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Preface

It is our great honor to welcome you to the 8th International Conference on Signal
and Information Processing, Network and Computers (ICSINC 2021). The ICSINC
2021 Committee has been monitoring the evolving COVID-19 pandemic. We have
decided to delay the 2021 edition of this conference from May to December.

ICSINC 2021 provides a forum for researchers, engineers and industry experts to
discuss recent development, new ideas and breakthrough in signal and information
processing schemes, computer theory, space technologies, big data and so on.

ICSINC 2021 received 243 papers submitted by authors, and 178 papers were
accepted and included in the final conference proceedings. The accepted papers will
be presented and discussed in 27 regular technical sessions and two workshops.

On behalf of the ICSINC 2021 committee, we would like to express our sincere
appreciation to the TPC members and reviewers for their tremendous efforts.
Especially, we appreciate all the sponsors for their generous support and advice,
including Springer, China Unicom, Shandong Normal University and
HuaCeXinTong company. Finally, we would also like to thank all the authors for
their excellent work and cooperation.

Qingliang Zeng
Songlin Sun
Yue Wang

ICSINC 2021 General Chairs
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Averaged Equation of Satellite Relative Motion
in an Elliptic Orbit

Rucai Che(&)

Beijing Institute of Control Engineering, Beijing 100190, China
986462192@qq.com

Abstract. The precision model of relative motion is a necessity for satellite
formation flying, but these models are complex for analysis and design, espe-
cially in elliptic orbit. For some satellite formation flying applications, the long-
term formation maintenance and fuel-saving is more important for satellite life.
Using the averaged analysis method over an orbit period, the averaged equation
of satellite relative motion in an elliptic orbit is presented in this paper. Firstly,
based on the homogeneous solutions of T-H equations, a simple averaged
equation of relative motion is derived. Secondly, the improved averaged
equation of relative motion which is described by the instantaneous orbit ele-
ments difference is developed for considering the orbital perturbation. The
effectiveness of the proposed models is verified by four simulation cases which
consider the orbit perturbation or not. The proposed model can eliminate the
periodicity movement of satellite relative motion, and it is convenient for long-
term formation flying designing and configuration controlling.

Keywords: Elliptic orbit � Satellite formation � Relative motion

1 Introduction

In recent years, there has been a growing interest in satellite formation flying and there
are many space applications of formation flying, such as stereo observation, SAR
interferometry etc. [1]. The earliest and most prevalent model governing relative
motion is given by the Clohessy-Wiltshire (C-W) equation [2] which assumes a circular
reference orbit for target satellite, providing an analytic description of relative motion.
The Tschauner-Hempel (T-H) equation [3] extend the C-W model to accommodate
non-circular reference orbit, by expressing the equations of motion in terms of target
orbit eccentricity and initial true anomaly [4]. Currently, there have been many sci-
entific papers written on the subjects of high precision models and configuration
designing for relative motion. Katsuhiko [5] developed expansion of T-H equation
which considering J2 perturbation to improve the calculating precision. Mai [6]
developed a graphical analysis for T-H equation based on the period orbit. Schaub [7]
proposed a new presentation which is based on the orbital elements difference. For
configuration controlling of relative motion, Vadali [8] designed a digital filter to

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023
J. Sun et al. (Eds.): Signal and Information Processing, Networking and Computers, LNEE 917, pp. 3–11, 2023.
https://doi.org/10.1007/978-981-19-3387-5_1

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3387-5_1&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3387-5_1&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3387-5_1&amp;domain=pdf
https://doi.org/10.1007/978-981-19-3387-5_1


eliminate the period vibration which can reduce the fuel consumption. Balaji [9] has
parameterized C-W equation in terms of mean value for configuration controlling.

There is a wealth of literature on relative motion models. Nevertheless, the aver-
aged equation over orbit period is useful for relative motion analysis, especially for
long term prediction and formation configuration designing. Based on the average
calculation in an orbit period, two different averaged relative motion equations are
presented in this paper. Then, the characteristic of averaged models are also been
developed. The analysis thought and calculation of this method is simple, and the
effectiveness of the model was proved by digital simulations.

