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Preface

This proceedings features contributions from mathematicians, physicists, and engi-
neers from all over the world including numerous Indian states who attended the Third
International Conference on Mathematical Modeling, Computational Intelligence
Techniques, and Renewable Energy (MMCITRE 2022). The preceding two confer-
ences were held at Pandit Deendayal Energy University in Gandhinagar, Gujarat,
India. This time the conference is held online at the University of Technology Sydney,
Australia, located at the southern border of Sydney’s central business district, along
with the associated universities: Pandit Deendayal Energy University, Gandhinagar,
Gujarat, India; Victoria University, Melbourne, Australia; Universidad Auténoma
Baja California (UABC), Mexico; Universidad Catdlica de la Santsima Concepcién
(UCSC), Chile; and Forum for Interdisciplinary Mathematics (FIM).

The purpose of this conference is the exchange of knowledge, which can lead
to research collaboration with scholars and researchers and the development of
numerous new ideas for future research. Keeping researchers and scientists up to
date on the most recent discoveries and innovations, as well as on the solutions to the
practical challenges that are helpful not only for academicians but also for industry
persons, is the purpose of this series of MMCITRE conferences, the goal of which is
to provide a plethora of usable content that is based on mathematical modeling, arti-
ficial intelligence techniques, renewable energy, and a variety of other topics that are
interrelated. From the bottom of our hearts, we want to extend a hearty greeting to all
of the world’s leading scientists, academics, young researchers, business delegates,
and students who have participated in this international conference. Our deepest
appreciation also extends to everyone who wished us well and provided encouraging
notes to help us pull off a smooth event.

Academicians and professionals from a number of nations, as well as different
parts of India, have attended the conference in order to give the academic community
the opportunity to learn about their knowledge, research findings, and educational
practices. A substantial number of research articles came from all around the world
and were submitted to this international conference. It has been taken into account that
these articles cover the most recent mathematical techniques that are valuable not only
for academics but also for students studying at the undergraduate and postgraduate



vi Preface

levels in a variety of fields. Only the finest papers have been selected to be presented
orally after undergoing a rigorous peer-review procedure by the experts in their
respective fields. Finally, on the basis of the quality of the work of the experts from
many fields, young researchers, academics, and students who presented papers, a
total of 36 articles have been chosen to be published in this proceedings.

New fundamental mathematical results with a wide range of applications are
presented in the proceedings. It helps aspiring engineers and computer scientists
develop logic, creativity, and critical thinking skills that apply to almost all of
the world’s challenges. The proceedings covers recent mathematical breakthroughs,
rigorous mathematical methodologies, and unique mathematical modeling of real-
life occurrences in education, medical, business, and marketing for society’s benefit.
We wish this proceedings will help graduate students in mathematics, physics,
engineering, and other subjects find new mathematical tools.

Gandhinagar, India Dr. Manoj Sahni
Ultimo, Australia Prof. José M. Merigé
Concepcion, Chile Dr. Ernesto Leén-Castro
North Sydney, Australia Dr. Walayat Hussain
Gandhinagar, India Dr. Ritu Sahni

Talca, Chile Dr. Raj Kumar Verma
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A New Result Using Quasi-S-Power )
Increasing Sequence oo

Smita Sonker and Rozy Jindal

Abstract Two generalized results were established, concerning the absolute matrix
summability. Bor [2-10] worked on many interesting results dealing with |N, DPnlk
absolute Riesz summability. Ozarslan and many other authors have been worked
on matrix summability. In [14-21], they gave new and advanced results on matrix
summability and generalize many theorems of Bor. Sonker and Jindal [23, 24] worked
on triple product summability means and absolute matrix summability. Ozarslan and
Yavuz [16] proved two results on |U, p;|, summability factors. Here, we generalized
both the results for ¢ — |U, p;|, matrix summability. Further, we develop new and
arbitrary previous findings from the main theorems.

Keywords Matrix summability Abel’s theorem - Matrix transformation *
Quasi-monotone sequences
1 Introduction

Let {s;} denotes the sequence of partial sum of > _ ¢;. The /th sequence to sequence
transform of {s;} is given by u;, where

o0
u =y upsk. (1
k=0
Definition 1 If
limu; =s
[—o00

S. Sonker (X)) - R. Jindal
National Institute of Technology Kurukshetra, Kurukshetra 136119, India
e-mail: smitafma@nitkkr.ac.in
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and

oo
D ol =] < oo, )
=1

then >_ a, is called absolute summable.

