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Two volumes of the International Mathematical Series present the most
important thematic topics of logic confronting us in this century, includ-
ing problems arising from successful applications areas such as computer
science, AI language, etc. etc.

Invited authors—world-known specialists in the field of logic—were asked
to write a chapter (in the form of a survey, a specific problem, or a point
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ics, Magari algebras and propositional second-order provability logic,
logic of proofs, quantified logics of proofs, intuitionistic logic of
proofs, the logic of single conclusion proofs, justification logic

Sergei Artemov, Vol. II

• Nonstandard inferences in description logics; an overview of the
modern state, open problems, and perspectives for future research

Franz Baader and Ralf Küsters, Vol. I

• Logic of provability and a list of open problems in informal concepts
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bras, interpretability logic and its kin, graded provability algebras

Lev Beklemishev and Albert Visser, Vol. I

• Logical dynamics: a survey of conceptual issues and open mathe-
matical problems emanating from the recent development of various
“dynamic-epistemic logics” for information update and belief revi-
sion. These systems put many-agent activities at the center stage of
logic, such as speech acts, communication, and general interaction

Johan van Benthem, Vol. I

• Computability theory, appication of computability theory to bi-
ology, psychology, physics, chemistry, economics, and other basic
sciences, machine inductive inference and computability-theoretic
learning, computability theory for computational complexity

John Case, Vol. II



viii Main Topics

• The continuing relevance of Turing’s approach to real-world com-
putability and incomputability, and the mathematical modeling of
emergent phenomena. Related open questions of a research interest
in computability theory

S. Barry Cooper, Vol. I

• What logics do we need? What are logical systems and what should
they be? What is a proof? What foundations do we need?

John N. Crossley, Vol. I

• Computability theory: bounds and complexity for computable mod-
els, isomorphism problem, classes of computable models and index
sets, 30+ open questions in the theory of computable models

Sergei S. Goncharov, Vol. II

• Two doors to open: Mathematical logic and cognitive science. Se-
mantics of medieval Arab linguists

Wilfrid A. Hodges, Vol. I

• Logic and spacetime geometry, first-order logic foundation of rela-
tivity theories, effect of gravitation on clocks

Judit X. Madarász, István Németi, and Gergely Székely, Vol. II

• Applied logic: characterization and relation with other trends in
logic, computer science, and mathematics

Lawrence S. Moss, Vol. I

• Hybrid systems, digital programs, continuous plants and controllers,
discretization, continualization

Anil Nerode, Vol. II

• Region-based theory of space: algebras of regions, models, represen-
tation theory, contact algebras, region-based propositional modal
logics of space

Dimiter Vakarelov, Vol. II
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• A Founding Editor J. Universal Computer Science
Scientific interests: computational learning theory, machine learning,
functional and comparative genomics, lattice-connected computer mod-
els of parallel processing.



xxii Authors of Volume II

Judit X. Madarász

Department of Algebraic Logic
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Gödel’s modal logic approach to analyzing provability at-
tracted a great deal of attention and eventually led to two
distinct mathematical models. The first is the modal logic
GL, also known as the Provability Logic, which was shown
in 1979 by Solovay to be the logic of the formal provability
predicate. The second is Gödel’s original modal logic of
provability S4, together with its explicit counterpart, the
Logic of Proofs LP, which was shown in 1995 by Artemov
to provide an exact provability semantics for S4. These
two models complement each other and cover a wide range
of applications, from traditional proof theory to λ-calculi
and formal epistemology.
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1. Introduction

In his 1933 paper [79], Gödel chose the language of propositional
modal logic to describe the basic logical laws of provability. Ac-
cording to his approach, the classical logic is augmented by a new
unary logical connective (modality) ‘�’ where �F should be in-
terpreted as

F is provable.

Gödel’s treatment of provability as modality in [79] has
an interesting prehistory. In his letter to Gödel [185] of
January 12, 1931, John von Neumann actually used for-
mal provability as a modal-like operator B and gave a
shorter, modal-style derivation of Gödel’s second incom-
pleteness theorem. Von Neumann freely used such modal
logic features as the transitivity axiom B(a)→B(B(a)),
equivalent substitution, and the fact that the modality
commutes with the conjunction ‘∧.’

Gödel’s goal was to provide an exact interpretation of intuitionis-
tic propositional logic within a classical logic with the provability
operator, hence giving classical meaning to the basic intuitionistic
logical system.

According to Brouwer, the founder of intuitionism, truth in
intuitionistic mathematics means the existence of a proof. An ax-
iom system for intuitionistic logic was suggested by Heyting in
1930; its full description may be found in the fundamental mono-
graphs [93, 106, 171]. By IPC, we infer Heyting’s intuitionistic
propositional calculus. In 1931–34, Heyting and Kolmogorov gave
an informal description of the intended proof-based semantics for
intuitionistic logic [91, 92, 93, 107], which is now referred to as
the Brouwer-Heyting-Kolmogorov (BHK ) semantics. According
to the BHK -conditions, a formula is ‘true’ if it has a proof. Fur-
thermore, a proof of a compound statement is connected to proofs
of its parts in the following way:

• a proof of A∧B consists of a proof of proposition A and a
proof of proposition B,
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• a proof of A∨B is given by presenting either a proof of A or
a proof of B,

• a proof of A→B is a construction transforming proofs of A
into proofs of B,

• falsehood ⊥ is a proposition which has no proof; ¬A is short-
hand for A→⊥.