2 Relative Motions in Two-Body Orbit

We take the orbit coordinate systems oxyz of the target satellite as the relative motion
coordinate system. The origin is the center of the mass of the target satellite, and move
in orbit with it. The x-axis coincides with geocentric vector r of the target satellite, and
points from geocenter to target satellite. The y-axis is normal to x-axis in the orbit
plane, and points to the direction of motion. The z-axis determined by right-hand rule,
coincides with the angular momentum vector of the target satellite. The relative motion

coordinate system oxyz and geocentric inertial coordinate system OXYZ is shown in
Fig. 1.

2.1 Relative Motion Model and Analytical Equation

Consider two satellites in elliptical orbits about a common gravitational source, as
shown in Fig. 1. Employing the common designations associated with relative motions,
tracking satellite denotes the second satellite, moving close to the target and with
position rt.

By form the relative position vector q ¼ ½x y z�T. Based on the condition of q\\r,
the relative motion equation in two-body orbit can be described by [4].

Fig. 1. The oxyz and OXYZ coordinate.
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where kf ¼ 1þ e cos f , e is the eccentricity of target satellite, f is true anomaly of target
satellite, ð�Þ0 ¼ dð�Þ=df . In two body orbit, the analytical model of Eq. 1 can be written
as follows [4]:

xðf Þ ¼ d1eþ 2d2e2Hðf Þ½ � sin f � ðd2ek�2
f þ d3Þ cos f

yðf Þ ¼ d3ð1þ k�1
f Þ sin f þ d1eþ 2d2e2Hðf Þ½ � cos f þ d1þ d4k

�1
f þ 2d2eHðf Þ

h i
zðf Þ ¼ d5k

�1
f sin f þ d6k

�1
f cos f

9>>=
>>; ð3Þ

x0ðf Þ ¼ ½d2ek�2
f þ d3� sin f þ d1eþ 2d2e2Hðf Þ½ � cos f

y0ðf Þ ¼ d3ek
�2
f sin f þ d4ek

�2
f � d1e� 2d2e2Hðf Þ

h i
sin f þ d3ð1þ k�1

f Þþ 2d2ek
�2
f

h i
cos f

z0ðf Þ ¼ ðd5ek�2
f sin f � d6k

�1
f Þ sin f þðd5k�1

f þ d6ek
�2
f sin f Þ cos f

9>>=
>>; ð4Þ

where diði ¼ 1; :::; 6Þ is the integral constant, Hðf Þ is integral expansion item.

2.2 The Averaged Equation of Relative Motion

It is well known that typical character of the T-H equations is periodicity of orbit
because each equation contains trigonometric function. For applications to surveillance,
the first goal is to survey the averaged equation in an orbit period.

Because the integral expansion item Hðf Þ is very complex, and it is difficult to
directly calculate the average equation. Nevertheless, the series of Hðf Þ can be used to
express the equations. Based on the power series

kmf ¼ 1þ e cos fð Þm¼ 1þme cos f þ � � � þ mðm� 1Þ � � � ðm� nþ 1Þ
n!

en cosn f þ � � �
ð5Þ

The integral expansion item Hðf Þ can be rewritten as

Hðf Þ ¼ sin f � 3e½ f
2
þ sin2f

4
� þ 6e2½ sin f þ sin3f

3
��10e3½ 3f

8
þ 3

16
sin2f þ sin f cos3f

4
� þ � � � � Hf0 ð6Þ
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where

Hf0 ¼ sin f0 � 3e½ f0
2
þ sin2f0

4
� þ 6e2½ sin f0 þ sin3f0

3
��10e3½ 3f0

8
þ 3

16
sin2f0 þ sin f0cos3f0

4
� þ � � � ð7Þ

f0 is the true anomaly at initial time. For satellites in low earth orbit, e4 and higher
items are very small which can be omitted in calculation. The Eq. 7 can be approxi-
mated as