Definition 2 [11] If
o0
D 1My = < oo, 3)
=1

then ) g; is s.t.b. summable |C, 1|.

Definition 3 Let {p,} be of +ive numbers and
s
Pi=) p, — oo, 4)
r=0

where (P_y = p_y =0,5 = 1).
If o, defines the (N, p;) mean [12], i.e.,

1 s
os:qu_%pqsq, P, #0, seN )

and lim,_, o, 0y = s, then ) _ a; is s.t.b. (N, ps) summable.
Further, if {0y} is of bounded variation (BV) with ¢ > 1 [1], i.e.,

[e¢]

q—1
Z (i> |Gs - Ux—l|q < 00, (6)

s=1 Ps

then )" ay is s.tb. [N, ps|, summable.

Let U = (u;,) be a lower triangular matrix with diagonal terms nonzero, i.e., it
is a normal matrix. Then, the transformation of sequence s = {s;} to Us = {U;(s)}
by U is given by:

1
Uis) =Y wpwsw. n=0,1,... (7)
w=0

If

00 P, 8q+q—1 .

> o AU (5)| < oo, ®)
1

=1
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then ) _q; is s.t.b. |U, py, 8|, summable [22], g > 1. Let {¢;} be of +ive real num-
bers. If

o0
> ol T AU < o0, ©)
=1

then Y a; is s.tb. ¢ — |U, pi|, summable, ¢ > 1 and AU;(s) = U(s) — Uj_;(s).

Taking ¢; = P;/p; in condition (9), ¢ — |U, p;|, changes to |U, p;|, summa-
bility. Also, if we take 6 = 0 in condition (8), then |U, p;, 8|, changes to |U, p;|,
summability.

Now, we introduce other notations used in the main result as follows.

We are given with a normal matrix U = (u;,,). Two lower semi-matrices U =
(i) and U = (fi;,,) are defined as:

l
=y i Lw=0,1,2,... (10)

i=w

and
Hoo = Uoo = Uo0, Upw = Upw — Ui—1,w; [ =1,2,... (11)

Then, we have:
I

1
UI(S) = Z UpwSw = Zﬁlwaw (12)
w=0

w=0

and
!

AUI(s) = ) linau. (13)

w=0

2 Known Result

Ozarslan and Yavuz [16] have proved the two theorems as given below.

2.1 Theorem [16]

Let U = (u;,,) be a +ive normal matrix with
up=1, wherel=0,1,2,... (14)

U_1w = up forl>w+1, (15)
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-0 (%) . (16)

Let {Y;} be quasi-B-power increasing and 3 {B;} and {A,} satisfying:

and

AN < B, VI, (17)
By — 0 as [ — oo, (18)
szBlm < o0, (19)
=1
1Y = O(1), (20)
(M) € BV, (21)
= [zl
Y = =0, (22)
w=1 w

and
m

P\
> ( Pz) 219 = O(Y,p). (23)

=1

Then, ) a;A; is |U, p;|, summable, g > 1.

2.2 Theorem [16]

Let U = (u;y,) and {Y;} be as defined in Theorem 2.1, and satisfying (17)—(21), (23)
with

[o.¢]
> PIAB|Y; < o0 (24)
=1

and

= |z

= = 0OF,). 25
P On) (25)

=1 !

Then, ) a;2; is |U, p;|, summable, g > 1.
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3 Main Result

A sequence {};} is of bounded variation, if
oo
Z [AX| = A — X—1] < o0.
=1

Our purpose is to generalize both the known results one by one by finding the
least conditions. So, the theorems were stated as follows.

3.1 Theorem

Let the matrix U, {Y;} and {B;} be as defined in the known result such that the
conditions (14)—(21) with

: P\ 1zwl?
Yol (P—> =0, (26)
w=1 w
= AN
ol (;l) 21l = O¥y), @7
=1
and
m+1 p q p q—1
Z o] (Fl) | Al =0<P—w) as m — oo, (28)
1 w

I=w+1

are satisfied. Then, > a;A; is ¢ — |U, Dilq summable, g > 1.

3.2 Theorem

Let the matrix U, {Y;} and {B;} be as defined in the known result such that the
conditions (14)—(21), (23)—(24) with

m g—1 q
el (ﬂ) E — 0t as m— oo, (29)
" Py Py

are satisfied. Then, )" a;A; is ¢ — |U, Dilq summable, g > 1.
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4 Lemmas

The following lemmas are needed to prove the main result.

