervals in ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶
S → ℝ be two bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each
𝛼 ∈ S. For 𝛼 ∈ S, we define the functions

l(𝛼) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) and u(𝛼) = sup

{x∈S∶x≥𝛼}
𝜁

U (x).

Then l and u are left-continuous on S. Moreover, l is lower semi-continuous on S and u is upper
semi-continuous on S.

Proof. Given 𝛼 ∈ S, since S is a disjoint union of intervals, there exists a sequence {𝛼n}∞n=1
in S satisfying 𝛼n ↑ 𝛼 as n → ∞, where we allow 𝛼n = 𝛼 for some n. Let

An = {x ∈ S ∶ x ≥ 𝛼n} and A = {x ∈ S ∶ x ≥ 𝛼}.

Then it is obvious that An+1 ⊆ An for all n and A ⊆
⋂∞

n=1 An. For x ∈
⋂∞

n=1 An, it means
x ∈ S and x ≥ 𝛼n for all n. By taking limit, we obtain x ≥ 𝛼, i.e. x ∈ A. This shows that
A =

⋂∞
n=1 An. Using Proposition 1.2.3, we obtain

l(𝛼n) = inf
t∈An

𝜁
L(x) → inf

t∈A
𝜁

L(x) = l(𝛼) for 𝛼n ↑ 𝛼.

This says that l is left-continuous on S. We can similarly show that u is left-continuous
on S. Since l is decreasing and u is increasing on S, Proposition 1.3.7 says that l is lower
semi-continuous on S and u is upper semi-continuous on S. This completes the proof. ◾

Let S be a disjoint union of intervals in ℝ. We write 𝜕L(S) to denote the set of all left
endpoints of subintervals in S, and write 𝜕R(S) to denote the set of all right endpoints of
subintervals in S. For any 𝛼 ∈ S∖𝜕R(S), i.e. 𝛼 ∈ S and 𝛼 ∉ 𝜕R(S), it is clear to see that there
exists a sequence in S satisfying 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n.

Proposition 1.3.12 Let S be a disjoint union of closed intervals inℝ, and let 𝜁L ∶ S → ℝand
𝜁U ∶ S → ℝ be two bounded and right-continuous real-valued functions defined on S satisfy-
ing 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then,
the functions

l(𝛼) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) and u(𝛼) = sup

{x∈S∶x≥𝛼}
𝜁

U (x)

are continuous on S∖𝜕R(S). Moreover, for 𝛼 ∈ S∖𝜕R(S) and 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for
all n, we have l(𝛼n) ↓ l(𝛼) and u(𝛼n) ↑ u(𝛼) as n → ∞.

Proof. According to Proposition 1.3.11, we remain to show that l and u are right-
continuous on S∖𝜕R(S). We first note that S is a closed set, i.e. cl(S) = S. We are going to
use part (i) of Proposition 1.2.8. Given 𝛼 ∈ S∖𝜕R(S), there exists a sequence {𝛼n}∞n=1 in S
satisfying 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n. Let

An = {x ∈ S ∶ x ≥ 𝛼n} and A∗ = {x ∈ S ∶ x > 𝛼}.
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It is clear to see that An ⊆ An+1 for all n and
⋃∞

n=1 An ⊆ A∗. For x ∈ A∗, i.e. x ∈ S and x > 𝛼,
since 𝛼n ↓ 𝛼, there exists 𝛼n∗ satisfying 𝛼 ≤ 𝛼n∗ < x, which says that x ∈

⋃∞
n=1 An. Therefore,

we obtain
⋃∞

n=1 An = A∗. Using Proposition 1.2.4 and part (i) of Proposition 1.2.8, for 𝛼n ↓ 𝛼

with 𝛼n > 𝛼, we have

l(𝛼n) = inf
x∈An

𝜁
L(x) → inf

x∈A∗
𝜁

L(x) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) = l(𝛼).

Therefore, we conclude that l is continuous on S. We can similarly show that u is continuous
on S. Since l is increasing and u is decreasing, we also have l(𝛼n) ↓ l(𝛼) and u(𝛼n) ↑ u(𝛼) as
n → ∞ for 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n, and the proof is complete. ◾

Proposition 1.3.13 Let S be a closed subset ofℝ, and let 𝜁L ∶ S → ℝand 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that 𝜁L is lower semi-continuous on S, and that 𝜁U is upper semi-continuous on S. Let M𝛼 =
[𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, we have⋃

{𝛽∈S∶𝛽≥𝛼}
M𝛽 =

[
inf

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽), sup
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽)

]
=
[

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽), max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽)
]

(1.15)

for any 𝛼 ∈ S.

Proof. Since S is a closed set, by Proposition 1.4.4 (which will be given below), the
semi-continuities say that the imfimum and supremum are attained given by

inf
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) = min

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) and sup
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽) = max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽).

For x ∈
⋃

{𝛽∈S∶𝛽≥𝛼}M𝛽 , there exists 𝛽0 ≥ 𝛼 satisfying x ∈ M𝛽0
, i.e. 𝜁L(𝛽0) ≤ x ≤ 𝜁U (𝛽0). Then,

we have

x ≥ 𝜁
L(𝛽0) ≥ min

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) and x ≤ 𝜁
U (𝛽0) ≤ max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽);

that is,

x ∈
[

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽), max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽)
]
.

To prove the other direction of inclusion, given any x satisfying

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) ≤ x ≤ max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽), (1.16)

we want to lead to a contradiction by assuming x ∉ M𝛽 for each 𝛽 ∈ S with 𝛽 ≥ 𝛼. Under this
assumption, since each M𝛽 is a bounded closed interval, it follows that x < 𝜁L(𝛽) for each
𝛽 ∈ S with 𝛽 ≥ 𝛼 or x > 𝜁U (𝛽) for each 𝛽 ∈ S with 𝛽 ≥ 𝛼. Since the infimum and supremum
are attained, we obtain

x < min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) = inf

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) or x > max
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽) = sup

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽),

which contradicts (1.16). Therefore, there exists 𝛽0 ∈ S with 𝛽0 ≥ 𝛼 satisfying x ∈ M𝛽0
. This

completes the proof. ◾