Hðf Þ � sin f � 3e½ f
2
þ sin2f

4
� þ 6e2½ sin f � sin3f

3
��10e3½ 3f

8
þ 3

16
sin2f þ sin f cos3f

4
� � Hf0 ð8Þ

Then, the x-axis averaged motion in an orbit period can be calculated as

x ¼ 1
2p

Z 2p

0
d1eþ 2d2e2Hðf Þ� �

sin f � ðd2ek�2
f þ d3Þ cos f

n o
df ð9Þ

Substituting Eq. 8 into Eq. 9, omitting e4 and higher order items, we obtain

x � d2e
2p

R 2p
0 2e sin2f � 3eð f sin f2 þ sin fsin2f

4 Þ
h i

�2e sin fHf0 � cos f 1� 2e cos f þ 3e2cos2f½ �
n o

df

¼ ð2e2 þ 3e3Þd2
ð10Þ

In the same way the averaged relative position and averaged relative velocity in y-
axis and z-axis can be obtained

x ¼ ð2e2 þ 3e3Þd2
y ¼ d1 � ð3e2pþ 2eHf0Þd2 þð1þ e2

2 Þd4
z ¼ �ðe2 þ 3e3

8 Þd6

9=
; ð11Þ

x0 ¼ 0
y0 ¼ ½�3e2 � 6e3�d2
z0 ¼ 0

9=
; ð12Þ

The averaged equations, Eq. 11 and Eq. 12, are simple and convenient for analysis
and designing. In two-body elliptical orbit, if d2 6¼ 0, the relative motion in along-track
direction is not closed. The averaged drift velocity in y-axis is y0, which can be decided
by eccentricity and initial constant d2. The mean velocity in x-axis and z-axis is zero,
which is correspond to the relative motion.

3 Averaged Equation of Relative Motion with Orbital
Perturbation

For LEO satellite, the earth’s non-spherical shape and atmosphere perturbation greatly
affects the relative motion of satellite. The perturbations make the satellite rotate or
drift, and the relative motion will not be closed. Equation 11 and Eq. 12 are not
convenient to analyze the orbital perturbation, so the orbital elements will be consid-
ered in this section.
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We denote

r ¼ ða; e; i;x;X;MÞT

rt ¼ ðat; et; it;xt;Xt;MtÞT
)

ð13Þ

where a is semi-major axis, e is eccentricity, i is inclination, x is perigee anomaly, X is
right ascension of ascending node, M is mean anomaly. The orbital element differences
between the target satellite and tracking satellite defined as dr ¼ rt � r. Based on the
relations between the integral constant di and the orbital element difference dr0 [10]

da0 ¼ 2e2

g4
d2; de0 ¼ e

ag2
d2þ 1

a
d3; dx0 ¼ 1

ag2
d4 � sinx cot i

ag2
d5þ cosx cot i

ag2
d6

dM0 ¼ g
a
ðd1 � 2eHf0d2Þ; di0 ¼

cosx
ag2

d5 þ sinx
ag2

d6; dX0 ¼ sinx sin�1 i
ag2

d5 � cosx sin�1 i
ag2

d6

9>>>=
>>>;

ð14Þ

where g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
, Eq. 11 can be rewritten as

x ¼ ð1þ 3
2 eÞg4da0

y ¼ a
g dM0 � 3pg4

2 da0 þ ag2ð1þ e2
2 Þðdx0 þ cos idX0Þ

z ¼ �ðe2 þ 3e3
8 Þag2ðsinxdi0 � cosx sin idX0Þ

9>=
>; ð15Þ

Considering the orbital perturbation, the orbital element difference would not be a
constant, that means d _r 6¼ 0. In each calculation step, the instantaneous orbital element
of satellite can be calculated in high precision. So the orbital element difference can be
obtained in real time, the averaged relative motion can also be calculated by following
equations.

xðtÞ ¼ ð1þ 3
2 eÞg4da

yðtÞ ¼ a
g dM � 3pg4

2 daþ ag2ð1þ e2
2 Þðdxþ cos idXÞ

zðtÞ ¼ �ðe2 þ 3e3
8 Þag2ðsinxdi� cosx sin idXÞ

9>=
>; ð16Þ

The time derivative of Eq. 16 can be approximated as

_xðtÞ � ð1þ 3
2 eÞg4d _a

_yðtÞ � a
g d _M � 3pg4

2 d _aþ ag2ð1þ e2
2 Þðd _xþ cos id _XÞ

_zðtÞ � �ðe2 þ 3e3
8 Þag2ðsinxd_i� cosx sin id _XÞ

9>=
>; ð17Þ

Moreover, with the theory of the secular orbit perturbation, we can obtain the
following conclusion:
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