4.1 Lemma [13]
By using the conditions of result 3.1, we have:
IBY, =0() as | -»

and

o0
Z BY, < 0.
=1

4.2 Lemma
Let {Y;} and {B;} be as defined in Theorem 3.2. Then, we have:
P B)Y; =0O()

and

o0
ZPIYIBZ < oo.
=1

5 Proof of the Main Results

Now, we prove all these theorems one by one.

S. Sonker and R.

Jindal

(30)

€29

(32)

(33)

Proof of Theorem 3.1 Let K; represents the A-transform of ) @;4;. Then, we obtain

1
Z[<l = Z ﬁlw)\waw
w=0

w 1

-1
= E Ayl Ay E ax + Uk E ay
w=1 k=1 w=1
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=Y (who = frwp1hws1)zw + unhiz

=Y (whn = frwprhwst = st + Grwpihn)Zu + iz

-1 -1
=D Ap @) hwzw + Y i1 lnzo + unkiz

w=1 w=1

K"+ k7 + kP (34)

To prove the main result, it is enough to show that:
1 2 3 1 2 3
KD+ K® + KO < 3¢ (|KZ()|q+|Kl()|q+|Kl()|q)’

then Eq. (34) reduces to:
Z‘Pz K"l =J, <00 for v=12,3. (35)

Now, we have

m+1 -1 q
h=0)) ¢l x (Z |Aw(ﬁzw>||xw||zw|>
1=2

w=1
m+1 -1 1—1 q—1
=0 Y ¢! (Z|Aw<ﬁzw)||xw|"|zw|") x (Z |Aw(ﬁlw>|)
=2 w=1 w=1
“ & (e
_ q—1 q rier N
—oa)u;uwnm 12| xl:;l( P ) | A ()]

m+1

m g—1
=0(1>Z(¢"l’,p“’) Pl 2l xS 1A G|
= w I=w+1
Pw

—0<1>Z¢ < ) Al |z |7
—O(l)ZAI/\wIZ<p (ﬂ) 2l

+ O) A |Z¢ <’;‘”) |Zw|?
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m—1
=0(1) Y BuYy + O(1) Yy |1l

w=I

=0,

using the conditions of result 3.1 and Lemma 4.1.
Now, using (A,) € BV, we have

m+1 -1 q
L=0M) ol x (Z |Axw||(m,w+l)||zw|>
=2

w=1

m+1 -1
=om Yy ¢ (Z |<ﬁl,w+1)||AAw||zw|q)
=2

w=I

-1 -1
x (D(ﬁ,,mmmm)

w=1

m—+1 -1 -1
= 0() Z (“””) (Z w|Aw(mw>|Bw|zw|‘f>
w=1
m+1 op qg—1
=O(1) Z wBylzwl? Y (’Tll) | A )|

w=1 I=w+1
S oupn )" R

=0() Y vBylzl! (P—) > 1Aw i)
w=1 w I=w+1

m | p q
— q rw q
—0<1>Zw3w¢w (Pw) |20l
q
—O(I)ZA(wa)Zw (—) |21

1
271 |z,

+0(l)mBmZ(p (f)“’) -

m—1 m—1

= O0() ) wlAB, Y, +O) Y ButiYur
w=1 w=1
+O01)mB,Y,
= 0D,

using the conditions of result 3.1 and Lemma 4.1.

(36)

(37
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Again, using the concept in Jj, finally we have

m
B =0 Y ¢ lunl? Il

=1

_ou)Z (ﬂ) M2 21
p q
—O(I)Zw (—"’) w120

m—1
—0(1>ZA|A |Z¢ ( ) |21

m

g-1 ( Pw q
+ Ol Y ¢l (Pw) 20|

w=1

=0O() as m — oo, (38)

using the conditions of result 3.1 and Lemma 4.1.
So, collecting conditions (36)—(38), condition (35) holds.
Hence, Theorem 3.1 has been proved.

Proof of Theorem 3.2 Using Lemma 4.2 and doing as in Theorem 3.1 and put back
> ByPy(|z4]7/Py) inplace of Y| By|z,|%, Theorem 3.2 can be easily proved.

6 Corollaries

Here, we derive some new results and previous known results as follows.

Corollary 1 Ifwe take ¢; = P;/ p; in the main result 3.1 and 3.2, then known results
can be easily derived.

Corollary 2 If we take p, = 1 and in the main result o, = P;/p; 3.1 and 3.2, then
we get two new results on |U|, summability factors.