From a foundational point of view, it did not make much sense
to understand the above ‘proofs’ as proofs in an intuitionistic sys-
tem, which those conditions were supposed to specify. So in 1933
([79]), Gödel took the first step towards developing an exact se-
mantics for intuitionism based on classical provability. Gödel
considered the classical modal logic S4 to be a calculus describing
properties of provability in classical mathematics:

(i) Axioms and rules of classical propositional logic,
(ii) �(F→G)→(�F→�G),
(iii) �F→F ,
(iv) �F→��F ,

(v) Rule of necessitation:
� F

� �F
.

Based on Brouwer’s understanding of logical truth as provabil-
ity, Gödel defined a translation tr(F ) of the propositional formula
F in the intuitionistic language into the language of classical modal
logic, i.e., tr(F ) was obtained by prefixing every subformula of F
with the provability modality �. Informally speaking, when the
usual procedure of determining classical truth of a formula is ap-
plied to tr(F ), it will test the provability (not the truth) of each
of F ’s subformulas in agreement with Brouwer’s ideas.

Even earlier, in 1928, Orlov published the paper [147]
in Russian, in which he considered an informal modal-
like operator of provability, introduced modal postulates
(ii)–(v), and described the translation tr(F ) from propo-
sitional formulas to modal formulas. On the other hand,
Orlov chose to base his modal system on a type of rele-
vance logic; his system fell short of S4.
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From Gödel’s results in [79], and the McKinsey-Tarski work
on topological semantics for modal logic [130], it follows that the
translation tr(F ) provides a proper embedding of the intuitionistic
logic IPC into S4, i.e., an embedding of IPC into classical logic
extended by the provability operator.

Theorem 1.1 (Gödel, McKinsey, Tarski). IPC proves F ⇔
S4 proves tr(F).

Still, Gödel’s original goal of defining IPC in terms of classical
provability was not reached, since the connection of S4 to the usual
mathematical notion of provability was not established. Moreover,
Gödel noticed that the straightforward idea of interpreting modal-
ity �F as F is provable in a given formal system T contradicted
Gödel’s second incompleteness theorem (cf. [48, 51, 70, 89, 165]
for basic information concerning proof and provability predicates,
as well as Gödel’s incompleteness theorems).

Indeed, �(�F → F ) can be derived in S4 by the rule of
necessitation from the axiom �F→F . On the other hand,
interpreting modality � as the predicate ProvableT (·) of
formal provability in theory T and F as contradiction, i.e.,
0 = 1, converts this formula into the false statement that
the consistency of T is internally provable in T :

ProvableT

(
�Consis(T)	

)
.

To see this, it suffices to notice that the following formulas
are provably equivalent in T :

ProvableT (�0=1	)→(0=1) ,

¬ProvableT (�0=1	) ,

Consis(T) .

Here �ϕ	 stands for the Gödel number of ϕ. Below we
will omit Gödel number notation whenever it is safe, for
example, we will write Provable(ϕ) and Proof(t, ϕ) instead
of Provable(�ϕ	) and Proof(t, �ϕ	).
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The situation after Gödel’s paper [79] can be described by the
following figure where ‘↪→’ denotes a proper embedding:

IPC ↪→ S4 ↪→ ? ↪→ CLASSICAL PROOFS .

In a public lecture in Vienna in 1938 [80], Gödel suggested
using the format of explicit proofs t is a proof of F for interpret-
ing his provability calculus S4, though he did not give a complete
set of principles of the resulting logic of proofs. Unfortunately,
Gödel’s work [80] remained unpublished until 1995, when the
Gödelian logic of proofs had already been axiomatized and sup-
plied with completeness theorems connecting it to both S4 and
classical proofs.

The provability semantics of S4 was discussed in [48, 51, 56,
81, 108, 117, 121, 133, 138, 140, 141, 145, 157, 158] and
other papers and books. These works constitute a remarkable
contribution to this area, however, they neither found the Gödelian
logic of proofs nor provided S4 with a provability interpretation
capable of modeling the BHK semantics for intuitionistic logic.
Comprehensive surveys of work on provability semantics for S4
may be found in [12, 17, 21].

The Logic of Proofs LP was first reported in 1994 at a seminar
in Amsterdam and at a conference in Münster. Complete proofs
of the main theorems of the realizability of S4 in LP, and about
the completeness of LP with respect to the standard provability
semantics, were published in the technical report [10] in 1995. The
foundational picture now is

IPC ↪→ S4 ↪→ LP ↪→ CLASSICAL PROOFS .

The correspondence between intuitionistic and modal logics
induced by Gödel’s translation tr(F ) has been studied by Blok,
Dummett, Esakia, Flagg, Friedman, Grzegorczyk, Kuznetsov, Lem-
mon, Maksimova, McKinsey, Muravitsky, Rybakov, Shavrukov,
Tarski, and many others. A detailed survey of modal companions
of intermediate (or superintuitionistic) logics is given in [60]; a
brief one is in [61], Sections 9.6 and 9.8.