Corollary 3 Finally, if we take (Y;) and ¢; = P,/ p; as almost increasing sequence
in the main result 3.1 and 3.2, we get two different results on |U, p;|, summability.

7 Conclusion

The main objective is to get negligible set of equations for absolute matrix summa-
bility. Here, we get two generalized results on ¢ — |U, p;|, summability, from which
several previous results can be derived.
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(C, 1, 1)-Quasinormal Convergence m
of Double Sequence of Functions oo

Smita Sonker and Priyanka

Abstract In this present paper, we have considered the extension of the concept of
strong Cesaro-type quasinormal convergence, strong lacunary-quasinormal conver-
gence, statistical-quasinormal convergence, lacunary-statistical-quasinormal conver-
gence for double sequence of functions and derived some inclusive relation between
these notions.

Keywords Statistical convergence - Quasinormal convergence + Lacunary strong
quasinormal convergence - (C, 1, 1)-quasinormal convergence

1 Introduction

Fast [9] introduced a generalization of ordinary convergences of sequences named
as statistical convergence. And later some basic properties of statistical convergence
were established by Schoenberg [20] for real and complex sequences. Gokhan and
Giingor [12] introduced the notion of pointwise statistical convergence. Also the
notion of pointwise and uniform statistical convergence of « order, A-statistical con-
vergence of « order and pointwise lacunary statistical convergence of o order are
studied in [4, 7, 8], respectively. The concept of statistical convergence of double
sequences is introduced by Mursaleen and Edely in [17]. Let’s define some basic
definitions from the literature.

For a subset X of IN x IN, let X (i, j) be the numbers of (k, /) in X such thatk <i
and / < j. Then double natural density of X C IN x IN is defined as

500 = tim XD,

i,j—>00 1]

provided w has a limit in Pringsheim’s sense.
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The sequence {x,} of reals is known as statistically convergent [ 10] to the number
xo if for each § > 0, the set

82({(}’, S) . |-xrs —)C0| > 8}) =0

A double sequence {g,,(u#)} of functions is known as statistically convergent to
g(u)ifforeveryd > Oandu € E,

D PO .
lim — [{G, j):i<rj<s, l|gijw) —gw)| >3} =0

r,s—00 I'§

A real sequence x; is called Cesaro summable [11] to a number x; if

] s
lim — E X = Xo
e s k=1

and we will write this as (C, 1)-lim x; = x.

Bukovska [1] introduced the notion of quasinormal convergence. Also the same
concept with the name as equal convergence is introduced by Csaszar and Laczkovich
in [5, 6]. More details about this are given in [2, 3, 19]. In the present work, we
extended the concept to double sequences of functions.

For the real valued mappings g,,, g defined on a non empty set E, the double
sequence {g,s(u)} is known as quasinormal convergent to g(u) if we have a double
sequence §,; of positive reals tending to 0 so that forevery u € E, Ang = no(u) with

lgrs(m) — gu)| < &y ¥Yn = no.

The uniform convergence of double sequence {g,,} to g implies the quasinormal
convergence.

2 Preliminaries

From [18], we have the following results:

Theorem 1 For real valued mappings g, g defined on a non empty set E, the fol-
lowing inclusive relation holds:

1. If gi(u) is strongly Cesaro convergent to g(u), then g (u) is statistically quasi-
normal convergent to g(u).

2. If gr(u) is uniformly bounded and statistical-quasinormal convergent to g(u),
g« (u) is strongly Cesaro convergent to g(u).
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Theorem 2 For real valued functions gy, g on a non empty domain E. 6 be the
lacunary sequence, we have

1. If {gx(u)} is strong lacunary convergent to g(u), then {gi(u)} is lacunary-
quasinormal statistical convergent to g(u).

2. If{gr(u)} is uniformly bounded and statistically quasinormal convergent to g(u),
then {gr(u)} is lacunary strongly convergent to g(u).

3 Main Result

Throughout this paper let g, (1), g(u) be real valued mappings on a non empty set
E and the limit of double sequences is taken in Pringsheim’s sense.

3.1 (C, 1, 1)-Quasinormal Convergence of Double Sequence
of Functions

As defined in [21], the sequence {g,;(u)} is called Cesaro (C, 1, 1)-summable to g(u)
if foreveryu € E,

r,s

1
Jim — k;j:l g () = g(u)

Also the sequence {g,s(u)} is known as strongly Cesaro (C, 1, 1)-summable to
g(u)ifforu € E,

r,s

1
lim — > [gu) —gw)| =0

naTmeers k=1,I=1
Definition 1 The double sequence {g,;(«)} is known as (C, 1, 1)-Quasinormal
summable to g(u) if we have a sequence {d,;} of positive real numbers tending
to 0 as r, s — oo such that for every u € E, 3 ny = no(u) with

r,s

1
— Y g —gw) <8, Vrs=n
k=1,l=1

Definition 2 The double sequence {g,s(«)} is known as strongly Cesaro (C, 1, 1)-
quasinormal summable to g(u) if there is a positive sequence {§,,} of real numbers
tending to zero as r, s — oo such that for every u € E, I ng = no(u) with

r,s

1
— D leu) =gl <85 ¥rs=n.
k=1,l=1
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3.2 Statistical-Quasinormal Convergence of Double
Sequences of Functions

Definition 3 The double sequence {g,s(x)} is said to be statistical-quasinormal
convergent to a real valued function g(u) if there is a double sequence 6, — 0
(asr,s — 00) such that foreachu € E,

: 1
lim —[{(k,]) :k <r,l<s,[guu)—gu)|=du}ll =0.

rs—00 IS

Let QNS? be the space of all statistical-quasinormal convergent double sequences
of functions.

Theorem 3 For the double sequence {g,;(u)}, following relations holds

1. If {g.s(w)} is strongly Cesaro (C, 1, 1) convergent to g(u), then {g,s(u)} is
statistically quasinormal convergent to g(u).

2. If{grs(u)} is uniformly bounded and statistical-quasinormal convergent to g(u),
then {g,s(u)} is strongly Cesaro (C, 1, 1) convergent to g(u).

Proof 1. As{g,;(u)}isstrongly Cesaro (C, 1, 1) convergent to g(u), so for§,;, — 0
and every u in E, we’ve

] r,s 1 r,s
— > e — gl = — > 18pq (1) — ()]
p=lg=1 p=1,g=1,1gpqW)—g)|>5p,
1 r,s
+— > |8pq () — g(w))|

p=1.q=1.1gpq () —g )| <8p,

r,s

1
Zg Z 8,

p=1.9=1,18pq W)—g )| =34
where § = min{$,, : p <r,q <s}. Now

r,s

1
— D 12 — g

p=l,g=1

1
=~ Hp.@):p<r, q<s,18p)—gu)] = 3,4}

Thus from strong (C, 1, 1) convergence of {g,,(«)}, we have

. 1
lim — |{(p.q): p <r.q <s,1gpW) —g)| = 8,4}| =0

r,s—>00 I'§

i.e. {g,s(u)} is statistically quasinormal convergent to g(u).



(C, 1, 1)-Quasinormal Convergence of Double Sequence ... 17

2. Let {g,s(u)} be uniformly bounded and statistical-quasinormal convergent to
g(u). Since {g,s;(u#)} is bounded, so there is some constant K for which

1grs(u) — gu)| < K

forallr,sandVu € E

r,s r,s

1 1
— D e — gl = — > 18pq (1) — ()]
p=lg=1 p=1,g=1,1gpgW)—g)|>5p,
1 r,s
+— > |8pq () — g(w))|

P=1,g=1,1gpy (W) —g )] <8
1
< Kﬁl{(p,q) ip<rq=<s,

|gpq(u) —gw)| = (Spq}l

1 r,s
+o 2 On
N
p=1l,g=1

Taking the limit r, s — 00, we obtain

r,s

1
lim — ) - =0
r,sl—>n100 rs p=1,q=1 |gpq (u) g(u)|

i.e. {g,s(u)} is strongly Cesaro (C, 1, 1) convergent to g. O

3.3 Lacunary-Quasinormal-Statistical Convergence of
Double Sequences of Functions

The concept of Lacunary strong summability and Lacunary statistical convergence
of function sequences are discussed in [13—-16]. An increasing sequence 6 = {k,}
is known as if {k,} is increasing sequence such that ky = 0 and m, tends to co as
r tends to oo, where m, =k, — k,_. Let ¢ = {I;} be another lacunary sequence.
Denote ny = I, — Iy and I, = (k,—1, k] and J; = (I;_1, [;]. 6 and ¢ be lacunary
sequences. Then the double sequence {g,;(u)} is called lacunary summable to the
function g if

> guw) =g

PO M s e,
rlel;

And the double sequence {g,s;(u)} of functions is called strongly lacunary
summable to g if



